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The aim of this note is to determine the Hilbert-Kunz functions 
of rings defined by monomial  ideals and of rings defined by a 
single binomial equation X ~ - X b with gcd(X ~, X b) = 1. 

Introduct ion  

The Hilbert-Kunz function ttKR of a local ring R of prime char- 
acteristic p with maximal ideal m is defined by the assignment: 

HKn(q) = e(R/rn [q]) 

where t denotes the length, q = p~ is a power of p and m [q] 
denotes the q-th Frobenius power of m, that  is, m [q] = ({x q : x 6 
m)). 

The function I N n  was introduced by Kunz [5]. He showed 
[5,3.2,3.3] that  INn(q)  >_ qe for all q, d = dim R, and that  the  
following conditions are equivalent: 
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(i) R is regular 

(ii) HKn(q) = qd for all q, 

(iii) HKn(q) = qd for some q >_ p. 

Hence the difference between HKn(q) and qd can be taken as 
a measure of the singularity of R. By a result of Monsky [7,1.8] it 
is known that  there exist a real constant c(R) > 1 and a function 
f(q) such that  

I-Ms(q) = c(R)q d + f(q) 

and there exists a constant a such that  If(q)l <- ~ d-i for q > >  
0, (see [9] for a generalization of this result). Monsky [7,3.10] 
has also shown that  if the dimension of R is one then c(R) is 
equal to the multiplicity e(R) of R and that  f(q) = f(p~) is a 
periodic function in e for large e. It also known that  c(R) <_ e(R) 
for Cohen-Macaulay rings, see [5,3.2]. But in general it is not 
clear how the constant c(R) is related to the other invariants of 
R, and it is not  even known whether c(R) is a rational number. 
The nature  of the remainder term f(q) is also quite mysterious, 
see [4] for example. 

Hilbert-Kunz functions of some classes of hypersurface rings 
were de termined by Kunz, Han and Monsky, Chang, and Pardue 
[2,3,4,5,6,8]. The first Hilbert-Kunz function of a ring which is 
not an hypersurface is determined by Buchweitz and Pardue [1]. 
They succeeded in computing the Hilbert-Kunz function of the 
coordinate ring of a rational normal curve. 

We introduce a more general Hilbert-Kunz function. Given 
a Noetherian ring R of arbitrary characteristic which is local or 
a s tandard graded K-algebra and a system of generators x of 
its maximal  ideal, we define the Hilbert-Kunz function HKR,~(q) 
of R with respect to x to be the length of R/x[q] where x [q] is 
the ideal generated by the q-powers of the elements of the set x 
and q E N. We concentrate our at tent ion on the Hilbert-Kunz 
function of rings of the form R -- K[X1,. . .  ,Xn]/I  where I is a 
monomial  ideal or a principal ideal generated by a homogeneous 
binomial  form X ~ - X b with gcd(X ~, X b) = 1. 
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If I is a monomial ideal, then we show that ItKR,~(q) agrees 
with a polynomial with integral coefficients for large q, see 2.1. 
The leading coefficient of this polynomial is exactly the multi- 
plicity of R. As a corollary it follows the inequality 

c(R) _< 

holds for any local ring or standard graded K-algebra R of prime 
characteristic. 

When R is a binomial hypersurface of the type mentioned 
above, we show that there exists a polynomial P(y,z)  e Q[y, z] 
such that HKn,x(q) = P(q, c) for large q, where e is the residue 
class of q modulo the highest exponent in X a and X b, see 3.1. 
The polynomial P(y, z) is explicitly determined and its leading 
coefficient with respect to y is a rational number c(R) which is 
expressed in terms of the exponent vectors a and b. 

1 N o t a t i o n  

Let (R, m) denote a Noetherian local ring with maximal ideal 
m or a standard graded K-algebra with maximal homogeneous 
ideal m. Given a set of generators x = Xl, . . . ,x,~ of m (not 
necessarily minimal) and a positive integer q we denote by xM 
the ideal (x~ , . . . ,  x~). We define the Uilbert-Kunz function of R 
with respect to x to be 

= e(R/xt l). 

