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Abstract. Selecting the best regularization parameter in inverse problems is a classical and yet
challenging problem. Recently, data-driven approaches have become popular to tackle this challenge.
These approaches are appealing since they do require less a priori knowledge, but their theoretical
analysis is limited. In this paper, we propose and study a statistical machine learning approach,
based on empirical risk minimization. Our main contribution is a theoretical analysis, showing that,
provided with enough data, this approach can reach sharp rates while being essentially adaptive
to the noise and smoothness of the problem. Numerical simulations corroborate and illustrate the
theoretical findings. Our results are a step towards grounding theoretically data-driven approaches
to inverse problems.
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1. Introduction. Let (X, (-,-)x) and (}, (-,)y) be real separable Hilbert spa-
cesand A: X — Y aforward operator. Given A and a datum y € ), the corresponding
inverse problem is to find z* € X" solving

A(z™) =y.
In practice, only perturbed data are typically available, that is
y=y+e ey

where we considered a deterministic noise model. The above problem is often ill-posed
and, in particular, solutions might not depend smoothly on the data. Regularization
theory provides a principled approach towards finding stable solutions, see e.g. [10,
23]. First, a family of regularization operators is defined for every A € (0 + o0):
fn Y — X. Then, a choice is specified for the regularization parameter A. Ideally,
for some given discrepancy ¢, such a choice should allow to optimally control the error
2(fx(y),z*). Classical strategies for choosing the regularization parameter are divided
in a priori, where A = A\(7,2*) and a posteriori, where A\ = A(7). A priori choices
are primarily of theoretical interest. The reason is that they allow to derive sharp
error estimates that can be shown to match corresponding lower bounds, see e.g. [23].
However, they are usually impractical since they depend on the unknown solution x*
— or rather on its regularity properties expressed by some smoothness parameters. A
posteriori choices, such as the classic Morozov discrepancy principle [35] are adaptive
to the knowledge of the regularity properties of z*, but still require the noise level 7.
Since in many practical scenarios this information might not be available, a number
of alternative strategies have been proposed, including generalized cross-validation
[25, 47], quasi-optimality criterion [6, 44], L-curve method [28], and methods based
on an estimation of the mean squared error, see e.g. [19] and references therein.

In recent years, data-driven approaches to inverse problems have received much
attention since they seem to provide improved results, while circumventing some lim-
itations of classical approaches, see [2] and references therein. The starting point of
data-driven approaches is the assumption that a finite set of pairs of data and exact
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solutions (Y1, x7),. .., (Un,x)) is available. This training set can be used to define, or
refine, a regularization strategy to be used on any future datum 7 for which an exact
solution is not known. This perspective has been already considered to provably learn
a regularization parameter choice. For example, in [1] a general approach is analyzed
to learn a regularizer in Tikhonov-like regularization schemes for linear inverse prob-
lems. Indeed, these results can be adapted to learn the best regularization parameter
in some cases. Another learning approach is analyzed in [18] and [31], where an un-
supervised approach is studied. A bilevel optimization perspective is taken in [24],
where some theoretical results are also given.

In this paper, we consider one of the most classical machine learning approaches,
namely empirical risk minimization (ERM). We study the regularization parameter
choice defined by the following problem,

1 n
min — Zf(f,\@% )

AEA N
i=1

where A is a suitable finite set of candidate values for A. Our main contribution
is characterizing the error performance of the above approach. Towards this end,
we consider a statistical inverse problems framework and tackle the question with
the aid of tools from statistical learning theory [16, 46]. The theory of ERM is
well established, and the class of functions we need to consider is parameterized
by just one parameter— the regularization parameter. However, the dependence on
such a parameter is nonlinear/nonsmooth and possibly hard to characterize, making
the application of standard ERM results not straightforward. To circumvent this
challenge we borrow ideas from the literature of model selection in statistics and
machine learning [21, 27] and in particular, we adapt ideas from [12]. Our theoretical
analysis shows that the ERM approach for learning the best regularization parameter
can essentially achieve the same performance of an ideal a-priori choice. As we will
see, this is true up to an error term, which decreases fast with the size of the training
set. General results are illustrated considering several inverse problems scenarios. In
particular, we discuss the case of linear inverse problems with spectral regularization
methods and Tikhonov regularization with general convex regularizers in Sections 3
and 5 respectively. Also, we consider non-linear inverse problems in Hilbert spaces
and the corresponding Tikhonov regularization in Section 4. The theoretical results
are illustrated through numerical experiments in Section 6 for spectral regularization
methods and sparsity promoting norms.

