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Abstract. Let V be closed subscheme of P"~! defined by a homogeneous ideal / C A =
K(Xy,..., Xnl, and let X be the (n — 1)-fold obtained by blowing-up pr—1 along V. If one embeds
X in some projective space, one is led to consider the subalgebra K[(I¢)¢] of A for some positive
integers ¢ and e. The aim of this paper is to study ring-theoretic properties of K[(I¢)c]; this is
achieved by developing a theory which enables us to describe the local cohomology of certain mod-
ules over generalized Segre products of bigraded algebras. These results are applied to the study of
the Cohen-Macaulay property of the homogeneous coordinate ring of the blow-up of the projective
space along a complete intersection. We also study the Koszul property of diagonal subalgebras of
bigraded standard k-algebras.

Introduction. Let V be a smooth closed subscheme of P"~! defined by a
homogeneous ideal / C A = K[X|, ..., X,], and let X be the (n — 1)-fold obtained
by blowing-up P"~! along V.

If ¢ is a positive integer, the c-graded part of I which we denote by I,
corresponds to a complete linear system on X; for large c, this linear system
is very ample and gives an embedding of X in PV~!, where N = dimg I.. The
homogeneous coordinate ring of this embedding is the subalgebra K[I.] of A
which is generated by any set of generators of the K-vector space /..

More generally, we would like to embed X through more sophisticated very
ample divisors; this leads us to consider, given the positive integers ¢ and e, the
subalgebra K[(I°).] of A.

The aim of this paper is to study ring-theoretic properties of K[(I¢).], where
e and c are positive integers and / is any homogeneous ideal of the polynomial
ring A = K[X1, ..., X,].

We are inspired by recent work of Geramita, et al. ([10], [11], [12]) who
treated similar problems in the case X is the blow-up of P"~! at a certain set of
points.

Our main tool is an interesting relationship between K[(/°).] and the Rees
algebra A[It] of I, which is defined as the subring @fjo It/ of the polynomial
ring A[r].
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To describe this relationship we introduce the set
A :={(cs,es) | s € 7},

which we call the (c, e)-diagonal of 772.
For any 77-graded algebra S, we will denote by S; ) the (i,7)-graded part of
S. The diagonal subalgebra of S along A is defined as the Z-graded algebra

SA = @ S(cs,es)-

SEL

Similarly we can define the A-submodule of a Z?-graded S-module L as

Ly = @ L(cx,es)-

SEZL

By construction L, is an Sy-module.
The Rees algebra A[lf] has the natural Z*-grading A[If];; = (F);#. We shall
see that if /¢ is generated by elements of degree < c, then

K[(I)c] = A[lt]a.

This representation of K[(/°).] as a diagonal subalgebra of A[lf] was first dis-
covered in the case I is a complete intersection generated by forms of the same
degree d and A is the (1,d + 1)-diagonal of 7> ([19]). Notice that a weaker ver-
sion for A has been used there because in this case, A[If] can be made a standard
N?-graded algebra.

One main problem on diagonal subalgebras is to find suitable conditions on
S such that certain algebraic properties of S are inherited by Sp. The operator
A can be used to study the presentation and the normality of Sy as shown in
[19]. Our main focus in this paper are the Cohen-Macaulay property and the
Koszul property of Sx. We will mostly concentrate our interest on the diagonal
subalgebras of the Rees algebra A[If].

Assume that / is minimally generated by homogeneous polynomials fi, . .., f;.
Let S = A[Yy,...,Y,] be a polynomial ring over A in r new indeterminates. By
mapping Y; to f;t we obtain a presentation of the Rees algebra A[If] as a factor ring
of S. In order for this map to be a homomorphism of Z?-graded algebras, we give
the polynomial ring the natural Z?-grading degX; = (1,0) and deg; = (d;, 1),
where d; := degf;. Let

0—-Dy—---—Dy —Dyg=S — A[lt] - 0
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be a 7?2 -graded minimal free resolution of A[/f] over S. Then

0— (Do) — -+ = (D1)a — Sa — Allt]a — 0

is a graded resolution of A[/f]p over Sj. Since every free module D,,, p = 1,...,1,
is a direct sum of modules of the form S(a, b), where S(a, b) denotes the twisted
module S with shifting degree (a,b), we can deduce properties of A[lf]p from
those of Sx and S(a, b)a.

For this reason it is of interest to study diagonal subalgebras of Z?-graded
polynomial rings with such a 7?-grading and diagonal submodules of their twisted
modules. We shall see that S is an affine semigroup ring for which we already
have a well-developed theory ([16], [22]). To study S(a,b)s we have to extend
the notion of Segre products of Z-graded algebras to 7?-graded algebras. It turns
out that S(a, b)a can be considered as a Segre product of two twisted Z*-graded
polynomial rings whose local cohomology modules can be described in terms of
the shift and the grading of S. Thus applying the diagonal operator to the minimal
bigraded free resolution of a bigraded S-module L, the informations on S(a, b)a
yield results on Lx. For applications it is most important to understand the local
cohomology of Ly. We have the following result:

THEOREM 3.6. Let S be the polynomial ring with the bigrading as introduced
above, and denote by R the ring Sx. Assume that ¢ > ed + 1 where d =
max{dy,...,d,}. For any finitely generated 7?-graded S-module L, there exists
a canonical homomorphism ¢}: Hf ,(Ly) — Hf{f; (L) for all g > 0 such that ¢}
is an isomorphism for g > n, and such that for ¢ < n, @1 induces an isomorphism
of K-vector spaces between Hp, (L) and (H%Jrs1 (L)a)s for almost all s.

From this theorem we deduce sufficient and necessary conditions for a Z?-
graded S-module L to have a Cohen-Macaulay or Buchsbaum diagonal submodule
L.

One of our main results deals with the algebra K[(/¢).] when [ is a complete
intersection ideal. In this case, we can say exactly for which c, e this algebra is
a Cohen-Macaulay ring, thereby solving an open problem of [19].

THEOREM 4.6. Let I C K[X1,...,X,] be a homogeneous complete intersection
ideal minimally generated by r forms of degree di, . . . ,d,. Assume that ¢ > ed + 1,
d=max{dj |j=1,...,r}. Then K[(I).] is a Cohen-Macaulay ring if and only if
c> Z;zldj+(ef 1d — n.

As a corollary of this result we get the following interesting class of Goren-
stein algebras.
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COROLLARY 4.7. Let I C A = K[X1,...,X,] be a homogeneous complete
intersection ideal minimally generated by two forms of degree dy < do. If n > dp+1
then K[1,] is a Gorenstein ring with a-invariant —1.

In the last two sections of the paper we study the Koszul property of diagonal
subalgebras. Our results applied to the algebras of type K[(I°).] give the following

COROLLARY 6.9. Let I be a homogeneous ideal of the polynomial ring
K[X1,...,Xu]. Denote by d the highest degree of a generator of I. Then there
exist integers a,b such that the K-algebra K[(I¢).q+c] is Koszul for all ¢ > a and
e>b.

Acknowledgments. This paper was written when Ng6 Viét Trung was visiting
the University of Essen supported by a grant from DFG. The cooperation with
Valla was made possible by the Vigoni exchange program from DAAD and CNR.
The authors would like to thank these institutions for their financial support.

1. Diagonal subalgebras of bigraded algebra. In this section we will col-
lect some preliminary results. We will assume that the readers are familiar with
the theory of multigraded rings (see e.g. [14]). Unless otherwise specified, A
always denotes the (c, e)-diagonal of Z? for a fixed pair of positive integers c, e.

A. Diagonal subalgebras of polynomial rings. Let S = K[X|,...,X,,] be
a Nz-graded polynomial ring with degX; = (a;,b;), i = 1,...,m, where a;, b; are
given nonnegative integers. For convenience we assume that the matrix

ay ... dpy
by ... by
has rank 2. Otherwise, the N’-grading of S is actually an N-grading.

For a = (axy, . .., o) € N we write X¢ for the monomial Xlal <+ X0m_ Then
deg X = (-1, aviai, Y1ty aby). The monomial X* belongs to Sy if and only if

m m
Z a;c; = cs and Z biaj =es
i=1 i=1

for some integer s. Let H denote the additive monoid of the solutions o € N
of these systems of equations. Then Sy = K[X® | @ € H], which is isomorphic
to the affine semigroup ring K[H] of H over K. See e.g. [5] or [22] for more
information on the theory of affine semigroup rings.

ProprosiTION 1.1.

(i) dimSy=m— 1.
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(i)  Sa is a normal Cohen-Macaulay domain.

(iil) ws, ~ (wWs)a, Where ws, and wg denote the canonical modules of Sy and
S, respectively.

Proof. Let G be the set of all integral solutions of the above systems of
equations. Then G is a lattice of integral points in Z™ with rank G = m — 1 and
H = GNN". Therefore dim K[H] = m— 1 and K[H] is a normal Cohen-Macaulay
domain ([17]). Finally, by [14, Theorem 3.3.3 (2)] we have

ws, =K[X* | o € G,a > 0] = K[X® | a > 0]a = (ws)a,

where a > 0 means that o; > O foralli=1,...,m. ]

Remark. Every N-graded affine semigroup ring K[H] with dimK[H] =m — 1
for which the corresponding convex polyhedral cone has exactly m facets arises
as a diagonal subalgebra of an N?-graded polynomial ring.

B. Segre products of graded algebras. Let S = A ®x B be the tensor
product of two Z-graded algebras A = .5 A; and B = @z B; over K. Then §
is a Z?-graded algebra with S(;j, = A; ®k B;. From this it follows that

Sp = @Acs ®k Bes,
SEZ

which is the Segre product of order (c,e) of A and B over K ([7]).
We can extend the notion of Segre products of Z-graded algebras to Z-graded
algebras as follows.

Definition. Let A and B be two Z?-graded algebras over a field K. The tensor
product A ®k B is a Z?-graded algebra over K with

(A ®k By = P Aa.az) QK Bpy )
(@y,ap),(by by)ET2
(ay,ap)+(by.by)=(ij)

‘We have

A®kB)x=EP b Aar.az) OK Boy )

SEZ  (ay.an).(by.by)En?
(ay.ay)+(by.by)=(cs.es)

which we call the Segre product of A and B along A. For convenience we denote
it by A ®4 B. Similarly, if M and N are 7Z?-graded modules over A and B,
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respectively, then the tensor product M ®x N is a 7?-graded A ®x B-module with

M @k N)a =P b May.a3) @k Ny by)-

SEZ  (aj.ay.by.by)€en?
(ay.ay)+by.by)=(cs.es)

We call (M ®g N)a the Segre product of M and N along A and denote it by
M @pN.

C. Embeddings of blow-ups of projective spaces. Let A = K[X],...,X,]
be a polynomial ring over a field K and / a homogeneous ideal of A. For large
¢, the algebra K[(I°).] is isomorphic to the coordinate ring of some embedding
of the blow-up of P’,’{l along the ideal sheaf I in a projective space.

Let A[It] = @;>( 'Y be the Rees algebra of 1. Since the polynomial ring A[r]
is an Nz-graded algebra with A[t];;) = Aif, we may consider the Rees algebra
A[I] as an N?-graded subalgebra of A[] with A[If];;) = (F)#. Hence A[lf] has
the diagonal subalgebra

Allla = € Uit

i>0
We note the following simple fact whose proof we leave to the reader:
LemmA 1.2. Assume that the ideal I° is generated by forms of degree < c. Then
K[(I°)c] == Allt]a.