Of course if the characteristic of R is prime and q is a power 
of the characteristic, then HKn.,(q) coincides with the ordinary 
Hilbert-Kunz function HKR(q) and it is independent of x. But 
in general HKR,,(q) depends on x. 

Denote by HI(R,q) the first iterated sum of the Hilbert 
function H(R,q)  = dimK(mq/m q+l) of R, that is, HI(R,q) = 
~(R/mq+l). Since mq D xM D m nq, one has 

(1) HI(R,q  - 1) < HKR.~(q) < Hl(R,  nq - 1). 
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Denote by d the dimension and by e(R) the multiplicity of R. 
The function H 1 (R, q) agrees with a polynomial of degree d and 
leading coefficient e(R)/d! for q > >  0. From inequality (1) it 
follows that  ItKR,~(q) grows as a polynomial of degree d. For 
ordinary Hilbert-Kunz functions inequality (1) implies 

(2) e(R)/d! <__ c(R) < e(R) d/d  

It was shown by Kunz [5,3.2] that  if ( R , m ) i s  a Cohen- 
Macaulay local ring of prime characteristic p, then 

HKR(q) <_ e(R)q 

for all powers q of p. It follows from this result that  the constant 
c(R) is bounded by the multiplicity for Cohen-Macaulay rings. 
Note that  one cannot expect ttKR(q) < e(R)q d to be true in 
general. For instance if R has multiplicity 1 and it is not regular 
(take for example R = K[X,Y] / (X2 ,XY) ) ,  then by [5,3.3] one 
has I-IKR(q) > qd = e(R)qd for all q > p. 

2 T h e  m o n o m i a l  case  

Let S be a polynomial  ring K[X1, . . . ,  Xn] over an arbitrary field 
K. One has: 

T h e o r e m  2.1. Let I be a monomial ideal of S and set R = 
S/I .  Denote by xi the residue class of Xi in R, and by x the 
sequence Xl,- . . ,Xn-  Then there exists a polynomial PR(Y) G 
Z[y] of degree the dimension d i m R  of R and leading coefficient 
the multiplicity e(R) of R, such that I-]KR,~(q) = PR(q) for all 
integers q greater than or equal to the highest exponent which 
appear in the generators of I. 

PROOF. We argue by induction on n. The case n = 1 is trivial. 
Hence assume n > 1. Set a = max{j  : X j divides a generator of 
I, for some i, 1 < i < n} and b = max{j  : X j divides a generator 
of I}. Fix an integer q _> a and for 0 < i < q set 

= ( I .  + �9 . . , ~ . n _ l , ~ L  n ] .  
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Set $1 = K[XI, . . .  ,Xn-1]. For i > 0 denote by Ki the monomial 
ideal of $1 with the property It'~ + (Xn) = ( I"  X~) + (Xn). Set 
Ri = S1/Ki.  Since Ji " Xn = Ji+l, one has an exact sequence: 

(3 )  0 > SlJi-t-1 Xn> S l J i  ' S l l K I  -P (X~, q �9 . . , X n _ l )  > 0 

and then 

dimK S/J i  = dimK S/Ji+ 1 -[- HKR,,xt(q ) 

where x' = x l , . .  �9 xn-1 are the residue classes of X 1 , . . .  , Xn_ 1. 
By construction 3"o = I + X M and Jq = S. It follows that 

q-1 
H~R,~(q) = ~ nK.,,~,(q). 

i=0 

But K i  = Kb for all i _> b, and then 

b-1 

~ . , x ( q )  = (q - b) I-IK.b,~,(q) + ~ HK.,,~,(q). 
i=0 

One notes that  the exponents in the generators of the monomial 
ideals Ki are less than or equal to a. By induction HKn,x,(q) 
agrees with a polynomial Pn,(Y) e Z[y] for q _> a. Hence 
HKn,x(q) agrees with the polynomial 

b-1 

(4) Pn(Y) = (y - b)Pnb(y) + Y~ Pn,(y) 
i=0 

for q > a. Since HI(_R, q) agrees with a polynomial of degree 
d i r e r  for large q, from (1) it follows that the degree of PR(Y) 
is dim R. We show now that the leading coefficient of PR(y) is 
e(R). Denote by c (R) , c (Ro) , . . . , c (Rb)  the leading coefficients 
of Pn(Y) ,Pno(Y) , . . . ,PRb(Y)  and by d, do , . . . ,db  the dimensions 
of R, R0 , . . . ,Rb .  By (4) one has 

b-1 
(5) c(n) = e(d, db + 1)c(Rb) + ~ ~(d,d~)c(n,) 

i=0 
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where 6(i , j )  = 0 if i r j and 6(i,i) = 1. Consider now the exact 
sequence 

