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Divisor class group and canonical class of determinantat rings 
defined by ideals of minors of a symmetric matrix 

By 

ALDO CONCA *) 

In this paper  we study the rings defined by ideals of minors, not necessarily of fixed size, 
of a symmetric matrix of indeterminates. We prove that  they are normal,  compute  the 
divisor class group and the canonical class. We determine the Gorenstein rings among  the 
rings under consideration. 

Introduction. Let K be a field and let X = (X~j) be an n x n symmetric matrix of 
indeterminates over K. Denote by K IX] the polynomial  ring K [Xij: I =<i < j . N  hi. 

Let a = {al . . . . .  at} be a non-empty subset of  {1 . . . . .  n}, with c~ < ai+~. We define 
Is  (X) to be the ideal generated by all t he / -minors  of the first a~ - 1 rows of X, for 
i = 1 . . . . .  t, and by all the (t + l)-minors of X. 

Denote by R~,(X) the ring K [X]/t,~(X), In particular, if a = {1 . . . . .  t - 1}, then i~,(X) 
is the ideal generated by all the t-minors of X;  i n  this case we denote by Rt(X) the 
quotient ring. 

This class of ideals and rings was investigated by Kutz in his paper  [12]. In Kutz 's  
notat ion the ideal I~t, 0, H = (s o . . . . .  s,,), defined in [12, I], corresponds to the ideal I~ (X) 
with a = {1, s t + 1, . . . ,  s,,_ t + 1}. Kutz showed that R~,(X) is a Cohen-Macaulay do- 

t 
main of dimension (n + 1 ) t -  ~ a~. 

i = 1  

By results of Gore  [10], [11], the ring Rt(X ) is known to be normal  with divisor class 
group ~g2, and is Gorenstein if and only if n - t rood (2). 

The aim of this paper  is to prove that the ring R~ (X) is a normal  domain, to compute  
its divisor class group and its canonical class, and to decide whether it is Gorenstein or 
not. 

Our  approach is based on the knowlewdge of the combinatorial  structure of R~ (X), [7] 
and [6], and on the methods developed by Bruns and Vetter to study generic de t e rminan :  
tal rings, [1], [2] and [41. 

1. Normality and divisor class group. Let us recall the combinatorial structure of R,,(X). Let H 
be the set of the non-empty subsets of {1,..., n}. Given a e H, we will always write its elements 
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in ascending order I _< al  < ... < a~ _<_ n. On H we define the following partial order: 

a={ a ~  . . . . .  a ~ } ~ b = { b ~  . . . . .  b , } ~ , ~ r ~ t  and ~ < b ~  for i = t  . . . . .  r.  

As usual, we denote by [al, . . . ,  at[ bi, . . .  , bt] the minor det (X~,b,) of X. A minor [a 1 . . . . .  G J bl, ---, bt] 
of X is called a doset minor if {a i . . . .  ,a~} __< {b 1 . . . .  , bt} in H. Let us denote by D the set of 
all the doset minors. Let a i -={ai l  . . . . .  air,}, b l = { b l l  . . . . .  bl~} . . . . .  a ~ = { %  . . . . .  %~}, 
b~---{b~i . . . . .  b~,~} be elements of H and suppose that [a~ Jb~] . . . . .  [GI b~] e D. We say that the 
product [a 11 bl] "'" [G I b~] is a standard monomial if bi < ar t in H for all i = I , . . . ,  s - L Given a 
standard monomial M = [a~ j bi] ".- [a~j b~], min (M) denotes the "minimum" [a~ J b~] of its factors. 
The combinatorial structure of K IX] with respect to products of minors is clarified by the following 
results due to De Concini and Procesi, [6, pp. 82], [7, 5.11 and [7, 5.2]. 

Theorem 1.1. (a) The standard monomials form a K-basis for K IX]. 
(b) Let M 1 . . . . .  M~ e D, M~ = [an . . . . .  ai~ [b~i . . . . .  b j .  Let N = [cil . . . . .  ci~ ~ jd~i . . . . .  d l j . . .  