We will denote by K((I°).) the field of quotients of K[(/¢).]. One has:

LeEMMA 1.3. Assume that I¢ is generated by forms of degree < ¢ — 1. Then

i) K(I%.)=K (%, el %,le) for any nonzero element f € (I°)._1.
1 1
(i) dimK[(I®)¢] =n.
. X; _ le e
Proof. Since X - X.f € K((I°).), we have

X2 Xn e
K (X—] o X—I,X]f) C K(UI),).

X X,
Conversely, for every element g € (I¢),, %f eK (X—? . )%:) because g, X|f

X X
have the same degree. Therefore g = XLfXi e K X—z, .. .,)T",le) So we
1 1 1
obtain (i). Now it is clear that the transcendent degree of K((/¢).) is equal to n,
which implies (ii). O
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There have been some scattered results on the properties of K[(/¢).], namely
in the case [ is the defining ideal of fat points ([10], [11], [12]) or when [ is a
complete intersection ideal generated by forms of the same degree ([19]).

Remark. If the ideal I is generated by forms of the same degree d, we can
define another 72-graded structure on A[lf] as follows. Let R = D jere Ry be
the N?-graded algebra with

Riij) = )isai?

for all (i,j) € N?. Since I is generated by forms of degree jd, we have (), = 0
for h < jd. Therefore R covers all elements of A[lf] = @,>(F#, hence R =
A[It]. We note that R is a standard 7Z?-graded K-algebra, i.e. Roo = K and
R = K[Rq,0), Ro,y]. This Zz-graded structure of A[/t] has been used successfully
to study K[/z4+1] in [19], and will also be used later in the paper.

Now let S be an arbitrary Z?-graded K-algebra which is an integral domain.
Then its integral closure S in the field of fractions inherits a natural 77-graded
structure from S.

The following result was originally proved in [19] for the (1, 1)-diagonal of
77, but the proof there also holds for arbitrary A without any modification.

PROPOSITION 1.4. Let Q(Sa) denote the field of quotients of Sx. Then (Sy) =
($)a N O(Sp).

Now we would like to employ this relationship to study the integral closure
of the algebra K[(I°).].

COROLLARY 1.5. Assume that I¢ is generated by forms of degree < c. Then
K[(I9)] = K[T#)es | s > 01N K(U°)e),

where 1% denotes the integral closure of I°.

Proof. By Lemma 1.2 we have K[(I°).] ~ A[lf]x. Hence

K[(I°)] = (All1Da N Q(A[I1]A).

It is known that A[I7] = ®;>0l/#. Then A[f])a = Bs>0(T%) st ~ K[(I%)es | s >
0]. Since the latter isomorphism induces the isomorphism Q(A[lf]x) ~ K((I°).),
we obtain the conclusion from the above formula for K[(/¢).]. ]

To study the Cohen-Macaulay property of diagonal submodules we will use

local cohomology. We shall see that under certain conditions, the operator A
commutes with local cohomology modules. For this we assume that S is an N>-
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graded polynomial ring over K with dimS = m. Let R = Sx. We will denote by
mg and mp the maximal graded ideal of S and R, respectively.

For any module L over a K-algebra T we will denote by Hi(L) the gth local
cohomology module of L with support in an ideal m of 7' ([15]), and we put
L* = Homg (L, K).

PROPOSITION 1.6. Let L be a finitely generated 7*-graded S-module. For all
q > 0, there is a canonical graded homomorphism <p,‘f: H&R (Lp) — Hgfsl (D).

Proof. We have

Homg(L,ws)s = @D Homg (L, ws(cs, es)),
SEZ

and by Proposition 1.2

Homg(La, wr) = Homg(La, (ws)a)

EB Homg (La, (ws)a(s))

SEZ

= P Homg (Ly, ws(cs, es)a).
SEZ

Here Hom denotes the “graded Hom.”

Since for each s there is a natural homomorphism from Homg (L, ws(cs, es))
to Hompg (La, ws(cs, es)a), we get an induced natural graded homomorphism from
Homg(L,ws)a to Homgp(La, wr), and hence canonical graded homomorphisms 1/)£
from %(L, ws)A to M(LA, wpg) for i > 0. Since S and R are Cohen-Macaulay
rings with dimS =m and dimR =m — 1 (Proposition 1.1), we have

HENL) = Ext§ " (L,ws)",

HE, (L) = Exty (Lo, wp)”
for ¢ > 0 [14, Theorem 2.2.2]. It is easy to check that
(Ext(L, ws)")a = (Ext5(L, ws)a)".

Therefore, )" ¢~ yields a canonical homomorphism ¢! from Hi o (Lp) to
HE (D =

We will denote by [¢]]s: Hih,(La)s — (Hf{fsl (L)a)s the component of degree
s of the map ¢f.
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LEMMA 1.7. Let L be a finitely generated 72 -graded S-module. Let
0—-Dy—---—=Dy —-Dy—L—0

be a 7?-graded minimal free resolution of L over S. Let s and i > 0 be integers such
that [w%,,]s is an isomorphism andH‘%R((Dp)A)S =0fori<g<m—1,p=0,...,0
Then [@Z]s is an isomorphism for all g > i.

Proof. If £ =0, L = Dy is a free S-module with dim L = m. Hence Hfi:'sl L)y=0
for g # m. By the assumption, [¢}'] is an isomorphism and H%R(LA)S = 0 for
i<qg<m-—1.Since Hﬁ:;l(L) =0 fori < g <m—1, [}l is an isomorphism
for all g > i.

For ¢ > 1 we consider first the kernel C of the map Dy — L. Since 0 — Dy —

- — Dy — C is a Z*-graded minimal free resolution of C, we may assume, by
induction on ¢, that [¢{]; is an isomorphism for ¢ > i. The short exact sequence
0 — C — Dy — L — 0 implies Hé (L) ~ H&(C) for ¢ # m — 1,m and the
exact sequence

0 — Hy '(L) — Hy ((C) — Hy (Do) — Hyg (L) — 0.

Applying the functor A we get H (L)a =~ H%J'SI(C)A for ¢ # m — 1,m and the
exact sequence

0 — Hyp ' (L)a — Hyp (C)s — Hin (Do)a — Hip(L)a — 0.

On the other hand, since Hf,((Dp)a)s = 0 for i < g < m — 1, from the short
exact sequence 0 — Cp — (Do)a — La — 0 we get H&;I(LA)S ~ H(Ca)s for
i+1 < g < m-—1 and the exact sequence

0 — Hyg *(La)s — Hpy ' (Ca)s — Hin ' (Do)a)s — Hiy ' (La)s — 0.

Now consider the commutative diagrams

HE (La)y ——  HE(Co)s
[@Zil]sl J[@Zv]s
(HE (L)) —— (HE (O

fori+1 <g<m-—1and

0— Hp 2(La)s ——— Hiy '(Ca)s ——— Hit (Do) ———— Higy '(La)s — 0

[vf*zl\i el zl.l [vﬂo"hi [w[’*lll

0 — HIT (Dp)y ——— HE(Ca)s ——— HE(Do)a)s ——— (HE(L)a)s — 0.
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Since [@qc]s is an isomorphism for ¢ > i, we can conclude that [ch]S is an
isomorphism for g > i. O

In the following we say that ¢} is almost an isomorphism if there exists a
positive integer so such that [gp,‘{]s is an isomorphism for [s| > so. Recall that L,
is called a generalized Cohen-Macaulay module if Hf,,(La) is of finite length for
q #dimL.

PROPOSITION 1.8. Let L be a finitely generated 72 -graded S-module and
0—-Dy—---—=Dy —-Dy—L—0

a 72 -graded minimal free resolution of L over S. Assume that gorg;l is an isomor-
phism forp=0,...,0. Then

() ¢} is an almost isomorphism for all g > 0 if (D,)a is a generalized Cohen-
Macaulay module with dim (Dy)s =m — 1 forp=0,...,L.

(i) gaz is an isomorphism for all g > 0 if (Dp)a is a Cohen-Macaulay module
with dim (Dpy)a =m — 1 forp=0,...,L

Proof. It (Dp)a is a generalized Cohen-Macaulay module with dim (Dp)s =
m—1,p=0,...,¢, there exists an integer so > 0 such that H&R((D,,)A)S =0 for
Is| > s0, ¢ # m— 1. Therefore, the assumptions of Proposition 1.7 are satisfied for
i=0and |s| > so, hence [({]; is an isomorphism for |s| > 59 and g > 0. Similarly,
if (Dp)a is a Cohen-Macaulay module with dim (Dp)a=m—1,p=0,...,r -1,
then H%R((DP)A) = 0 for ¢ # m — 1. Therefore, the assumptions of Proposition
1.7 are satisfied for i = 0 all all integers s, hence ] is an isomorphism for
q > 0. O

Note that every Z?-graded free S-module is a direct sum of free summands of
the form S(a, b). In studying A[It]o we may put S = K[X1,...,X,,Y1,...,Y,] with
degX; = (1,0), i = 1,...,n, and degY; = (d;,1), j = 1,...,r, where dy,....d,
are the degree of the elements of a homogeneous basis of /. In this case we can
compute the local cohomology modules of S(a,b)s using the theory of Segre
products of N?-graded algebras. This will be done in the next sections.

2. Segre products of bigraded algebras. Let A = K[X,...,X,] and B =
K[Yy,...,Y,]betwo N2—graded polynomial rings with deg X; = (1,0),i=1,...,n,
and degY; = (d;,1), j=1,...,r, where di,...,d, are fixed nonnegative integers.
Then A and B have only one maximal graded ideal which we denote by my4 and
mp, respectively. Let

R=A®pB.

Then R is an N-graded algebra with Ry = k. Hence R has only a maximal graded
ideal which we denote by mg.
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The reason for choosing the above N?-graded polynomial rings is that the
tensor product A ®g B = K[X1,...,X,, Y1,...,Y,] appears in the presentation of
the Rees algebra of a homogeneous ideal or of a standard N?>-graded K-algebra
(dy = --- =d, = 0). We shall prove the following lemma which will play a
crucial role in the computation of local cohomology modules of Segre products
of 7?-graded modules over A and B.

LeEMMA 2.1. Assume that ¢ > ed + 1, d = max{dy,...,d,}. For any pair of
homogeneous elements [ € my and g € mp, there exist positive integers { and m
such that f' ® g™ € mg.

Proof. Let degf = (a,0) and deg g = (v, 3). Put [ = ¢ — ey and m = e, and
note that / > 0, m > 0 and further that f! ®k g" € S(cs.es) With s = . ]

First we will study the left derived functors of the mg-transform on Segre
products of Z?-graded modules. Recall that for any ideal m of a Noetherian
commutative ring 7 and any 7-module L, the left derived functors of the m-
transform on L ([4]) are defined as

DL(L) = li_n)]Hom% (m", L),

g > 0. Note that the relationship between D% (L) and the local homology modules
H{\(L) is described by the exact sequence

0— HY(L) — L — D%(L) — HL(L) — 0

and the isomorphisms H% (L) ~ D% (L), ¢ > 2.
Let M and N be two finitely generated bigraded modules over A and B,
respectively.