(6) 0 , S / I  : X~+'[-1] x'b S / I  : Xi~ , Ri ,0  

Denote by HA(A) the Hilbert series ~j>0 dimA~ Aj of a N-graded 
K-algebra A = (Dj>_o Aj. By virtue of (6) one has 

b - 1  

(7) Hn(A) = ~_, AiHn,(A) = Ab(1 - A)-IHRb(A) -t - Z AiHn,(A) �9 
i >0  i=0  

It follows from (7) that: 

b - 1  

(8) e(n) = 6(d, db + 1)e(Rb) + ~ 6(d,d~)e(Ri) 
i = 0  

By induction one has c(Ri) = e(Ri) for all i = 0 , . . . , b .  From (5) 
and (8) it follows that c(R) = e(R). [] 

Note that the polynomial Pn(q) does not depend on the char- 
acteristic of the field K. We do not know in general how to relate 
the coefficients of Pn(q) to other combinatorial or algebraic in- 
variants of the ring R except that for the square free case. In the 
square free case the polynomial PR(Y) has the following combi- 
natorial interpretation: 

R e m a r k  2.2. Let I C (X1, . . .  ,Xn) 2 be a square free mono- 
mial ideal with associated simplicial complex A. Denote by 
f = ( f - l , f 0 , . . . , f d - 1 )  the f-vector of A, d imA = d -  1. The 
number ItKK[zal,~(q) is the cardinality of the set 

B = {b = (bt,...,b,~) C N '~ :0 _< bi < q and suppb C A}. 

It follows that:  

ttKK[,a],,(q) = y~ [{b e B :  s u p p b =  F} = 
F E A  

d 

~ - ~ ( q -  1) I F j :  ~ - ~ f i - l ( q -  1) / 
FEA i=O 
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Using the known relation between the f-vector and the h-vector 
of a simplicial complex one has also: 

d 

HKK[A],~:(q) = Y~ h i ( q -  1)' q d-i. 
i----0 

For another interpretation of the Hilbert-Kunz function of 
a square free monomial ideal see also [1]. It follows from the 
remark that  the Hilbert-Kunz function of a the ring defined by a 
square free monomial ideal depends only on the Hilbert function. 
This is not true for general monomial ideals. For instance if I 
is generated by a single monomial, say I (I]i=a ~' = '~ Xi ), then 
the Hilbert function of the ring R defined by I depends only on 
the degree of the generator of I while its Hilbert-Kunz function 
HKn,,(q) is equal to 

n n - - 1  

qn __ H ( q  -- ai) = Z(--1)n-l- lSn-i ,n(a)q ' 
i = 1  i = 0  

for q :> max{a{} where sj,,~ denotes the elementary symmetric 
function of degree j in n indeterminates. Hence two monomials 
define rings with the same Hilbert-Kunz function if and only if 
they are the same up to a permutation of the indeterminates. 

Fix now a term order r on S =  K[XI , . . . ,Xn] .  Let I b e  a 
homogeneous ideal of S. Denote by in(I) the initial ideal of I,  
and set R = S/  I. Since 

I-IKn,~(q) = dime S/ ( I, X M) = dimg S/ in( I, XM), 

and in(I, XM) _D in(I) + XM, one has: 

(9) HKn,~(q) <_ ttKs/i.(:),~(q). 