[G~ , .. . ,  %,  J d,1 . . . .  , d~,l be one of the standard monomiats which appear in the (unique) representation 
of the product M 1 . . . M  ~ as linear combination of standard monomials. Set cl = { % , . . . ,  ca,}, 
d~ = {d~ . . . . .  di~}, a~ = {a~ . . . . .  a~,. } and b, = {bgl . . . .  , bu, }. Then, in Iexicographic order of  the se- 
quences of elements of H, the sequence c~, d I . . . .  , G, (1, is less than or equal to every sequence which 
is obtained permuting the elements a~, b~, .. . ,  G, bs. 

(c) Every t-minor M = [a i . . . . .  at I b~ . . . . .  b,] is a linear combination of doset t-minors. Moreover if 
[q . . . . .  c r [ d 1 . . . . .  d,] is a doset t-minor which appears in the representation of M, then c~ < a~ for all 
i = l , . . . , t .  

Given a = {e~ . . . . .  et} e H, we define I ,  (X) to be the ideal generated by all the/-minors of the first 
~i - i rows of X, for i = 1, . . . ,  t, and by all the (t + t)-minors of X. Denote by R~(X) the ring 
K [XI/L (X). 

From 1.1(c), one deduces that I~(X) is generated by the set ~2~ = {[alb] e D :  a 4" a). Using the 
straightening laws one shows immediately: 

Corollary L2. (a) The set of all the standard monomials M such that rain (M) ~ fd~ forms a K-basis 
of ~(x). 

(b) Set D~ = {[alb] e D: a > ~}. Then set S~ of (the residue classes of) all the standard monomials 
M such that rain (M)~ D~ forms a K-basis of the ring R,(X).  

Let  us deno t e  by  f the res idue  class in R~(X)  of the m i n o r  [~ l a]. If  M e S~, then  
[ ~ l u ] M e S ~ .  Therefore  f is a non  zero  d iv i sor  of R , ( X ) .  We wan t  to  descr ibe  the 
loca l i za t ion  of  R~ (X) with  respect  to  f .  Le t  ~ be the set of the res idue  classes in R~ (X) 
of the e lements  of  the set {[e~t a j l :  1 =< i < j < t } u {[e j f i ] e  D~: fl differs f rom ~ in exac t ly  
one  index}. D e n o t e  by  K [gq the K - s u b a l g e b r a  of R~ (X) genera ted  by  the e lements  in the 
set kg. In  o rde r  to p rove  the fo l lowing l e m m a  one has  jus t  to imi ta te  the a r g u m e n t  of 
[4, 6.4]. 

L e m m a  1.3. The set ~ is algebraically independent over K and R ~ ( X ) [ f  -1] = 
K [gq [ f -  1]. 

N o w  we descr ibe  the min ima l  p r ime  ideals  of fo Let  J be the set of the min ima l  
e lements  of the  set {7 ~ H :  7 > c~}, tha t  is, J is the set Of the upper  ne ighbour s  of 
in H. F o r  sys temat ic  r ea son  it is conven ien t  to  set J = {(b} if c~ = {n}, a n d  
I o ( X )  = (Xij,  1 __< i < j  < n). G iven  f l e  J ,  one  has  I ~ ( X )  ~ t~(X) .  Let  us deno t e  by  I~(x) 
the  p r ime  ideal  I ~ ( X ) / I ~ ( X )  of R~(X).  Then :  

L e m m a  1,4. The ideals Ip (x), f l e  J, are the minimal prime ideals o f  ( f ) .  
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P r o o f. First we show that 0 I~ ( X ) =  ([a [ 6] e D~) + t~ (X). The inclusion =~ is clear. 
~e3 

Let F ~ ('] 1~ (X), we have to show that F z ([at3 ] e D o) + I~ (X). We may assume that F 
~eg 

is a standard monomial, and let rain (F) = [71@ Since 7 ~ fl for all fl e Ji we deduce that 
7 = a or ? ~ a, therefore F e ([al ~] e D~) + In(X).  