THEOREM 2.2. Forany q > 0,
D, (M @z N) = @ D, (M) @5 Dl (N).
i+j=q

For Segre products of Z-graded modules, this formula was already proved
by Stiickrad and Vogel [20, Lemma 1] and implicitly also by Goto and Watanabe
[13, Theorem (4.1.5) and Remark (4.1.6)].

We consider first the case of graded injective modules.

LEMMA 2.3. Let E and F be graded injective modules over A and B, respectively.
Then

DY, (E®xF) = DY, (E)®, DY, (F).
Di (E@yF) =0, g2 1.
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Proof. By the structure theorem for injective modules (see e.g. [13, Theo-
rem (1.2.1)]) we may write E = E; B E, with Asss (E1) = my and my & Assa (),
and F = F| @ F, with Assg (F) = mp and mp & Assy (F).

We have D, (E) = 0 for ¢ > 0. Hence D%, (E) = D}, (E>) for g > 0.
Moreover, there exists a homogeneous element f € my such that the multi-
plication map E» ER E; is bijective [13, Lemma (2.2.3)]. The induced map
H (E») ER HY,, (E,) must be bijective. Hence Hp, (E») = 0 for ¢ > 0 be-
cause every element of Hf,,(E>) is annihilated by a large power of x. From this
it follows that D%, (E2) = E». Hence

DY, (E) = E,.

Similarly, there exists a homogeneous element g € my such that the multiplication
map F» £ Fyis bijective, and it follows that

DY, (F)=F,.

Put C| := (E|, ®a F1) ® (E] Qa F2) B (E> ®4 F1) and C; := E; ®p F>. Then
E®pF =C) & C,. It is easy to check that Assg (C1) = mg. From this it follows
that D, (Cy) = 0 for g > 0. Hence

DY, (E®, F) = DY, (Cy).

Let h = f ® g. By Lemma 2.1 we may assume that 7 € mg. Then we have a
multiplication map C, KR C, which is bijective. The induced map Hf, 2(C2) A,
H} . (C>) must be bijective. Simlilarly as above, this implies Hf,(C») = 0 for
q > 0. Hence

DY, (C2) = Cy = DY, (E) ®4 DY, (F),
DY (C) =0, g> 1. O

Proof. [Proof of 2.2.] Let E and F be minimal injective resolutions of M and
N, respectively. It is known that

Di,, (M) = H'(DY, (E)), i >0,
D, (N) = H(DY, (F)), j > 0.

Define canonical complexes C and D of R-modules with

= PDE P,
i+j=q
D = P DY, (E) @a DY, ,(F)

i+j=q
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for g > 0. It is clear that C is a resolution of M@, N. By Lemma 2.3, D%R(C) =D
and D%, (C) =0 for ¢ > 1. Hence

D%R(M ®a N) = HI(D)

for ¢ > 0. Using the Kiinneth formula for tensor products of complexes over a
field [8, Theorem 3.1, p. 113] we get

HY(D)

P H (DY, (E)) @5 HI(DY, ,(F))
i+j=q

P DL, (M) @4 Dy, (N). O
i+j=q

As a consequence of Theorem 2.2 we obtain the following formula for the
local cohomolgy modules of M ®x N.

COROLLARY 2.4. Forany q > 2,

HE, (M @5 N) = (DS, (M) @ HE, (V) & (HE, (M) @4 DY, (N))

& P Hi, (M) @4 H, (N).
s

Proof. For ¢ > 2, we have

HY, (M ®5N) = D% (M @5 N)

R

P Di, (M) @4 Djy,(N).

i+j=q—1

Now we only need to put Dan(M) = Hf:j(M) for i > 1 and D’;nB(M) = Hﬁ;(M)
for j > 1 to get the conclusion. O

Example. The above formula does not hold for Segre products over ar-
bitrary Z?-graded polynomial rings. Let A = K[X;] with degX; = (1,0) and
B = K[Y,Y,,Y3] with deg ¥} = (1,0), degY, = deg Y3 = (0,1). Let M = A(2,0)
and N = B and A the (1,2)-diagonal. If Corollary 2.4 were true in this case
too, then HiR(M ®a N) = 0. On the other hand, if we let A’ = K[X, Y] and
B' = K[Y>, Y3] with the same grading on the variables, then A’ and B’ satify the
assumption of this section. We have A’ ® B’ = A @5 B and, for M’ = A’(1,2) and
N' =B', M' @y N' =M @4 N. Applying Corollary 2.4 we get

Hg (M’ @A N') = (M' @5 Hp, ,(N) ® (Hy,, (M) @5 N).
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It is easily seen that M{_, o # 0 and Hg, , (N")o,2) # 0. Hence M'@aHy, ,(N) 70,

mB/
which is a contradiction to the assumed fact that H%R(M’ QAN = Hran (M ®AN)
=0.

It is of interest to compare the local cohomology modules of M ®, N with
those of the tensor product M ®g N. Let S = A ®k B and let mg be the maximal
graded ideal of S. By [13, Theorem (2.2.5)] we have, for g > 0,

HY (M ®k N)a = € Hy, (M) @5 H, , (N).
i+j=q

LEMMA 2.5. Assume that H%A (M) @A N =0 and M Qx H%B(N) = 0 for some
q > 1. Then

HY (M @aAN)= @ Hy, (M) ®, H, (N).
i+j=q+1
ij>1

Proof. Since M @ H?, ,(N) = 0, applying the exact functor — ® Hih,(N) to
the exact sequence

0— H), (M) — M — DY, (M) — Hy, (M) — 0

we get DY, (M)@aHih,(N) = Hy, (M)®sHh, (N). Similarly, since Hfy  (M)@aN =
0, one has H¢, , (M) ®AD%B(N) = H&A(M)®AH;B(N). Putting these relations into
Corollary 2.4 we get the formula for g > 2.

For g = 1 we have to consider the commutative diagram with exact rows and
columns

M@\N ——— M®yD%y,(N) ——— M®@yHL,,N) ——0

| l !

DY (M) @A N ——— DY (M) @ DYy, (N) ——— DY, (M) @5 Hly ,(N) ——— 0

! ! l

HL, (M) @A N ——— HY (M) @3 DYy, (N) ———— HY (M) @5 Hy ,(N) ——— 0

| ! l

0 0 0.

It is easy to check that if M ®x H;B(N) =0 and H%A(M) ®a N =0, then

Hy,, (M) @ HY, (N) = Coker (M @x N — DY, (M) @5 D}, (V)

Hiyy (M @4 N).
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Indeed, note that by Theorem 2.2, DY, (M) ©a DY, . (N) = D, (M ©4 N), and that
the map M @y N — D%A(M) ®A D&B(N) = D%A(M ®a N) in the diagram is the
canonical map, that is, the map which appears in the exact sequence

M@yN — DY (M @sN) — H}, (M @z N) — 0. m
COROLLARY 2.6. Assume that v=dimM > 2 and w =dimN > 2. Then

Hyv ' (M @5 N) = Hiy (M) @4 Hy, (N) = Hyl (M @k N)a.

Proof. We have anA(M) =0 for i # v and H{nB(N) = 0 for j # w. Since

v+w—1 > v, w, putting this into Lemma 2.5 and the formula for the cohomology
modules of M ®x N we get

HEY (M ®@x N) = Hfy (M) @a Hpy (N)

H;;J;W(M Rk N) = HQA(M) Rk HI{B(N).
Hence the conclusion is obvious. O

Now we will apply the above results to estimate the dimension and to study
the Cohen-Macaulay property of M @5 N.

LEMMA 2.7. Assume that v =dimM > 1 and w =dim N > 1. Then
dimM @A N < v+w— 1.
Equality holds if H, (M) ®@a Hy, ,(N) Z0.

Proof. We have Hi, (M) = 0 for i > v and Hly,(N) = 0 for j > w. Applying
Corollary 2.4 we get Hy (M ®5 N) = 0 for ¢ > v+w. Hence dimM ®; N <
v+w — 1. Moreover, equality holds if H{Q;QW"(M ®aN)#0. If v+w =2, then
v=w = 1. Using the commutative diagram in the proof of Corollary 2.5 we get
an acyclic sequence

M @y N — DY, (M @, N) = DY (M) ®x D% (N) — Hy, (M) ®4 Hy, (N).
Hence there is a surjective map
Hypy (M @A N) — Hy (M) ©a Hy, (N).

For v +w > 3, applying Corollary 2.4 we get an injective map

HY, (M) @ HYs, (N) — HEE (M @4 N).
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In any case, we conclude that H;’:;W_l(M @A N) # 0 if HQA(M) bSIN HVnVIB(N)
#0. O

THEOREM 2.8. Let M and N be 7?*-graded Cohen-Macaulay modules over A
and B, respectively. Assume that v = dimM > w =dimN > 1, and dimM ®x N =
v+w — 1. Then M ® N is a Cohen-Macaulay module if and only if one of the
following conditions is satisfied:

i) v=w=1
(i) v>w=1and M@ H}, (N)=0.
(iii) w>2and H}, (M) ®x N =0 and M @4 Hy, (N) = 0.

Proof. 1t is well-known that M ®, N is a Cohen-Macaulay module if and
only if H%R(M ®AN) =0forg < v+w — 1. Since M and N are Cohen-
Macaulay modules, we have anA (M) =0 for i # v and H{;lB(N) =0 forj #w. In
particular, the maps M — DY, ,M)and N — D&B(N) are injective. Hence the map
M®aN — DY, (M®aN) is injective. From this it follows that HY, (M ®5N) = 0.

(i) If v=w=1, then dimM ®x N = 1. Hence M ®, N is Cohen-Macaulay.

(i) If v > w =1, then anA(M) =0 for i = 0,1. Hence D‘OnA(M) =M. By
Theorem 2.2, D&R (M @A N)=M ®4 D&B (N). Using the exact sequence

M @&xN — M @4 DY, (N) — M @ Hy, (N) — 0

we get Hy (M ®5 N) = M ®, Hy, (N). By Corollary 2.4 we already have
H\‘%R(M QA N) =0for 2 < g < v—1. Hence M ®5 N is Cohen-Macaulay
if and only if M ©a Hy, ,(N) = 0.

(iii) Now we assume that v,w > 2. Then H, (M) = 0 for i = 0,1 and
Hj,,(N) = 0 for j = 0,1. From this it follows that DY, (M) = M and DY, (N) =
N. Therefore, D&R(M ®aAN) = D%A(M) ®A D&B(N) = M ®x N, which implies
H‘LR(M ®a N) = 0. By Corollary 2.4 we have, for g > 2,

0, qZuv,w,o+w—1
M ®a Hy,  (N), g=w#u,
q - mp
HmS(M®AN) H&A(M)®AN, q=U#W,

(M @a Hi,(N)) & (H (M) ®AN), g=v=w.

Hence M @A N is a Cohen-Macaulay module if and only if M ®x H";B(N) =0
and H@A(M) ®aN =0. |

Remark. According to Lemma 2.7 and Theorem 2.8 we will need to check
the condition E ®, F = 0 for some 7Z?-graded modules E and F. This can be
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easily done in terms of the supports of E and F. For any 7?-graded module L
over a 7?-graded algebra we define

suppL = {(al,az) € Zz | L(al,az) 75 0}.

Given two subsets V and W of Z2, let V + W be the set of all elements of 72
of the form x +y with x € V and y € W. Then E ® F = 0 if and only if
(suppE +supp F) N A = ().