It follows: 

P r o p o s i t i o n  2.3. Let R be a local ring or a standard graded 
K-algebra. Let x = x a , . . . , x n  be a system of generators of the 
maximal (homogeneous) ideal of R. Then there exists a polyno- 
mial P(y) C Z[y] depending on R and x with degree d i r e r  and 
leading coefficient e(R) such that HKn,x(q) <_ P(q) for all q e N.  
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PROOF. Assume first that R is local with maximal ideal m. De- 
note by G its associated graded ring (~i>omi/m i+1, by f* the 
initial form in G of an element f C R and by x* the sequence 
x~ , . . . ,  x*. The associated graded ring Gq of R/xM is isomorphic 
to G / J ,  where J is generated by the initial forms of the elements 
of the ideal x M. Note that if (x*) q ~ O, then (x~) q = (x~)*. It 
follows that (x*) q C J and hence 

HKn,~(q) = e(Gq) <_ HKc,~.(q). 

The rings R and G have the same dimension and multiplicity. 
Hence we may assume that  R is standard graded K-algebra. 
Then we take a presentation R ~- K [ X 1 , . . . , X n ] / I ,  such that 
the residue class of Xi corresponds to xi, and fix a term order 
w on K [ X 1 , . . . ,  X~]. Since the dimension and multeplicity of R 
and K [ X 1 , . . .  ,Xn] / in ( l )  are equal, it follows now from (9) and 
from 2.1 that there exists a polynomial PI(Y) C Z[y] of degree 
d imR and leading coefficient c(R) such that I-1Kn,x(q) <_ Pl(q) 
for all q > >  0. Then P(y) is obtained from PI(Y) by adding a 
suitable positive integer. [] 

The proposition has two corollaries. The first is the general- 
ization of Kunz's result [5,3.2] to the non Cohen-Macaulay case: 

C o r o l l a r y  2.4. Let R be a local ring or a standard graded K-  
algebra and assume that the characteristic of R is prime. Then 
c(R) <_ e(n).  

The second is a partial extension of Monsky's result [7,3.10] 
to generalized Hilbert-Kunz functions: 

C o r o l l a r y  2.5. Let R be a local ring or a standard graded K-  
algebra of dimension one and arbitrary characteristic. Let x = 
x l , . . . , x ~  be a system of generators of the maximal (homoge- 
neous) ideal of R. Then there exists a constant a such that 
I HKR,~(q) - e(R)q I <_ a for all q C N.  

PROOF. By 2.3 there exists a constant ~ such that Hn,~(q) < 
e(R)q +/~ for all q C N. On the other hand, by (1), Hn,~(q) > 
Hi (R ,  q -  1) and there exists a constant -), such that H~(R, q) = 
e(R)q + 7 for q > >  0. Hence the claim follows. [] 
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It follows from the corollary that  for a one dimensional ring R 
the limit lim I-IKR,,:(q)/q exists and it is equal to the multiplicity 

q - - + ~  

e(R) of R. We do not know whether  lim nKR,x(q)/q direr exists 
q--*c<) 

in general, that  is, if dim R > 1. For one dimensional ring we do 
not know whether  the difference ttKn,~(q) - c(R)q is periodic for 

large q. 

3 Binomial hypersurfaces 

Given a homogeneous ideal I of S = K[X1, . . .  ,Xn], in order to 

s tudy the Hilbert-Kunz function of S / I  one may try to under- 

s tand the initial ideal of the ideal I + X [q]. The information that  
one has on the behaviour of i n ( I + X  [q]) with respect to q can be 

used to have some control on the Hilbert-Kunz function of S/ I .  
As we already noticed i n ( I + X M )  _D i n ( l ) + X b ] ,  and one cannot  
expect equality unless I is a monomial  ideal. For a general I it 
is difficult to unders tand  which monomials one has to add to fill 

the  gap between in( I  + X M) and in(I)  + X [ql. If I happens to be 

a binomial ideals, then the si tuation is slightly simpler because 
the S-reductions S( f ,  n) of a binomial f with monomial  n with 
respect to a set of binomials produce only monomials.  We are 
able to determine i n ( / +  XM) explicitly when I = (X ~ - X b) 
where X a and X b are monomials of the same degree and with 
gcd(X ~, X b) = 1. This allows us to determine the Hilber t -Kunz 

function for the hypersurface defined by X ~ - X b. 
One has: 

T h e o r e m  3.1.  Let S = K[X1, . . . ,X~+~] be a polynomial ring 
over an arbitrary field K.  Let F be the binomial equation 

F = X~ 1 . . . X ~  m - X b ' + l  " "  ~-bm+n 
m + l  ~ - m - t - n  �9 

Assume that F is homogeneous and denote by R the ring S / F  
and by x the set of the residue classes in R of the Xi 's. Let u be 
the maximum of the integers a l , . . . ,  am, bm+l , . . . ,  bm+n. 