Note that iffi, fli e J, fl # fli, then [fl l fl] ~ I~, (x)\It~ (x). Thus the ideals !~ (x), f l e  J, are 
distinct. Applying the straightening relations 1.1 (b), one has ([at ~'] zD.~) z C I~ (X) + (f) ,  
and the desired conclusion follows. [ ]  

We want to describe more precisely the set J. We decompose e into a sequenc e 
B 1 . . . . .  B,, where Bi = {ak~_~+i . . . . .  ak~ } is a block of consecutive integers, (k o = 0, 
k, = t). Let us denote by )(i . . . . .  Z~ the ~'gaps sequence" associated with a, that is, for 
i = t . . . .  , r - 1, ;~ = {c% + 1 . . . . .  %,+ 1 - 1} and 7~ = {aT + 1, . . . ,  n}, Z~ = ~ ifcq = n. For  
every i = 1 . . . . .  r, we get fi~ an upperneighbour  of  a in the following way. ff i  < r ,  or i = r 
and a T < n, then r,  is obtained from c~ by replacing ak~ with ek~ + 1. If  e, = n, then fi, is 
obtained from a by deleting cq. It is not difficult to show that J = {fii, .-i, fi~}. 

In order to carry further our investigation we adapt the usual inversion trick [4, 2:4] to 
our situation. Let )(  be a symmetric matrix of indeterminates of size (n - 1) x (n - 1). 
Consider the isomorphism of K-algebras 

: K [X] IX??] K [2"1 . . . . .  [X/) I  

defined by the assignment O(X!j) = Xl j  for all j = t, . . . ,  n, and ~ (X~j)= R,~_~_ t + 
X I I X I j X l l  1 for all 1 < i < j  < n. 

Suppose cq = 1. Then Xl~  diI~(X). As in the generic case one shows that ~bU~(X)) is 
the extension of the ideal I~( ) ( ) to  the ring K [ X I [ X ~ I  . . . . .  x~.l[x??], where 
c~ = {a 2 - 1 . . . . .  at - 1}o Thus we get an isomorphism 

(I) tff: R , (X)[x l -1  i] ~ Rc~ (Jr) [Xll  . . . . .  X l , ]  [Xl-l~ ] = S 

where x i t  denotes the residue class o f X  1 i in R, (X). Let us denote by f the residue class 
in Ra ()~) of the minor [c~ I ~'], by fi~ the upper neighbours of c~, and by I~ (2) the corre= 

sponding minimal prime ideals o f f .  One has ~ ( f )  = Xi~f i  Furthermore, 

( I~ (2) S if a2 = 2 and for all i = 1 . . . . .  r. 

(2) ~ ( I & ( x ) ) = ~ I g , _ , ( 2 ) S  i r a 2 > 2  a n d f o r a l l i = 2  . . . . .  r.  

( s  if a 2 > 2  and i = l .  

Lemma 1.5. Set R = R~(X) ,  and Pi = I~,(x). Then: 
(a) For all i = 1 . . . . .  r, Re, is a regular ring, Le t  v i denote the valuation one the DVR Re,. 
(b) I f  i < r, or if i = r and ~ < n, then v~(f)  = 2. I f  a t = n, then v , ( f )  = 1, 

P r o o f. By induction on n. In  the case n = 2 the assertions are trivial. Now suppose 
n > 2. If al > 1, then R~ (X) ~ R~ (Y), where Y is an (n + 1 - al) x (n + 1 - a~) symmet- 
ric matrix of indeterminates and ">, = {1, a 2 + 1 - a 1 . . . .  , a T + 1 - al}. By induction, we 

= = R [xl 1 ~ for all may assume al 1. Suppose a 2 2, then_Rp, is a localization Of --i~ 
i = 1 . . . . .  r. Denote/~ the ring Ra (Jr), and by Pi the ideal I~(2). By (1) and (2), we get that 
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Re, is isomorphic to a localization o f / ~  [X,I  . . . . .  X1, ] [X;-~]. The last is regular by 
induction, hence R& is regular. Since X~ 1 is a unit, we have v~ ( f )  = f, (f), where g~ denotes 
the valuation on R F .  Again by induction ~7~ (f) = 1 if ~t - 1 = n - 1, and g~ 0 g) = 2 in the 
other cases. 