3. Existence of Cohen-Macaulay diagonal subalgebras. In this section
we consider the polynomial ring

S=K[Xi,.... X0, Y1,..., Y]

with bigraded structure given by degX; = (1,0), i=1,...,n, and degY; = (d;, 1),
j=1,...,r, where dy,...,d, are fixed nonnegative integers. For convenience we
assume that n > r > 2.

Let R = Sa, where A is a (c, e)-diagonal of 7?*. Given a Cohen-Macaulay
S-module L, we would like to know whether L has a Cohen-Macaulay diagonal
submodule L.

First we will consider the case L = S(a,b), where S(a,b) denotes the Z2-
graded module S with shifting degree (a, b). For this we shall need some notations.

Given a vector v of integers, we will say that v > 0 (or v > O or v < 0
or v < 0) if all the components of ~ satisfy this condition. For s € Z, let U;
(resp. Vy resp. W;) be the K-vector space generated by the monomials X®Y? with
a<0,8<0@esp.a>0,5<0resp. « <0, >0)and

ey Y ai+) dif = cs+a,
i=1 j=1
2) > B = es+b.
j=1

Put U = @sezz US, V= @Sezz ‘/57 and W = ®5622 W&
With these notations we are able to describe the local cohomology modules
of S(a,b)a as follows.

LemmA 3.1. For arbitrary integers a, b,

0, qgF#n,r,n+r—1,
Vv, g=n#r,
HY (Sab) = W, g=r#n,

VeW, g=n=r
U, g=n+r—1.



876 ALDO CONCA, JURGEN HERZOG, NGO VIET TRUNG, AND GIUSEPPE VALLA

Moreover, the canonical map gogg ;)] : Hﬁ:;:_l(S(a, b)p) — H"mJ;’ (S(a, b)) is an iso-
morphism.

Proof. Put A = K[X},...,X,] and B =K[Y],...,Y,]. As subalgebras of S, A
and B are N?-graded. We have S = A ®x B. The grading of A ® B implies that
S(a,b) = A(a,b) ®k B. Hence S(a,b)p = A(a,b) ®x B. Note that A(a,b) and B
are Cohen-Macaulay modules with dimA(a,b) =n > 2 and dim B = r > 2. Then
using the same argument as in the proof of Theorem 2.8 (iii) and Corollary 2.6
we get

0, g#rnn+r—1,
A(a,b) @ Hy, ,(B), g=r#n,
H}l, (A(a,b) @5 B) = { Hy,,(A(a, b)) @4 B, g=n#r,
(A(a,b) ®@p Hih(B) @ (Hh, (A(a, b)) @A B), q=n=r
Hy, (A(a, b)) @ Hy, ,(B), g=n+r—1.

It is known that H\’;A(A) = Tq<0KX* and H;B(B) = @, KX“*. A monomial
X°Y? in S(a, b) has degree (31, ozi+z;:] Bid;—a, Z;:I B;—Db). Hence it belongs
to S(a, b), if and only if o and [ satisfy the system of equations (1) and (2) for
some integer s.

Using the above presentations of A, B, Hy, A(A), H&B(B) we get

Aa,b) @ Hyy (B) = V,
Hi, (Aa,0) @ B =~ W,
H;,, (Aa, b)) @ Hy,, (B) = U.

Finally, by Corollary 2.6 we have

HYI(S(a,b)s = HET(A(a,b) ® B)a = HJ (A(a.b)) @ Hj, (B)

= H5"'(A(a.b) ®s B) = Hp'~'(S(a.b)y).

Hence ¢ ;)1 is an isomorphism. o

COROLLARY 3.2. Assume that ¢ > ed + 1, dy = min{d\,...,d,}. Then
dimS(a,b)p =n+r— 1.
Proof. We have dimS(a,b)p =n+r — 1 if Hﬁ:;f*l(S(a, b)a) # 0. By Lemma

3.1, this condition is satisfied if U, # 0, that is, if the system of equations (1) and
(2) has a solution with a < 0 and 8 < 0 for some integer s. For this we may
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choose
. { b+r (b+r)d1—u—a—n}
s < min{ — R s
e c —ed;
where u = ;:ldj.Thenes+b+r§0.Putﬁl=es+b+r—land,8i:—1,

i=2,...,r. Then

r r
cs+a72djﬂj =cs+a—(es+b+r— 1)d1+2dj
j=1 Jj=2

(c—ed)s+a— (b+rd; —u < —n.
Hence there exist o € Z, o < 0, such that > i, a; + ;:1 dif3; = cs +a. O

In the following lemma we determine exactly the nonvanishing graded pieces
of V,W.

LemmA 3.3. Letd; < ---<d,=dandu = Zle d;. Assume that ¢ > ed + 1.
Then

b+rd—u— b
() Vi ifandonly i LFI—u—a o brr
c—ed e

b bd —a —
(ii) Ws#Oifandonlyiff—gsg—a n‘
e c—ed

Proof. (i) We have V; #0 if and only if the system of equations (1) and (2)
has a solution with @ > 0 and § < 0. Assume that this condition is satified.

r+b
Then es +b = Z}zl Bj < —r. Hence s < - Moreover, ¢s +a — Z}zl difs; =
>, a; > 0. Since

|
o
59
+
Q
|
&
X

r r—1 r—1
cs+a—2d1ﬂj— j '—(es+b—2ﬂj>d
j=1

r—1

(c—ed)s+a—bd+»_ Bi(d—d)
j=1

r—1
(c—ed)s+a—bd—> (d—d)
Jj=1

IN

(c—ed)s+a— (b+r)d+u,
we get (c —ed)s+a— (b+r)d+u > 0. Hence s > a. Conversely,
b+rd—u—a

+b
< s < —r—. Then es+b+r < 0. Put 3, =
c—ed e

assume that
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es+b+r—1land B;=—1,i=1,...,r— 1. Then

r r—1
cs+a—2djﬁj =cs+a—(es+b+r— l)d—Zdj
j=1 j=1

(c—ed)ys+a—(b+rd+u > 0.

Hence there exist a < 0 such that 377, o + 31 diffj = cs +a.
(i1) We have W, # 0 if and only if the system of equations (1) and (2) has
a solution with o < 0 and 3 > 0. Assume that this condition is satified. Then

b
es+b=>", B; > 0. Hence s > ——. Moreover, replacing (3, by es+b — ;;11 B;

e
in 371 @i+ 301y fidj = s +a one has

Yy i+ Y0 Bidi—d)+bd —a _ —u+bd—a
c—ed - c—ed

Conversely, assume —’el < %, then set 5; = 0 for 1 < i < r—1, and
Br—1 = es+b. By assumption, 3, > 0. Then cs+a— Z}:I Bid; = cs+a—d(es+b) =
s(c — ed) + a — db > u, by assumption. Hence there exists o € Z", o < 0, with

Yriai=cs+a— Z;Zl B;d;. O

PrROPOSITION 3.4. Letd; < --- < d, =dand u = E;:l d;. Assume that ¢ >
ed + 1. Then

(1) S(a,b)a is a generalized Cohen-Macaulay module with dim S(a, b)a
n+r— 1

@11) S(a,b)a is a Cohen-Macaulay module if and only if

r+b (b+rd—u—a

e c—ed ’
bd—a—n b
[ c—ed e

where [x] denotes max{n € Z: n < x}.

Proof. By Lemma 3.1, the module S(a, b), is a generalized Cohen-Macaulay
module if dim S(a, b)s = n+r—1 and V, W have finite lengths. But these conditions
are always satisfied by Corollary 3.2 and Lemma 3.3. Similarly, S(a,b)s is a
Cohen-Macaulay module if and only if V =0 and W = 0, which is equivalent to
the conditions of (ii). ]

In the following we say that a property holds for ¢ > 0 relatively to e > 0
if there exists ey such that for all e > ¢y there exists a positive integer c(e)
depending on e such that this property holds for all (c,e) with ¢ > c(e).
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COROLLARY 3.5. Letd; < ---<d,=dandu = Z;zl d;.
(1) Forc > Orelativelytoe > 0, H&R(S(a, b)a)s =0fors #0, g < n+r—1.

(i1) S(a,b)a is a Cohen-Macaulay module for ¢ > 0 relatively to e > 0 if and
only if a, b satisfy one of the following conditions:
() b<-—-randb+rd—u—a>0,
2) —-r<b<,
B3 b>0andbd —a—n< 0.

Proof. Fore > —(b+r)and ¢ > u+a— (b+r— e)d, we have

_b+ <1 and — (b+r)d7ufa

e c—ed
In this case, Vi = 0 for all s # 0 by Lemma 3.3. Similarly, for ¢ > b and
¢ > (e+b)d —n— a, we have

_1<_é and M<1,
e c—ed

hence Wy = 0 for all s 0. Therefore (i) follows from Lemma 3.1.

To prove (ii) we may assume that ¢ > ed+1. Assume that S(a, b), is a Cohen-

b+ b+ryd—u-—
Macaulay module. If b < —r, then _2rr > 0. Hence 0 < w b

e c—ed
Proposition 3.4 (ii). From this it follows that (b+r)d —u —a > 0. If b > 0, then
b bd —a —
—— < 0. Hence # < 0 by Proposition 3.4 (ii). From this it follows that
e

bd — a—n < 0. Conversely, for ¢ > 0 relatively to e > 0 one easily checks that

b b d
) g BEDd U A d (b4 —u—a > 0,
c—ed
[ —an <0<—élfb<0
c—ed
_b+r <_ <(b+r)d—u if —r < b,
e c—ed
{bd*a*”}g—m—é if b>0,andbd —a—n < 0.
c—ed e

From this it follows that the conditions of Proposition 3.4 (ii) are satisfied
for (1), (2), (3). Hence S(a, b)s is Cohen-Macaulay in all these cases. ]

Now we will use the above information on the modules S(a,b), to study
the diagonal submodule L of a finitely generated Z?-graded S-module L. The
following result shows that the local cohomology modules of L, are closely
related to those of L.
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THEOREM 3.6. Let S be a N*-graded polynomial ring as above. Assume that
c>ed+1,d=max{d,...,d}. For any finitely generated 7?-graded S-module
L, the canonical homomorphism gpz: H%R(LA) — H?;S] (L) is an isomorphism for

q > n and almost an isomorphism for g < n.
Proof. Let 0 — Dy — --- — Dy — Dy — L — 0 be a 7?-graded minimal
free resolution of L over S. By Lemma 3.1 and Proposition 3.4, @;‘);rfl is an

isomorphism, H?nR((Dp)A) =0forn < qg<n+r—1,and L, is a generalized

Cohen-Macaulay module with dimZL, =n+r—1, p=0,...,{. Therefore, (pz is
an isomorphism for ¢ > n by Lemma 1.7 and almost an isomorphism for ¢ < n
by Proposition 1.8. O

It would be interesting if the above theorem could be extended to arbitrary
7?-graded polynomial rings

Definition 3.7. We say that L has a good Z?-graded minimal free resolution
O0—-Dy—--+-—Dy —-Dy—L—0

if every free module D, is a direct sum of modules S(a, b) such that a, b satisfy
the conditions of Corollary 3.5 (ii).

LEMMA 3.8. Let L be a finitely generated 7?-graded S-module. Then the fol-
lowing properties hold for ¢ > 0 relatively to e > 0:

() [pfls is an isomorphism for all s # 0 and g > 0,

(i) f is an isomorphism for all ¢ > 0 if L has a good 72 -graded minimal
free resolution.