There exist a polynomial P(y , z )  C Q[y,z] of the form 

P(y ,  z) = 4 R ) y  m§ +  l(z)y m§ + . . .  + 
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and an integer a such that 

HKn,x(q) = P(q,6)  for all q >_ a, q c N 

where e = q mod u and O <_ e < u. Furthermore 

c(n) = 

m,. hk 
Y~ (--1)h+kSh'~(a)sk~(b)(h + k - 1)u h+k-~ 

h , k = l  

where sji denotes the elementary symmetric polynomial of  degree 
j in i indeterminates. 

PROOF. It is not restrictive to assume that  al ~ ai > 0 for i = 

1 , . . . , m ,  bm+l > bm+i > 0 for i  = 1 , . . . , n  and that  al > bin+l, so 
that  u = al Set X ~ = X [  1 .. X,~" and X b vbm+l vb'~+" �9 �9 ~ . C X m +  1 . . . ~ X m +  n �9 

We fix a te rm order on S such that  X ~ is bigger than  X b. Let q 

be a positive integer. We determine a Gr5bner basis of the ideal 

. . . .  Xm+n) 

by means of Buchberger algorithm. The first S-pair to be con- 
sidered is S ( F , X ~ ) ,  1 <_ i <_ m, and it produces the element 

X} q-~i)+ X b, where 

(v)+ = max(O,v}.  

If q >_ ai, then  S ( F , X ~ - ~ ' X  b) produces X[q-2~')+X 2~, and so on. 
In this way we obtain the  elements x~-Ja~x  jb for j = 0 , . . .  , j i ,  
where 

j i=[q /a i ] .  

The S-reduct ion S(F,  x ~ - J ~ X  j'b) produces the element XO,+l)b 

which is pr ime to X ~ and hence the procedure  stops. From this 
it follows tha t  the elements 

q q x(jl+l)b �9 . X~+n,  F, X~+I ,  �9 �9 �9 and X ~ - ' ~ ' X  3b 

with 1 _< i _< m and 0 <_ j <_ ji  form a Gr5bner basis of Iq. 
Then  in(Iq) is genera ted by X ~ , X  q y q  y(jl+l)b and 

m + l ~  " �9 " ~ X X m + n ~  ~.x 

X~-J~ 'X  jb with 1 < i < m, and 0 _< j _< ji .  
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Now we have to compute the dimension of S~ in(Iq). In order 
to do this we consider the ideals K~ = in(Iq) �9 X ~b for r = 
0 , . . . ,  j l  + 1. Since K~ : X b = K~+I we have the exact sequence: 

X b 
0 - .  S /K,+I  ~ S / K r  4 - +  S / ( K r , X  b) ~ 0 

Note that  h'0 = in(Iq) and that  Kjl+I = S. It follows that  

J l  

dimK S~ in(Iq) = y~ dimK S/ (KT,Xb) .  
r : - 0  

But the ideal (K~, X b) is equal to 

_ . j ( q - r . b m +  i ( X  '~,X b,X] ~ ' ,  1 < i < m ,  "'r~+~ , 1 < i < n )  

and hence dimK S/(in(Iq) �9 X ~b, X b) is equal to the product 

�9 ~ q - r a i  [ d i m g K [ X l , . .  ,X,~]/(X=,--i  , 1 < i  < m)] x 

[ 1 < i < d img K [ X m + I , . . . , - " m + ~ J l ~  , l',~+i , 

It is easy to see that  in general one has 

dimK K[Y1, . . .  , Yn] / (Y ' ,  Y~ h 
n n 

, . . . ,Y:~  = 1-i ~ , -  I I ( ~ , -  ~,)+- 
i =1  i : 1  

It follows tha t  dimK S~ in(Iq) can be writ ten as the sum of 
the two terms 

(i) 