Suppose e2 > 2. As above, for all i > 1, by (1) and (2), and by induction, we get the 
desired results. It  remains the case i = 1 and % > 2. By definition P1 = (xl~, . . . ,  x, ,) .  The 
2-minors of the first two row of X vanish in R. Hence Xli = x12 xi2 Xz21 in R&, and 
P1 Rv, = (x12)Rv.  Therefore RpI is regular. In Rv,, we have: 

f = . . . . . . . . .  = . . . . . .  

Xla t �9 . . Xatat X2~ X 1 2  X 2 a t  " . . 

But [fill ill]x2 2 is a unit in R&, and we are done. 

- 1  t 
X 2 2  X 1 2  X2o;t 

;s it =[ f l l l f l l ] "~2 /X?2"  

[] 

We are ready to prove that R, (X) is normal  and to compute its divisor class group. For  
the theory of the divisor class group we refer the reader to [8]. Let us denote by CI (A) 
the divisor class group of a normal  domain A, and by cl (I) the class in CI(A) of a 
divisorial ideal 1 of A. 

Theorem 1.6. The ring R, (X) is a normal domain, and its divisor class group is generated 
by cl (I& (x)), . . . ,  cl (I~ (x)). Furthermore, the only relation between the given generators 

r 
is ~ vi( f)  cl(Ir and we have C l ( R ~ ( X ) ) = ~ r - l O ~ 7 2  /f c q < n ,  and 

i = 1  

Cl (R~ (X)) = 2~'- 1 / f  "t = n. 

P r o o f. By 1.3, the localization of R~ (X) to a prime which does not contain f is a 
localization of a polynomial  ring, and therefore it is regular. By 1.5 (a), every localization 
of R~(X) to a minimal prime ideal of f is regular. Therefore R~(X) satisfies Serre's 
condition (R1). Since R, (X) is Cohen-Macaulay,  by Serre's normali ty criterion [8, 4.1], it 
is normal.  F rom Nagata ' s  theorem [8, 7.2], and 1.3, we deduce that C1 (R~ (X)) is generat- 
ed by the classes of the minimal prime ideals of f ,  cl (I&(x)) . . . .  , cl (I~r(x)). By 1.3, 
R~ (X) [ f -  1] is (isomorphic to) a polynomial  ring after inversion of the determinant of a 
symmetric matrix of indeterminates. The last is a prime element, hence the units of 
R~ (X) [ f -  1] are elements of the form k f  s, with k e K\{0} and s ~ 2g. Then we may argue 
as in the generic case, see [4, pp. 94], to show that  the only relation between 

cl (Ipl (x)),. . . ,  cl (lpr(x)) is k vi(f)  cl ((Ip,(x)) = 0. The rest follows immediately from 
1.5(b). []  i=1 

2. The canonical  class of  R~ (X). Given a normal  Cohen-Macaulay domain A with a 
canonical module ~a,  it is known that ~oa is a rank I reflexive module. Therefore m a is 
isomorphic to a divisorial ideal, and its class in C1 (A) is called a canonical class. Further- 
more, if A is a positively graded K-algebra,  then its canonical module is unique up to 
isomorphism, so that  there exists a unique canonical class, the canonical class of A. The 
ring A is Gorenstein if and only if its canonical module is principal, that is, if its 
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canonica l  class vanishes  in C1 (A). We want  to  de te rmine  the canonica l  class m of R~ (X), 
and  decide  whether  R~ (X) is Gorens t e in  or  not.  We c o m p u t e  the canonica l  class of R~ (X), 
by induct ion,  using the i s o m o r p h i s m  (1) and  the fo l lowing resul t  due  to Bruns  [3, 4:2]' 