Proof. By Lemma 3.1, cp'Z-);r*l is an isomorphism for ¢ > 0 relatively to

e > 0. Therefore, using Corollary 3.5 we will obtain (i) from Lemma 1.7 and
(i1) from Proposition 1.8 (ii). O

THEOREM 3.9. Let L be a finitely generated 77 -graded S-module which has a
good 7?-graded minimal free resolution. Assume that diim Ly = dim L— 1 forc > 0
relatively to e > 0. Then the following conditions are equivalent:

(1) Lp is a Cohen-Macaulay module for ¢ > 0 relatively to e > 0.

(i) Hihg(L)o0) = 0 and Hhg(L)—i—j) = 0 for i > 0 relatively to j > 0,
0<g<dimL.

Proof. By Lemma 3.8 (ii), Hth,(La) = Hﬁ:; (L) for g > 0, ¢ > 0 relatively to
e > 0.1If (i) is satisfied, then H,(La) = 0 for g # dim L—1. Hence Hﬁfsl (L)(cs.es) =
0 forall s € Z. Putting s = 0, —1, we see that H (L) 0,0y = 0 and Hih(L)(—i—j = 0
for i > 0 relatively to j > 0, 0 < ¢ < dimL. For the converse we first note
that for g # dim L, Hi4(L) is an artinian module, hence H (L)) = 0 for i > 0
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relatively to j > 0. This together with (ii) implies that H%S(L)(”’es) =0 for all
integers s, 0 < g < dimL, ¢ > 0 relatively to e > 0. So we have H%S(L)A =0
and therefore Hf{.‘;l(LA) =0 for 0 < g < dimL. Hence L, is a Cohen-Macaulay
module. O

Remark. Theorem 3.9 does not hold without the assumption on the minimal
free resolution of L. The condition (ii) alone does not imply (i), as one may
expect. In fact, by Corollary 3.5, there exist modules S(a, b) which satisfy (ii) but
not (i).

Conjecture. If A[lt] is a Cohen-Macaulay ring, then there exist c, e such that
Allt]5 is a Cohen-Macaulay ring.

In the case of standard bigraded K-algebras we can give reasonable conditions
guaranteeing that high diagonal subalgebras are Cohen-Macaulay. Indeed, let § =
K[Xi,...,Xn, Y1,...,Y,] be standard bigraded with degX; = (1,0) and degVY; =
(0, 1).

Given integers a, b € 7 we consider the bishifted free S-module S(a, b). Let A
be the diagonal associated with ¢,e € N\ {0}. From 3.2 and 3.4 we immediately
get

LemMmA 3.10. (i) dim S(a, b)p = n+r— 1; and (ii) S(a, b)a is Cohen-Macaulay
if and only if [f%} < —%Land -] < L

In particular S(a, b)a is Cohen-Macaulay for large A if and only if one of the
following conditions is satisfied:

(1) —r<b<O0or—-n<a<o
2) a>0andb > 0,
3) a<-—-nandb < —r.

More precisely, if one of the conditions (1), (2) or (3) is satisfied, then S(a,b), is
Cohen-Macaulay if ¢ > max{a, —n — a} and e > max{b, —r — b}.

Now let R be a bigraded standard K-algebra, and let Ry = @;~( R0y and
Ry = @9 R(0,)- Assume embdimR; = n and embdimR, = r, so that we have
a minimal presentation S — R. If S(a, b) appears in the minimal free resolution
of R an S-module; then @ < 0 and b < 0. Hence, by Lemma 3.10, S(a,b), is
Cohen-Macaulay for large A unless a =0 and b < —r, or b =0 and a < —n.

Notice that the shifts (a,0) and (0, b) in the resolution of R are exactly the
shifts of Ry and R, over K[X,...,X,] and K[Y1,...,Y,], respectively. Indeed,
Ry = Ry where A’ = {(i,0): i € Z}. Applying the exact functor (-- ) to the
bigraded resolution of R we see that S(a,b)y = 0 if b < 0 and that S(a,b)x =
Si(a) if b =0 where S| = K[X], ..., X,]. Similarly one argues for the shifts (0, b).

The above discussions now yield the following result:
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THEOREM 3.11. Suppose the standard bigraded K -algebra is Cohen-Macaulay,
and that for Ry and R, the shifts in the resolution are strictly greater than —n and
—r, respectively. Then Ry is Cohen-Macaulay for large A.

More explicitly, one has under these assumptions that Ry is Cohen-Macaulay
if for all shifts (a, b) in the resolution one has ¢ > —a —nand e > —b —r.

In particular, R is Cohen-Macaulay if ¢ > a(R) + r and e > a(R) + n. Here
a(R) denotes the a-invariant of R where R is equippped with the natural 7Z-graded
structure given by R = @,1=; R

COROLLARY 3.12. Let R be a standard bigraded Cohen-Macaulay K-algebra.
Suppose that Ry and R, are Cohen-Macaulay with a(R1) < 0 and a(Ry) < 0. Then
Ry is Cohen-Macaulay for large A.

Note that, in a more special case, the previous result has a converse ([13]): if
R =R| ®k Ry, and R and R; are Cohen-Macaulay, then R, is Cohen-Macaulay
if and only if a(R;) < 0 and a(R;) < 0.

For Rees rings our arguments yield the following:

COROLLARY 3.13. Suppose I C R = K[X1,...,X,] is an equigenerated ideal,
say of degree d, such that R[It] and K[1;] are Cohen-Macaulay. Suppose further that
the relation type r(I) of I is less than the analytic spread I(I) of I (i.e. a(K[I;]) < 0).
Then R[It]5 is Cohen-Macaulay for large A.

CoroLLARY 3.14. If I C R = K[Xy,...,X,] is equigenerated and of linear
type, and R[It] is Cohen-Macaulay, then R[It]5 is Cohen-Macaulay for large A.

As a last application of 3.11 we have

COROLLARY 3.15. Letl C R = K[X1,...,X,] be aperfect ideal of codimension
2. Suppose that I has a linear presentation matrix of sized x d+ 1, thatd+1 > n
and that I satisfies G, that is, ;((Ip) < height P for all prime P with P DO I and
height P < d — 1. Then R[It]x is Cohen-Macaulay for large A.

Proof. By [18] one has that R[It] is Cohen-Macaulay, and that the fibre K[1,]
is Cohen-Macaulay with g-invariant —1. Then the claim follows from Corollary
3.13. O

THEOREM 3.16. Let L be a finitely generated 7 -graded S-module. Assume that
dimLy = dimL — 1 for ¢ > 0 relatively to e > 0. Then the following conditions
are equivalent:

(1) L is a Buchsbaum module with Hng (Lpa)s =0fors #0,0 < g < dimL—1,
¢ > 0 relatively to e > 0.

(ii) Hihg(L)(—i—j = 0 for i > 0 relatively t0 j > 0, 0 < g < dim L.

Proof. By Lemma 3.8, H (La)s = (H%J'SI(L)A)S for s #0,qg>0,¢c>0
relatively to e > 0. If (i) is satisfied, then Hf{:;l (L) (cs.es) = Hing (La)s = 0 for s # 0,
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g < dimL — 1. Putting s = —1 we see that Hﬁfsl (L)(=i—j) = 0 for i > O relatively
to j > 0. Conversely, assume that (ii) is satisfied. Using the same argument as in
the proof of Theorem 3.5 we can show that for c, e large enough, Hﬁls (L)(cs,esy =0
for all integers s # 0, ¢ < dim L — 1. Therefore H%;l(LA)S = Hi(L)(cs,e5) = O for
all integers s # 0. By [21], this implies that L, is a Buchsbaum module. O

Conjecture. For L = A[lt], 3.16 (ii) is equivalent to the property that A[If]a
is a generalized Cohen-Macaulay module for ¢ > 0 relatively to ¢ > 0.

COROLLARY 3.17. Assume that A[lt]y is a generalized Cohen-Macaulay ring,
where m denotes the maximal graded ideal of A[It]. Then K[(I°).] is a Buchsbaum
ring for ¢ > 0 relatively to ¢ > 0.

Proof. For ¢ > 0 relatively to e > 0, we may assume that ¢ > ed + 1. Then
K[(I¢);] = Allt]x with dimA[lt]p = n = dimA[lf] — 1 by Lemma 1.2 and Lemma
1.3. The assumption means that H%R(A[It]) is of finite length for ¢ # n. Hence
H%R(A[It])(,,-,,j) =0 for i > 0 relatively to j > 0. The conclusion now follows
from Theorem 3.16. O

4. Blow-ups of projective spaces at complete intersections. Let A =
K[Xi,...,X,]l, n > 2, and I a complete intersection ideal in A generated by
a regular sequence of r forms fi,...,f, of degree di,...,d,, r > 2. Put d =
max{dy,...,d,}.

Let X be the blow-up of ]P’}{' along the ideal sheaf 1. Fix a positive integer
e. It is well-known that for ¢ > de+ 1, the forms of degree c of the ideal /¢ define
an embedding of X in the projective space ]P’I\éfl , N = dimg (I°).. The aim of this
section is to study the Cohen-Macaulay property of the homogeneous coordinate
ring K[(I°).] of such an embedding in terms of ¢ and e.

By Lemma 1.2, we may replace K[(/¢).] by the diagonal subalgebra A[If]x.
Let S = K[X,...,X,,Y1,...,Y, ] bea Nz—graded polynomial ring with degX; =
(1,0), i = 1,...,n, and degY; = (d;,1), j = 1,...,r. By mapping Y; to fjit we
obtain a presentation for the Rees algebra of I: A[lf] = S/P, where P is the ideal
generated by the 2-minors of the matrix

| ﬂ
o)

Al[It] is a Cohen-Macaulay ring with dimA[/f] = n + 1. Therefore P is a perfect
ideal of § with height P = » — 1. Hence A[/f] has a minimal free resolution over
S of length r — 1:

0—D,_1—--+-—D; —Dy=8— Al[lt] — 0.
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Lemma 4.1. Forp=1,...,r —1,

p

D= P S(—@++d,,).—m).

m=1 1<j; <-<jps1 <r

Proof. 1t is well-known that the Eagon-Northcott complex gives a minimal
free resolution for S/P. Hence we may assume that

D, = N"PN(G) @5 S,—1(F),

where F' = Sfi @ Sf> and G = @}_;S;g; are free S-modules with degf; = (u,1),
i=1,2and u = Z;zl dj, and degg; = (u—d;, 1), i=1,...,r. From this it follows
that

p—1
NP @5 Sp-1(Sh) = D b S(-@,+---+d,,).—m). O

m=1 1<J1<---<jp+1§r

Lemma 4.1 implies that A[/t] has a good minimal free resolution over S in
the sense of 3. By Lemma 1.7, K[(I°).] = A[lt]a is a Cohen-Macaulay ring for
large c, e. The question here is for which ¢ and e is K[(/¢).] a Cohen-Macaulay
ring? To solve this question we need to compute the local cohomology modules
of the free module S(a, b) for all the shifts

(a’b) = ( - (dj] + - '+djp+1)’_m)>

I1<ji<-<jpp<randl1<m<p,p=1,....r—1

Lemma 4.2. Let (a, b) be the shift of a free summands of D,, p=1,...,r — 1.
Assume that ¢ > ed + 1. Then

() Hige(S(a,b)a) =0forqg#nn+r—1.