Y~ q - rai) - YI(q - (r + 1)ai x 
r=O i=1  

q - r b m + i ) -  1 - I ( q - ( r  + 1)bm+i 
i=1  

and 

(ii) ( q - j l a , )  ( q - j l b m + i ) -  I - [ ( q - ( J l  -t- 1)bin+i)+ 
i = l  
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Using the elementary symmetric  polynomials, the term (i) can 
be wri t ten as follows: 

E (--1)h+kShm(a)Skn(b)q m+n-h-k Whk(V) 
h,k=l r = 0  

where Whk(r) = (rh--(r  + 1)h)(rk--(r + 1)k). Note that  Whk(r) is 
a polynomial  in Q[r] of degree h + k - 2 ,  and leading coefficient hk. 
Hence z_.T=oV'J~-I Whk(r) is a polynomial  in q [ j l ]  of degree h + k - 1, 
and leading coefficient hk / (h  + k - 1). Since j l  = (q -- g)/al ,  
where e = q mod a l  and 0 _< e < al,  we obtain tha t  there exists 
a polynomial  Pl(y , z )  C Q[y, z] of the form 

P l ( y , z )  =- cy m+n-1 q- d l (z )y  re+n-2 -t-. . .  + dm+n-l(Z) 

with 

m ~ ,  

c =  ~ (--1)h+kShm(a)sk,~(b) 
h,k=l 

hk 
(h  -t- k - 1 ) a l  h+k-1 

such tha t  P l (q ,e)  is equal to (i) for all q C N. 
We analyze now the second term (ii). We have to distinguish 

two cases. If al = bm+l then (ii) is equal to 

m n 

l-[(q -- j lai)  YI(q - jlb,~+i) 
i=1  i=1  

and replacing j l  with (q - e) /al  one obtains the following ex- 
pression for (ii): 

m n 

2--m-n 2 
a 1 e H ( q ( a l - a i ) + e a i ) I I ( q ( a l - b m + i ) + e b m + i )  

i=2  i=2 

If a l  > bin+l,  then one has q - ( j l  q- 1)bm+i _> 0 for q > 
albm+l / (a l -b in+l) .  Hence for q >_ g l b m + l / ( a l - b m + l )  t h e  term 
(ii) is equal to: 

q - j l a i  q - j l b m + i ) -  l - I ( q - ( j l  + l)bm+i 
i=1  
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and again replacing j l  with (q - e) /al  one obtains the following 
expression for (ii): 

al e l - I ( q ( a l - a i ) + e a i )  (q (a l -b ,~+i )+eb ,~+i ) -  
i-=2 

] 
I I  (q(al - bin+i) + (c - al)bm+i)] 
i=1 J 

In both  cases we have seen that there exists a polynomial P2(y, z) 
C Q[y,z] such that  P2(y,z)  has degree less than m + n - 1 in 
y and P2(q,e) is equal to the second term for all q or for all 
q > albm+l/(al - bin+l) according to whether al = bm+l or 
al > bm+l. Then wese t  P ( y , z )  = P l ( y , z ) §  P2(y,z)  and P ( y , z )  
has the desired properties. []  

The theorem has the following 

C o r o l l a r y  3.2. Let K be a field of prime characteristic and let 
F be any homogeneous binomial form of S = K [ X 1 , . . . , X n ] .  
Then c( S /  F) is a rational number which is independent of the 
characteristic of K .  

PROOF. The binomial F can be writ ten as F = x d ( x  a -- X b) 
where g c d ( X a , X  b) = 1. Since (xd)  N ( X  a -  X b) = (F),  one has 
the short exact sequence 

o ~ S / F  ~ S / X  ~ - X b r S / X  ~ ~ S / ( X  d, X ~ - X b) - ,  0 

Since height(Xd,  X ~ -  X b) = 2, it follows from [9] that  c (S /F)  = 
c ( S / X  ~ - X b) + c (S /Xd) .  By virtue of 2.1 and 3.1 we know that  
both  c ( S / X  ~ - X b) and c ( S / X  d) are rational and independent  
of the characteristic of K, and this completes the proof. []  
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