L e m m a  2.1. Let A be a normal Cohen-Macaulay domain, and I a prime ideal #~" height 
in A such that A / I  is again a normal Cohen-Macaulay domain. Let Q1 . . . . .  Q, be prime 
ideals of  height I in A and suppose that the class of  I and the class of  a canonical module 

co A have representations cl (I) = si cl (Qi) and cl (tea) = Y~ r i cl (Qi)- Assume fi~rther 
i=1  i = t  

that: 
(i) rl -- si > O for i = l . . . . .  u. 

(ii) A n n  (Q}~'-~')/Q~'-*') r Qi + I for i = 1 . . . . .  u. 
(iii) The ideals Qi = (Qi + 1)/1 are distinct prime ideals of  height 1 in A/L 

Then A/ I  has a canonical module with class ~2 (r i --  sl) c! ((2i). 
i=1  

With  the n o t a t i o n  i n t roduced  in the first section, we get: 

Theorem 2.2. Let  cl (co) be the canonical class of  R~ (X), and let cl (e3) = ~ 2 i ct (Ip~ (x)) 
i=1  

be a representation of  cl (co) with respect to the system of  generators of  C1 (R~ (X)) given 
in 1.6. Then, if  a t < n: 

2i_ 2 i = , Z i _ l l ; ) , B i ]  fora l l  i = 2  . . . . .  r, 

2r = [Zr] + 1 rood 

and if ~ = n: 

{ 2i-1  2 1 = [ Z i - I I - ] B ~ ]  for all i = 2 , . . . , r - I  

2 , _ ,  - 22~ = Izr_ , [  - [B~[ - 1 

P r o o f. The  p roo f  is by induc t ion  on n. In  the case n = 2 every th ing  is trivial,  [f ~, = n 
and  r = 1, then R~ (X) is a p o l y n o m i a l  ring. Hence  we m a y  assume that  r > I if ~, = n. 
As in the p r o o f  of 1.5, we m a y  also assume ~1 - 1. The  i s o m o r p h i s m  (1} induces  an  
i s o m o r p h i s m  of d iv isor  class g roups  ~* :  C1 (R~(Xl[x~-~]) ~ C1 (R~(R}). Since the 
extens ion  R~(X)  ~ R~()7) [ X I > . . . .  X ~ ]  [X~I ~] is fai thfully flat, ~P* maps  the canoni -  
cal  class to the canonica l  class. The  c o m p o s i t o n  of  the canon ica l  e p i m o r p h i s m  
C1 (R~(X)) ~ C1 (Rc~(X)[x1-i1]) with if* gives an e p i m o r p h i s m  

h: Cl (R~ (X)) -+ Cl (Ra(X)).  

The loca l iza t ion  of a canon ica l  modu le  is a canonica l  module .  Hence  h maps  the canon-  
ical class to the canonica l  class. 

If  % = 2, then by  (2) we get h(cl  (I~,(x))) = cl {I~(2)) for all i = 1 . . . . .  r. By induc t ion  
we get the desired result.  If a 2 > 2, then  by  (2) we get h (cl (I/~ (x))) = cl lift._, (2)) for all 
i ~ 2 , . . . ,  r, and h (cl (I/~ (x))) - 0. Again  by induct ion ,  it is enough  to p rove  only the 

re la t ion  which involves 2a. We have to d is t inguish  3 cases:  
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C a s e  1. et < n and r = 1. Then e = {1}, and R , ( X )  = R 2 ( X  ) is the second Veronese 
subring of K [ X  1 . . . . .  X,] .  I t  is known that  R z ( X  ) iS Gorenste in  if and only if 
n -= 0 rood (2), see [9, pp. 54]. Therefore 21 - n = IZll + I rood (2). 