(i) dimg H&R(S(a, b)) = Z Z (Z;=l difj —cs —a— 1) .

s>1 >0 n—1

Z ﬁj:eﬁh
@ii1)  S(a,b) is a Cohen-Macaulay module if ¢ > (e + b)d — a — n.

Proof. By Lemma 3.1 we have H%R(S(a, b)pA) =0 for g #n,r,n+r — 1. Let
U and V be defined as in Lemma 3.1. First, we shall see that V = 0. By Lemma
+b b+ryd—a—
! < b+n) a u’ where u = ). d;. Let
e c—ed J
{jp+2,---,jr} be the complement of the set {ji,...,j,+1} in the set of indices

{l,...,r}. Then u+a = dj,, +--- +d;,. Since —p < b < —1 and d; < d,

3.3 it suffices to show that —



DIAGONAL SUBALGEBRAS OF BIGRADED ALGEBRAS 885
j=1,...,r, we have

r+b§p—r<0< (r—pyd—d,,—--—d - (b+r)d—a—u.

e e c—ed - c—ed

(i) By Lemma 3.1, V = 0 implies H%R(S(a, b)a) =0 for g #n,n+r— 1. and
H]’;R(S(a, b)a) = W. Hence dimg H’,;,R(S(a, b)p) is the number of solutions of the
systems of equations

cs+a

n r
>_ai+ ) fid
i=1 =1

es+b

Y5
=

with a« < 0, 8> 0. Put 9, = —(a; + 1), i = 1,...,n. Then a < 0 if and only if
7 > 0. Rewriting the first equation as 371, v = > iy djffj — ¢s — a — n, we see
i diffi —cs —a—1

that the number of the solutions v > 0 is equal | . Note
n—

that if the second equation has a solution 3 > 0, es+b > 0. Hence s > 1 because

b=—m < —1. Now we only need to sum up the above binomial over all s > 1

and 8 > 0 with 7, §j = es + b to obtain the number of solutions of the above
system of equations with @ < 0, 5 > 0.
(iii) This follows immediately from Proposition 3.4. O

COROLLARY 4.3. Assume that ¢ > ed+ 1. Then forp=1,...,r — 1, we have

() Hh(Dpa)=0forqg#nn+r—1.
(ii) (Dp)a is a Cohen-Macaulay module if ¢ > Z;zl di+(e— 1d—n.

Proof. The conclusions follow from Lemma 4.2, where for (ii) we note that
for every free summand S(a,b) of D,, b < —1 and a > — Z;:l d;, hence (e +
b)d—a—ng(e—1)d+2;:1dj—n<c. O

LeEMMA 4.4. Letc > ed+ 1 and u = Z}zl d;. Then

r—1

r—1
D (= dimg Hyy (D)) =30 D dimg /D5t g sy

p=1 s>1m=1 B0

3 spes

Proof. We first note that

1 .
n—1 ) = dlmK A( Z.;:l djﬁj*CS+djl+...+d,

Ip+1 -

<Zf:1 difj —cs+dj, +---+d,,, —

n)’
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By Lemma 4.1 and Lemma 4.2 (ii) we get

r—1
> (= 1y dimg Hy, ((Dy)a)
p=1

r—1

Yoty Y%

p=1 m=11<j1 < <jps1<rs>1

dimg A r
Z K (ijldj@/*C~V+d_/l+“'+d'

530 Ip+1 -

Z ﬂj:esfm

n)*

Let d, =d. Since 3, =es —m — ;:11 B;,
r
Zdjﬂjics-'-djl-'-.“-'-djpﬂ -n
j=1

r—1 r—1
=Zdjﬂj+d<es—m— ﬁj)—cs+djl+---+djp+l—n

j=1 Jj=1

r—1

=Y (dj—d)Bj+(de —c)s —dm+d;, +---+dj,, —n
j=1
<dj +---+dj,, —dm.

Forl<p<r—landp+1<m<r—1l,orforp=—1,0and 1 <m <,
we have dj, + -+ +dj,,, —dm < 0, hence dimKA(Z;:] T =0.
Therefore we may add these values of m and p to the above alternating sum.
Changing the order of the summations we get

r—1

> (= 1y N dimg Hy, (D))

p=1
r—1 r—1
=20 > (Xt )
s>1 m=1 Z B20 p=1 1<j1<-<Jp+1<r
ﬂj:esfm
T

Let {jp+2, . . ..jr} denote the complement of the set {ji,...,j,+1} in the set of the
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=u—d

Jp2 T

indices {1...,r}. Thend; +---+d;

i - —d;,. It is easy to see that

r—1
+r—1 :
Z (=D Z dlmKA(ij:l dif;—cstdj +-+d;

i =1
p=—1 1< <-<Jps1<r s

r—1
_ _ 1yytr—1 .
- Z (=D Z dlmKA(Z;:I djﬁjfcs+u7djp+27---7djr7n)

p=—1 1<d;,,, <-<d;,<r
= dimg (A/I)( ZILI djfj—cs+u—n)* =

Using the commuting property of A on local cohomology modules we obtain
the following general information on the vanishing of the local cohomology
modules of A[If]a.

PRrROPOSITION 4.5. Assume that ¢ > ed + 1. Then
() Hihp(Alltlp) =0 forg <n—r.
(i) Forn—r<g<n, H%R(A[II]A) = 0 if and only if the sequence

HT’;R((anqH)A) - H&R((anq)A) - H:;R((anqfl)A)

is exact.
(i) wap, ~ (Wap)a-

Proof. Let C,, := Coker (Dpy1 — Dy), p=0,...,r — 1. Then Cy = A[lt] and
there are the short exact sequences

0— Cpy1 =D, — C, — 0,

p=0,...,r—2. By Lemma 4.3 (i), H%R((Dp)A) =0 for ¢ #n,n+r — 1. Using
the short exact sequences

0 — (Cpr)a — (Dp)a — (Cp)a — O,

we get Hh ,((Cp)a) =~ HZ:;;((CPH)A) for g < n—1. Since Cy = A[lt], Cr_1 = D,_1,
this implies H (A[If]y) = H\ZX*I((CF])A) for g < n —r. Since C,_1 = D,_1,
HET1(C, 1)) = 0 for g < n — r, hence (i).

On the other hand, from the first exact sequences we get H%S(Cp) ~
Hﬁfsl(CpH) for ¢ < n+r— 1. Note that H&S(Co) =0 for ¢ < n because A[lt] is
a Cohen-Macaulay ring with dimA[lf] = n+ 1. Then we can successively deduce
that H‘%S(CPH) =0 for g <n+p+1. Hence HQSZ(CPH) =0forp=1,...,r—=2.
Applying Theorem 3.6 we obtain H;’:;el((CpH)A) = H:‘n‘;z(CpH)A = 0, hence the

induced map anR((Dp)A) — Hng((Cp)A) is surjective forp=1,...,r — 2.
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Now consider the commutative diagram

Hy (Dpgs)n)  ——  Hy (Dn—g)a) ——  Hy (Dp—g-1)a)
N\ / N\ /

Hi o (Co—gi1)a) Hi  (Ca—g)a)

for n — r < g < n. Since the maps “\, are surjective, by chasing the trace of
an element in the kernel of the map H{,’IR((D,,,q)A) — H,';R((Dn,q,l)A) we can
easily see that the top sequence is exact if and only if the map Hy, ((Cn—g)a) —
H&R((Dn,q,l)A) is injective or, equivalently, Hﬁ;el((C,l,q,l)A) = 0. Since we
have that Hih(AlI7]a) = H}, ' ((Cy—g—1)a). this proves (ii).

For (iii) we first note that H&S(S) =0 for ¢ < n+1 because S is a Cohen-
Macaulay ring with dimS = n+r > n+ 1. Then the exact sequence 0 — C; —
S — A[lt] — 0 implies

Hy L (ALIN) ~ Hy2(C).
Similarly, since Sy is a Cohen-Macaulay ring with dimSx = n+r — 1 by
Lemma 1.1, we have

Hy (ALI)A) ~ Hit ((C)a).

R

Applying Proposition 1.8 to C; we get Hﬁf; (Cia) ~ HQ{;Z(C])A. Therefore we
have HﬁiR(A[It] A) H@;l (A[It])a. From this it follows that

wapm, = Homg (K, Hy,  (A[lt]s)

1

Homy (K, Hyt! (ALI])a)

~ Homg (K, Hyt (ALUM)A =~ (Wapi)a- a|

i

Now we are able to determine exactly for which c, e the algebra K[(¢).] is
a Cohen-Macaulay ring.

THEOREM 4.6. LetI C K[Xi,...,X,] be a homogeneous complete intersection
ideal minimally generated by r forms of degree di, . . ., d,. Assume that ¢ > ed + 1,
d=max{dj | j=1,...,r}. Then K[(I°).] is a Cohen-Macaulay ring if and only if
c> Z;:Idj+(ef 1)d — n.

Proof. By 1.2 and 1.3 (ii) we have K[(I¢).] = A[lt]x and dim A[lf]p = n. Put
u=73'_;dj. Assume that ¢ > u+ (e — 1)d — n. Then (D,)x is a Cohen-Macaulay
module with dim (Dy)a = n+r — 1 by Corollary 3.2 and Corollary 4.3 (ii) for
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p=0,...,r— 1. Therefore from the resolution
0— (Dr—pa — -+ — (D)a — (Do)a — Allt]p — 0

we can deduce that A[/f], is a Cohen-Macaulay ring.

Conversely, assume that A[If], is a Cohen-Macaulay ring. Then H{, Allt]A) =
0 for all ¢ # n. By virtue of Lemma 4.5 this condition is satisfied only if the
sequence

0 — Hy (Dr—1)a) — -+ — Hy (D1)a) — 0= Hy, , (Do)a)

is exact. As a consequence we get

r—1

> (= 1y dimg Hy, (Dp)a) = 0.
p=1

By Lemma 4.4 this implies dimg (A/I)e—1)d+u—c—n) = 0 because for s = m = 1,
d=dyand 1= =0_1=0,0=e— 1, wehave 3\ diffj+u —cs —n =
(e — Dd+u—c—n If dimA/I > 0, then dimg (A/D)e—1)d+u—c—n) = 0 only
if (e— Dd+u—c—n < 0.If dimA/I =0, then r = n. In this case, A; # 0
if 0 < ¢ < u—n (the degree of the socle of the complete intersection ideal
I). Since (e — 1)d — ¢ < 0, we have (e — 1)d+u —c — n < u — n. Hence
dimg (A/De—yd+u—c—ny) = 0 only if (e — 1)d + u — cs —n < 0. In both cases, we
get ¢ > u+ (e — 1)d — n. The proof is now complete. O

Remark. The case e = 1 and d; = - -- = d, = d was already handled in [19],
where one could only show that K[/;] is a Cohen-Macaulay ring if (r—1)d < n
and that it fails to do so if (r — 1)d > n. It was conjectured there that K[/4] is
Cohen-Macaulay if and only if (r — 1)d < n. But this follows from Theorem 4.6.

COROLLARY 4.7. Let]l C A = K[Xy,...,X,] be a homogeneous complete inter-
section ideal minimally generated by two forms f1, f> of degree dy < dp. Ifn > da+1
then K[1,] is a Gorenstein ring with a-invariant —1.