C a s e  2. a t = n a n d r  = 2. Set)~ 1 = m -  l ,  w i thn  > m > 1, thenc~ = {1, m + 1 . . . . .  n}. 
We have to show that  2 1 - 2 2 2 = m - l - ( n - m ) - I  = 2 m - n - 2 ,  that  is, 
cl (co) = (2 m - n - 2) cl (I& (x)). 

Let X * be the submatr ix  of X of the first m rows. Denote  by S the ring K [X*]/I z (X*), 
where 12 (X*) is the ideal generated by all the 2-minors of X*. One has I 2 (X*)K[X] 
= I~(X), and then S [ X k X * ]  = R~(X), see [5,2.5(c)]. Hence S is a normal  Cohen- 
Macaulay  domain,  and we have an i somorphism of divisor class groups CI(S)  

C1 (R~ (X)), which maps the canonical  class to the canonical  class. The extension of the 
ideal P = (xl~ . . . . .  x l , )  of S to R~(X) is l~(x) .  Therefore it is enough to show that  the 
canonical  class of S is cl (COs) = (2 m - n - 2) cl (P). 

In order  to apply 2.1, we need a more flexible system of generators of C1 (S). Let 
Q = (x~j, 1 N i < j < m); it is not  difficult to see that  Q is a prime ideal of height 1 in S, 
that  cl (P), cl (Q) are generators  of C1 (S), and the only relation is 2 cl (P) + cl (Q) = 0. 

Firs t  let m = 2, and we argue by induction on n. Suppose n = 3; since (2 m - n - 2) 
c l ( P ) = - c l ( P ) = c l ( P ) + c l ( Q ) ,  we have to show that  J = P c ~ Q = ( x 1 1 , x 1 2  ) is 
the canonical  module  of S. In this case d i m ( S ) =  3, and we note that  S/J = 
K [X~3, Xz2,  Xz3]/(X2z X~3). Thus J is a maximal  Cohen-Macau lay  S-module. Since S 
is a domain  and it has a canonical  module,  J is the canonical  module  of S if its Cohen- 
Macaulay  type r(J)  is 1. The sequence 2 = x t i ,  x23, x~3 - x2~, is a system of parameters  
of S. Hence 2 is a maximal  regular S and J sequence. Compar ing  the Hilbert  series of S 
and S/J, one shows that  the Hilbert  series of J is 2 t + t2/(1 - t) 3. Then the Hilber t  series 
of J/YcJ is 2 t  + t 2. The homogeneous  component  of degree 2 of J/xJ is generated by 
x~l x13 = x11 x22 = x22. Clearly no l - forms of J/xJ annihilate the irrelevant maximal  
ideal of S. Therefore r (J) = 1. 

Now suppose n > 3. We apply  2.1 with respect to the ideal I = (xl , ,  x2,). I t  is clear that  
I -~ (x H,  x12) = P c~ Q, so that  cl (I) = cl(P)  + cl (Q). We may write cl (COs) = a cl (P) 
+ b cl (Q), and we may assume a, b > 0. The ideals P, Q are principal  after inversion of 
x23. Then a power of x23 annihilates p ( , - l ) / p , - i  and Q(b-1)/Qb-1. Since P + I, and 
Q + I are prime ideals and do not  contain x23, the assumption (ii) of 2.1 is satisfied. By 
induction we get a -  I - 2 ( b -  1) = 4 -  ( n -  i ) -  2, that  is, a -  2b  = 4 -  n -  2. 

When  m > 2, the desired result is obtained by induction using 2.1 with respect to the 
ideal I = (xl,~, x:  . . . . . .  xm,,, x~m+ 1 . . . . .  xm,). One has to note that  cl (I) = cl (P), and that  
P, Q are principal  after inversion of x2,. This concludes the Case 2. 

C a s e  3. a t < n and r > 1, or c~ t = n and r > 2. Just to simplify the nota t ion  set R 
= R , (X ) .  We have to show that  21 - " ~ 2  -~- 1 ~ 1 ]  - IB21 " Set h = [ B 2 1  , and C = B 3 . . . .  , B,. 
Then c~ = {1, e2, c~2 + 1 . . . . .  c~ 2 + h - I, C}. Let cr be the sequence obtained from c~ by 
replacing 1 with e2 + h (note that  e2 + h __< n), that  is, a = {e2, e2 + 1 . . . . .  e2 + h, C}, 
and denote by o 1 . . . . .  fit the indices of or. Denote  by 9 the residue class of the minor  [~r ] a] 
in R. By construction,  g # I~, (x) if and only if a >/~i,  that  is, if and only if i = 1 or  i = 2. 
We may  invert 9 to isolate 21 and 22 from the expression of cl (CO). The class 21 cl (Ip~ (x)) 
+ 22 cl (It~(x)) is a canonical  class of R [9-1] .  Fol lowing [4, 8.11], we may  interpret  
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R [ g -  1] as a polynomial  extension of a determinantal  ring associated with the ideal of the 
2-minors of a generic matrix of indeterminantes, In order to do this we consider the set 
T1 of the residue classes in R of the elements of {[o'~i a j l: I < i < j < t} w {[• [/5] e D~:3 
differs from ~ in exactly one index}, and the set Tz of the residue classes in R of the 
elements of {[3 ] cr] s D, : ~ differs from a in exactly one index}. 

Denote by 5jk the sequence {j, 0~ z . . . . .  (~-2 + ~ -  k) . . . . .  ~ + h, C}, and let Mjk be 
the residue class in R of [djk t 6 ] in R. One has •z = {Mik: t < j  < ~2, 1 < k <__ h § I}. Let 
K [~l  w ~2] be the K-subalgebra of R generated by the elements in the set 7"~ w 7"2. As 
in [4, 6.4], one shows that R [9-1] = K [7' 1 w ~2] [g - t ] .  We have to determine the rela- 
tions between the elements of ~ ,  7' 2. We claim that  for all 1 <J, Jl < e2 and 
l _ < k _ < k l = < h + l  

M i k MjlkI  --= [ ~ j a j l k j 0 j v j l k l  ] [0"[ 0"1 = Mjk ~ Mj~k 

where j A j l  = m i n { j ,  j l  } and j vj~ = m a x { j ,  j i  }. To prove the claim note that 
Mjk Mj~k~ = [Sjk [Cr] [Z[ 5j~k ], since the matrix is symmetric. Then we consider the "gener- 
ic straightening relation" of [6jkl cr] [~rl(Sj~k~ ]. Each standard monomial  in the generic 
standard representation of [Sjk I~r] [or [ 5j. k~] contains at most  two factors. There are only 
two such standard monomials  obtained from the indices of the minors under consider- 
ation, namely [SSk I JS~ k,] [~t ~] and [j, cr [Jl, (r] [a~{e2 + h + 1 - k} l~r\{e2 + h T 1 - kl }1: 
The first appears  in the representation with coefficient i ~to see this one can specialize 
j = k in the generic expression) while the second vanishes in Ro Therefore [/~jk f a] [or! 5j,~] 
= [C~Jk I ~i~ k~] [O'I ~r] and it remains to prove that  [5~kl 5j~ ~,] = [cSj ̂  j~ ~t 5~ v.h ~:]~ But since the 
matrix Ks symmetric, the last equality is straightforward from the fact that  the 2-minors 
of the first (~2 - l)-rows vanish in R. 