Proof. For ¢ = n,e = 1, it is easy to check that ¢ > edy+1 and ¢ > d|+ed, —n.
By virtue of Theorem 4.6 and Proposition 4.5 (iii), K[I,] is a Cohen-Macaulay
ring with WK = (wA[],])A.

Since A[lf] ~ A[Y1, Y21/ (fiYa—foY1), way,.ys) = AlY1, Yal(—n—dy —da, —=2)
and the degree of the hypersurface f1Y> — f/2Y; is (d) + da, 1), it follows that

WA =~ Allt]( — n, —1).

This implies (wap)a ~ (A[It]a)(— 1) = K[I,]( — 1). Hence K[/, ] is a Gorenstein
ring with a-invariant —1. O
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5. Diagonal subalgebras of a bigraded polynomial ring In this section,
motivated by our studies in the previous sections, we study the diagonal subal-
gebras of the polynomial ring

S=K[X,Y]=K[Xi,.... X, Y1,..., Y]
with bigraded structure induced by the assignment
degX;=(1,0), i=1,...,n, and degY;=(d;, 1), j=1,...,r,

where dy, .. .,d, are given nonnegative integers.

As before we let A be the (c,e)-diagonal of 72. If a = (ay,...,a,) € N
and 3 = (B1,...,0,) € N, we denote as before by X* and Y the monomials
X7 X9 and YiB‘ -+ Y% Further we set |a| = YL, oy and || = Y0, 3. The
degree of the monomial X*Y? in S is

(‘O‘| +ﬁ : d’ ‘ﬁ|)

where 3-d denotes the scalar product of the vectors  and d = (dy, .. .,d,). Hence
XY? belongs to S, if and only if there exists an integer s such that

o +5-d=sc and |f]=se.

It is easy to see that Sy is a standard K-algebra (i.e., it is generated as a
K-algebra by its degree one component) provided

¢ > emax{di,...,d}.

From now on we assume that this condition holds. Then the generators of Sy are
the monomials X*Y? with [a| = ¢ — 3 -d and |3| = e. We set

F={(a,p) e N'"xN: |a|=c—-dand || = e},
and consider the presentation
®: K[T(np): (a,B) € F] — Sa
of Sp defined by setting ®(T(n ) = XeY? for all (a,) € F, where T =
{T(a,g): (o, 3) € F} is a set of indeterminates. Our goal is to prove the fol-
lowing
THEOREM 5.1. The kernel of ® has a Grobner basis of quadrics.

By virtue of [6, Theorem 2.2] follows
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COROLLARY 5.2. The algebra Sy is Koszul.

Note that if dj =d = - -+ = d,, then S, is the Segre product of Veronese rings
K[X] e and K[Y]®, and in this case Theorem 5.1 was proved by Eisenbud,
Reeves and Totaro [9, Proposition 17]. In order to prove Theorem 5.1 in general
we use a slight modification of their argument.

Proof. [Proof of 5.1] We introduce a transitive relation < on the nonzero
vectors of N, Let a = (ay,...,an),b=(b1,...,by) € N", a,b #0. We set

a<b if max{i: a; #0} < min{i: b; #0}.

Further denote by < the partial order on N” defined coefficientwise and
by <. the lexicographic order. The relation < extends to N x N by setting
(a1, B1) < (a2, 82) if a1 < and By < fs.

First note that for any monomial X Y? in S(sc.se), there exists a unique rep-
resentation X¢Y? = X1 y® ... X% y% guch that (7i,6;) € F and (vy, 65) < --- <
(71, 61). The representation exists because one can define ¢; and ~; recursively by
setting

i—1
5,»:13111{561\1% 16 =e,5§b—z(5]}

=lex j=1

and

i-1
%:min{fye N (v,6) € F,y <a2'7j}-

>lex j=1

The representation is unique because the above recursive equations must be sat-
isfied by all the (vy1,61),. .., (7, 05) with the desired properties. We call this
representation the standard representation of X“Y?.

For all the pairs (ay, 1), (an, 32) of elements of F such that (ap, ) 4
(a,02) 4 (aq,01), take the standard representation X7 Yoixnys of
XxeryBixe2yB By construction we obtain an element

T80 2,8 — Ten60T1.62)

of Ker @ that we call “straightening law.”
For example let n=r=3,d; =1,dy =d3 =2, ¢e=2,c=5. Then

XoX3Y1Y3, X1 X3Y1Y2 € S

and the standard representation of the product is (X;X>X3 Y]Q)(X3 Y»Y3). The asso-
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ciated straightening law is

T0,1,1),(1,0,) T((1,0,10,1,1,00) — T((1,1,1,2,0,0) T((0,0,1),(0,1,1))-

We claim that the straightening laws form a Grébner basis of Ker @ with respect
to any term order 7 on K[7] such that

inr (Tiay,8)Trt) = Ton.60T32.60) = Tiar, 0 T(r,80)-

We first prove the claim and then we show that there exists a term order 7 with
the above property. Consider the ideal J of K[T] generated by all the monomials
T(a,.8)T(as,3,) such that (a1, B1) A (a2, (2) A (ay,B1). Since J C in, (Ker ®),
to prove the claim it suffices to show that the monomials not in J are linearly
independent in K[T]/ Ker @ = Sx. But this is true because the standard represen-
tation is unique, and because a product X7 Y1 ... X ¥? is standard if and only
if all the pairs X" Y% Xy 8 with i #j are standard. It remains to prove that there
exists a term order 7 as above. To this end consider the total order on the set T
defined by T(lllﬂl) < T(az,,gz) if 81 <jex B2 Or B1 = B and o <jor @p. Then let
T be the reverse lexicographic order on the monomials of K[7] induced by the
given total order. By the property of the standard representation it follows that
T80 < Teay,8)> T(an,8,)» and hence 7 has the desired property. m|

6. Asymptotic Koszul property of diagonal subalgebras. Let R be a bi-
graded standard K-algebra. In this section we show that the (c, e)-diagonal algebra
PBen Rise,se) of R is Koszul provided ¢ and e are large enough. This result will
be applied to study the Koszulness of algebras of type K[(I°).].

A bigraded K-algebra R = ®(i,j)€l\fz R(,'J') is standard if R(0,0) = K and if it is
generated as K-algebra by R(1 ) and R(,1). Let m = dimR(j 0y and n = dim R,1),
and let X = Xy,...,X,,, Y =7Y1,...,Y, be two sets of indeterminates over K.
Let § = K[X, Y] be bigraded by setting degX; = (1,0), deg¥; = (0, 1). Then R is
isomorphic to a factor ring S/J of S by a bihomogeneous ideal J. Let f1, . . ., f; be
a minimal set of bihomogeneous generators of J, and let degf; = (¢}, b)). Let c, e
be positive integers. Denote by Ry the (c, e)-diagonal algebra @R(mse) of R.

seN
The presentation of R as S-module

EB;ZIS( —aj,—b)—S—R—0
induces a presentation of Ry as Sy module
@;=1S( —a;, 7bj)A — SA — RA — 0.

The K-algebra S, is nothing but the ordinary Segre product K[X]©“'®@K[Y]® of
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the cth Veronese subring of K[X] and the eth Veronese subring of K[Y]. Denote
by F the set {(a, ) € N" x N*: |a| = ¢, |3| = e}. We may present Sy and R, as
factor rings of the polynomial ring:

K[T] = KT (0, (a,) € F1 — SA — Ra

by sending T(, g to X°YB. The kernel of K[T] — Sy is generated by quadrics
(Theorem 5.1). It is easy to see that the Sx\-module S( — a, —b), is generated by
elements of degree max{[a/c], [b/e]}. Here [x] denotes min{n € Z: n > x}.
From the above presentation it follows that the kernel of the map Sx — R, is
generated by elements of degree less than or equal to max{[a;/c], [bj/e]: j =
I,...,r}. So we have shown that:

PROPOSITION 6.1. The ideal of definition I of Ra as a quotient of the polynomial
ring K[T] is generated by polynomials of degree less than or equal to

max{2, max{[a;/c], [bj/e]: j=1,...,r}}.

In particular if ¢ > max{a;: j=1,...,r}/2 and e > max{b;: j=1,...,r}/2,
then I is generated by forms of degree less than or equal to 2.

Furthermore if c > max{ag;: j=1,...,r} ande > max{b;: j=1,...,r}, then
the kernel of SA — Ry is generated by linear forms.

We want to investigate the Koszul property of Rx. To this end it does not
suffice to consider the first syzygy module of R over S. One has to consider the
minimal bigraded free resolution

0—D,—Dyp 11— —D —-8§—=R—0

of R as an S-module. The free S-modules D; are direct sums of bishifted copies
of S, say

Di= P S(—a,—b)lias.
(a,h)eN2

The main goal of this section is to show the following

THEOREM 6.2. Let c, e be positive integers such that
max{a/c,b/e: Bigp #0} <i+1

foralli=1,...,p. Thenthe (c,e)-diagonal algebra Ry = @ Risc.se) of R is Koszul.
seN

Let us first introduce a piece of notation and prove some preliminary facts.
Let A be a positively graded K-algebra. Denote by m its maximal homogeneous
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ideal. For a finitely generated graded A-module M denote by M; its homogeneous
component of degree i, and set

t(M) = sup{j: Tor}! (M, K); # 0}

with (M) = —oc if Tofi“ (M,K) = 0. The Castelnuovo-Mumford regularity
reg, M of an A-module M is defined to be

regy M = sup{t;(M) — i: i > 0}.

The initial degree indeg (M) of M is the minimum of the i such that M; # 0.
The module M is said to have a linear A-resolution if

regy, M = indeg (M).

Note that a module M with linear A-resolution is generated by elements of degree
indeg (M). It is clear that a shifted copy M(a) of a module M has a linear A-
resolution if and only if M has a linear A-resolution. The K-algebra A is said
to be a Koszul algebra if K has a linear A-resolution. This is equivalent to say
that m has a linear A-resolution. The bigraded Poincaré€ series P‘j‘,,(s, t) of M is
by definition

Py(s,0) = _ dimg Tor} (M, K),s't'.

iy
LEMMA 6.3. Let

=M, M, — - — M —-My— N—0

be an exact complex of finitely generated graded A-modules. Then:

(1) Let h € N, and let a € 7. such that t,(M,) < a+r+sforall0 <r < hand
0<s<h—r.Thent,(N)<a+h.

(ii) regy N < sup{regy M, — r: r € N}.

Proof. (1) By induction on h. For i = 0, one has a surjection Toré (Mo, K); —
Tor’(‘)‘ (N, K); and hence #o(N) < to(Mp) < a. Now let & > 0. Let N| be the kernel
of the map My — N. One has an exact complex

M, - M,y — =M —N —0

and hence by induction #,_1(N1) < a + h. By tensoring the short exact sequence

0—-N —My—N—O0
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with ®4K we have an exact sequence
Tor}, (Mo, K); — Tor} (N, K); — Tor}_; (N1, K);.

We know that #,_1(N;) < a + h and by assumption one has t,(My) < a+ h. It
follows that Tor’é (N,K);j =0 for j > a+h, and hence #;,(N) < a+h.

(ii) If sup{reg, M, — r: r € N} < oo, then set a = sup{reg, M, — r: r € N}.
For all s,r € N one has t,(M,) < regs M, +s < a+r+s. Then by (i) one has
thn(N) < a+hfor all h € N. It follows that reg, N < a. O

LEmMA 6.4. Let A be a Koszul algebra and let M be a graded A-module with
a linear A-resolution. Then m"M has a linear A-resolution for all n € N.