Now we take an (0~ - 1} x (h + 1) matrix of indeterminates T = (T~fl, and a set of 
distinct indeterminates A = {A~: ~ e Fr Denote by a the determinant of the r • r sym- 
metric matrix (A[~,I~,]). Consider the following surjective ring homomorphism 
K[T,A] [a -1] ~ R ig  -~] by the assignment T~ i ~ M~, and A~, ~ ~,. The kernel 
of this homomorphism contains the ideal 12 (T) of the 2-minors of T. Therefore we get 
a surjective homomorphism L: K [r]/12 (T) [A] [a-  ~] --, R [g -  1]. We claim that  L is an 
isomorphism. Since K [T]/Iz (T) [A] and R are domains, the claim follows if we show 
that they have same dimension. Note that  dim K [T]/t z (T) [A] = t g~ I + (ez + h 1). An 
element 5 > a, which differs from ~r exactly in one index and has t entries, is obtained from 
a by replacing an index a~ with an index k > a~ and k + crj for j > i. We have 

] ~ l i 4 - ( ~ 2 4 - h - l ) = t ( t - t - l ) / 2 +  ~ ( n - a i - ~ 4 - i ) + ( ~ 2 4 - h  1 ) = t ( n +  1)--  ~ c~z 
i = 1  i = 1  

= dim R, Therefore L is an isomorphism. 
Let P be the prime ideal of K [T]/12 (T) generated by the elements of the first row of 

T, and Q be the prime ideal generated by the elements of the first column. By construct ion 
L(Tlk ) e I ~  (x) R [ g -  11, and L(T~I ) e I~, (x) R [g -  t]. Then the extension of P is contained 
in I~ (x)R[9-~], but since both are prime ideals of height I, they coincide. The same 
argument  works as well for Q and t~(x)R[g-1] .  Since a is a prime element in 
K [r]/I2 (T) [A], one has an isomorphism C1 (K [r]/l~ (T)) ~ C1 (R [g-i]) ,  It  is not diffi- 
cult to see that  the ring R [g- t] = K [T]/I 2 (T) [A] [a -  ~] has a unique canonical class. We 
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deduce  tha t  21 cl (P)  + 22 cl (Q) is the canon ica l  class of C1 (K  [T]/I  2 (T)), By [4, 8.8], we 

conc lude  tha t  2 i - 2 z = ez  - I - (h + 1) = ("z - 2) - h = tZll  - I B 2 I  - [ ]  

Taking into account  the relat ions between the given generators  of C1 (R~(X)), the 
canonical  class is completely determined by the theorem. In part icular :  

Coro l l a ry  2.3. I f  cq < n, then R~ ( X  ) is Gorenstein ~ and only i f  ] Zi-  1 ] - l B~I = 0 fo r  all 

i = 2 . . . . .  r ,  and l X~ J + 1 -= 0 r o o d  (2). 
I f  ~ = n, then R~ ( X )  is Gorenstein i f  and only i f  [ Zi-  t [ - J B~t = 0 f o r  all i = 2 . . . . .  r - 1, 

and IZ~-ll - I n ,  I - 1 = 0. 

We single out  the most  impor tan t  cases: 

Theorem 2.4. (a) (S. Goto).  Let  I < t < n. The ring Rt (X)  is a normal domain and its 
divisor class group is ~g2. It  is Gorenstein if and only if n =- t rood (2). Furthermore, if 
n $ t mod  (2), its canonical module is the ideal P generated by the (t - 1)-minors of  the 
first (t - 1) rows of  X,  and its Cohen-Macaulay type is (t"-l). 

(b) Let  X *  be an m x n, m < n, partially symmetric matrix o f  indeterminates, that is, 
X~  = Xj* for all 1 < i , j  ~ m. Let  1 < t < m. The ring Rt(X*)  is a normal domain and its 
divisor class group is 2L Furthermore it is Gorenstein i f  and only if 2 m = n + t. 

P r o o f. (a) One observes that  P is minimally generated by the set of all (doset) 
(t - 1)-minors of the first (t - 1) rows. The rest is a par t icular  case of 1.6 and 2.3. 

(b) Consider  c~ = { I , . . . ,  t - 1, m + I . . . .  , n}, then a minimal  system of generators  of 
t~(X)  is the set of the doset  t -minors of the first m rows. In  other  words, R , ( X )  is a 
polynomial  extension of R t (X*). Therefore we obtain the desired results as an appl icat ion 
of 1.6 and 2.3. [ ]  
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