Proof. Since m(m"~'M) = m"M, it suffices to prove the claim for n = 1. Let
a be the initial degree of M and p its minimal number of generators. Tensoring
the short exact sequence

0O—-mM—->M— M/mM~K(—al —0
with ®4K one has an exact sequence
Torfy, (K", K)j—q — Tor{ (mM, K); — Tor} (M, K);.

For j > indeg(mM) +i = a + 1 + i one has Tor’,-“+I (K*,K)j—q = 0 because A is
Koszul, and Torf-x (M, K); = 0 because M has a linear A-resolution, by assumption.

It follows that mAM has a linear A-resolution. Cl

Let A and B be positively graded K-algebras. Denote by AQB the Segre
product

A®B = PA; ® B
ieN

of A and B. Given graded modules M and N over A and B, one may form the
Segre product

M®N = P M; @k N;
i€Z
of M and N. Clearly MQN is a graded AQB-module. It is easy to see that for
a given graded A-module M the functor M®— from the category of graded B-

modules with degree zero maps to the category of graded AQB-modules with
degree zero maps is exact.

LEmmA 6.5. Let A and B be Koszul K-algebras. Let M be a finitely generated
graded A-module, and let N be a finitely generated graded B-module. Assume that
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M and N have linear resolutions over A and B, respectively. Then MQN has a
linear AQ B-resolution and reg, gz MN = max{reg, M,regz N}.

Proof. Denote by my and mp the maximal homogeneous ideals of A and
B. Let a and b respectively be the initial degrees of M and N. If a < b, then
M@N = m{ “M@N, while if @ > b then MON = M@m% ’N. Hence by virtue
of Lemma 6.4, we may assume a = b, and by shifting the degrees, we may also
assume that a = 0. Consider the minimal free resolution of M

= F—-F_1—=--—=F—-=M-=0.

By assumption F, is a direct sum of copies of A( — r) for all r. Applying —QN
to this complex we obtain an exact complex:

-— F,QN — F,_1QN — --- — FoQN — MQN — 0.

By virtue of Lemma 6.3 it suffices to show that A(—r)®@N has a linear AQB-
resolution whenever N is a B-module generated in degree O and with linear B-
resolution. Now taking the minimal free B-resolution of N and applying A(—r)®—,
one sees that it suffices to show that A(—r)QB(—s) has a linear resolution over
A®B for all r,s € N. Note that A(—r)Q@B(—s) is isomorphic to a shifted copy
of AQ(my *(r — s)) or to a shifted copy of m} "(s — r)®B according to whether
r > s or s > r. Hence it is enough to show that AQ(m¥k(k)) and mX (k)@B have
a linear A®QB-resolution for all k£ € N. The last statement is equivalent to saying
that #,(mk(k)®B) < h and t,(Ax(mk(k)) < h for all h,k € N. We argue by in-
duction on A. If h = 0, then the claim is trivial. Let 2 > 0. Since A is Koszul, my
has a linear A-resolution and hence, by virtue of Lemma 6.4, mﬁ(k) has a linear
A-resolution. Applying —®B to the minimal free A-resolution of mX (k) we have
an exact complex

=G, — G, — - — Gy — mk (@B — 0

where each G, is a direct sum of copies of A( — r)®@B. Now we want to apply
Lemma 6.3(i) to this exact complex, with a = 0. We need to show that #,(A( —
NRB) < r+sforal r=0,....,~hand s = 0,...,h — r. Since A( — NQB =
(A®mp(r)( — r), one has

ts(A( — ®B) = t(AQmg(r) + r
and by induction t;(A®mp(r)) < s for all s < h. If s = h, then r = 0 and

th(A(— r@B) = t(AQB) = —oco. By virtue of Lemma 6.3 we may now conclude
that th(mﬁ(k)@B) < h. By symmetry one has also th(A@(mlg(k)) <h. (m|
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LEMMA 6.6. Let S — R be a surjective homomorphism of graded K-algebras.
If S is Koszul and regg R < 1, then R is Koszul. Furthermore if reggR = 0, then
Pﬁ(s, 1< Pi(s, 1) coefficientwise.

Proof. The standard change of rings spectral sequence
Exth (M, Exté (R, K)) = Ext{™ (M, K)

respects the graded structure of the Ext-groups and yields the coefficientwise
inequality of formal power series

PR(s,0) < PY(s, (1 + 1 — tPy(s, 1)~

By assumption the term §/# does not appear in the series P5(s,t) for all j > i+ 1.
Hence the term s/#' does not appear in the series ¢ — tP3(s, 1) for all j > i. Now
(IT+t— tP;%(s, N != > keN (tP;g(s, f)— 1), and hence the term s/t does not appear
in the series (1 +7 — tPfe(s, £))~! for all j > i. By assumption the term §/# does
not appear in the series Pf<(s, t) for all j > i. By virtue of the above inequality
one concludes that the term s/t does not appear in the series PX(s, 1) for all j > i,
that is, R is Koszul.

If regg R happens to be 0, then repeating the previous argument one shows that
the term s/t does not appear in the series (1+¢—tPy(s,#))" ! forall j >i—1> 0.
It follows that Pﬁ(s, 1< Pf((s, t) coefficientwise. O

Remark. The assumption of Lemma 6.6 does not imply that the map § — R
is Golod. This is because the kernel I of § — R is allowed to contain linear
forms.

We are now ready for the proof of Theorem 6.2:

Proof. Let ¢,e € N—{0} and denote by A the diagonal {(sc, se) € N*: s € N}.
From the free resolution of R over S

0—F,—F, 1 ——=F—-=S—=R—0
one obtains an the exact complex
0— (Fp)a — Fp—)a— - = (F)ar— SAr— Ry — 0
of Sx-modules. One has Sx = AQB, where A denotes the cth Veronese subring of

K[X], and B denotes the eth Veronese subring of K[Y]. The ring AQB is known
to be Koszul [3, Theorem 4], and by virtue of Lemma 6.3 one has

reg,p Ra < sup{reg,gp (Fa —i: i=1,....p}.
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It follows from Lemma 6.6 that R is Koszul whenever
reg p(Fi)a—i<lforali=1,...,p.

Since

(Fia = @ S(— a, 7b)§i,a,h,

(a,b)eN?
one has
reg,@p (Fi)a = max{reg g5 S( — a, =b))a: Biap #0}.

We now have to evaluate reg, 3 S(— a, —b)a. To this end denote by My, . . .,
M. the relative Veronese submodules of K[X], that is, M; = ®renK[X]jesj for

j=0,...,c— 1. Similarly denote Ny, ..., N,_ the relative Veronese submodules
of K[Y].
One has

S( —a, *b)A = @K[X]scfa ® K[Y]sefb = Ml( - |—(1/C-| )@N]( - |—b/€-|)

where i = —amodc, 0 <i<c—1,andj=—bmode, 0 <j<e—1.

The relative Veronese submodules of a polynomial ring are known to have a
linear resolution over the Veronese ring [1, 2.1]. Hence by virtue of Lemma 6.5
one has:

reg,@p S( — a, —b)a = max{[a/c], [b/e]}.

Summing up we see that Ry is Koszul if
max{[a/c], [b/e]: Biap Z0} <i+1
forall i=1,...,p. This concludes the proof of the theorem. O

As a corollary to the proof of the theorem we have

COROLLARY 6.7. Let c, e be positive integers such that
max{a/c,b/e: Bigp #0} <1

foralli=1,...,p. Then P§A (s, < P?(@B(s, 1) coefficientwise, where A and B are
the cth and the eth Veronese subrings of K[X] and K[Y] respectively.

Proof. The assumption implies that reg,gp Ra = 0. Then the claim follows
from Lemma 6.6. o O
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If the algebra R happens to be Cohen-Macaulay, then the shifts in the reso-
lution of R over S can be bounded in term of the a-invariant a(R) of R. Indeed,
if Biap #0, then a+b < a(R) + dimR +i. Thus we get

PROPOSITION 6.8. Assume that R is Cohen-Macaulay. If c,e > (a(R) + dim R +
1)/2, then Ry is Koszul.

Proof. If Biap # 0, we have a/c < (a+b)/c < (a(R) + dimR + i)/c, and
similarly b/e < (a(R) + dim R +i)/e. By virtue of Theorem 6.2, we have that R
is Koszul if (a(R) + dimR + i)/c and (a(R) + dimR + i)/e are less than or equal
toi+1foralli=1,...,codimR, that is to say c¢,e > (a(R) +dimR +1i)/i+ 1 for
all i=1,...,codimR. Since a(R)+dimR > 1, the last statement is equivalent to
c,e > (a(R)+dimR + 1)/2. O

COROLLARY 6.9. Let I be a homogeneous ideal of a polynomial ring R =
K[X1,...,X,]. Denote by d the highest degree of a generator of 1. Then there
exist integers a, b such the K-algebra K[(I¢)eq+c] is Koszul for all ¢ > a and e > b.

Proof. By replacing I with the ideal generated by I; we may assume that /
is generated by forms of degree d. The Rees algebra R[I] is a standard bigraded
algebra by setting degX; = (1,0) and degft = (0, 1) for all f € I;. The claim
follows now from Theorem 6.2 since R[It]x = K[(I®)edsc]- O

The integers a, b of the corollary can be explicitly computed whenever one
knows the shifts in the bigraded resolution of R[/t] over the polynomial ring. For
instance in the complete intersection case one has:

COROLLARY 6.10. Let I be an ideal of the polynomial ring K[X1, .. .,X,] gen-
erated by a regular sequence fi, . . . ,f, of polynomials of degree d. Then one has:

(D) If ¢ > d/2, and e > 0, then the ideal of definition of K[I¢,, ] as a quotient
of the polynomial ring K[T(, p): (o, 3) € N' x N, || = ¢, | 5| = e] is generated
by forms of degree less than or equal to 2.

(2)Ifc > d(r—1)/rand e > 0, then K[I.,, ] is Koszul.

Proof. The resolution of R[It] over S = K[X1,...,X,,T1,...,T,], as observed
in Section 4, is given by the Eagon-Northott complex. It follows that

0O—D,1—--—>Dj—---—>D —-85—=R(UI) —0
where

i
D; =@ S(—jd, —i — 1+ ).
j=1

Hence the claim follows from Propositiion 6.1 and Theorem 6.2. O
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Perhaps the bound that we obtained in the complete intersection case can be
improved. It could even be true that for a complete intersection ideal I generated
by elements of degree d the algebra K[I7,, ] is Koszul as soon as it is defined
by quadrics, that is, if ¢ > d/2.

It was proved by Backelin ([4]) that the Veronese subrings of a Koszul algebra
are all Koszul. Furthermore it is known ([9, Theorem 2]) that large Veronese sub-
rings of a standard graded K-algebra are defined by a Grobner basis of quadrics.
One may ask whether the same properties hold for diagonal algebras too, that is:

Question 1. Suppose that a bigraded standard algebra R is Koszul. Are all
the diagonal algebras of R Koszul?

Question 2. Let R be a bigraded standard K-algebra. Do there exist integers
a, b such that for all ¢ > a and e > b the (c, e)-diagonal Rp of R can be presented
as a quotient of a polynomial ring by a Grobner bases of quadrics?
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