Notation. In the following, we assume that ({2, P) is a probability space. Ran-
dom variables will be denoted in capital letters. Given an element 2 in a Hilbert space
(X, () 2)s l|lz||lx denotes the corresponding norm, i.e. ||z||x = \/(x, ). Moreover,
if (¥,(-,+)y) is also a Hilbert space, we denote L£(X, }) the space of linear opera-
tors between X' and ). Moreover, given A € L(X, )), we denote by A* its adjoint
operator and, if A is injective, by A~ its inverse. With || - ||o, we denote the oper-
ator norm. Finally, the subdifferential of a proper, convex and lower semicontinuous
function f: X + R U {+o0o} is the set-valued operator df: X — 2% defined by

= {ue X |foreveryye X, f(z)+ (y—z, wyr < f(y)}.

2. Learning one parameter functions. In this section, we derive statistical
learning results to learn functions parameterized by one parameter. In particular, in
the context of learning in inverse problems, this will be the regularization parameter.
For the time being, we consider an abstract learning framework.
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Let (Y, X) be a pair of random variables with values in Y x X and let (Y7, X;)
be n identical and independent copies of (Y, X). For A € (0,+c0), let f): Y — X be
a family of measurable functions parametrized by A. Given a measurable loss function
: X x X — [0,400), for all measurable functions f : Y — X consider the expected
risk

L(f) = E[e(f(Y), X)].

and the empirical risk .
L(f) = - 3, X)),
i=1
Moreover, for some N € N define A, the finite grid of regularization parameters, as
(2.1) A={\,.... N}

with 0 < A\ < Ay--- < Ay < oo. Considering the empirical risk minimization (ERM),
we let

(2.2) Xa € argmin L(f).
AEA

We aim at characterizing L( fXA)’ namely the expected risk corresponding to the
regularization parameter chosen accordingly to the rule in (2.2). An idea would be to
compare it directly to minye (o +o0) L(fx). Instead, as discussed next, we assume that
a suitable error bound miny L(f)) < U(A.) is available, and then we compare L(f5, )
to U(A.). Next, we list and comment the main assumptions.

ASSUMPTION 1. The loss function £ is bounded by a constant M > 0.

In the following, we will consider loss functions defined by classic discrepancy errors
in inverse problems. In particular, we focus on Hilbertian norms, see Sections 3 and
4, and Bregman divergences associated with convex functionals, see Section 5. While
none one of these examples are bounded, since we will assume X to be almost surely
bounded, a bounded loss will be obtained by composing the discrepancy with suitable
truncation operators.

ASSUMPTION 2. There exists U : (0,+00) — (0,+00) such that, for every A €
(0, +00),

(2.3) L(fx) SUN).
Moreover, there exists A\, > 0 such that

(2.4) A« € argmin U(N).
AE(0,400)

Finally, there exists a non decreasing function C : [1,4+00) — [0,400) such that, for
all g > 1,

(2.5) U(gAs) < C(QU ().

The main reason for the above assumption is to avoid smoothness conditions on the
dependence of fy on A which are required in classic studies of ERM, see e.g. [16]. This
assumption might seem unusual for a learning setting but, as shown in Sections 3, 4
and 5, it is naturally satisfied in the context of inverse problems. Moreover, this is
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the usual strategy to design a priori choices of the regularization parameter, since in
this latter setting it is often possible to derive tight bounds, in the sense that the two
quantities, L(fy) and U(A), have the same behaviour with respect to A and the noise
level, and therefore minye (o, 4+00) L(fx) is comparable to U(A,) (see e.g. [23, Chapter
4]). We make one last assumption on how large is the set of candidate values A.

ASSUMPTION 3. Let A be defined as in (2.1). Assume that
(26) A € [)\1,/\]\[]

and, for every j =1,...,N, \j = \1Q7~1, where

e o= () i

The above assumption states that we can choose a sufficiently large interval for our
discretization so that the optimal regularization parameter A, in (2.4) always falls
within the interval. This is an approximation assumption which is satisfied in practice
by taking A; sufficiently small (and Ay sufficiently big).

Given the above assumptions, we next show that the choice XA achieves an error
close to that of \..

THEOREM 1. Let Assumptions 1, 2 and 3 be satisfied and let n € (0,1). Then,
with probability at least 1 —n,

13M 2N
log —.
2n n

L(f;,) < 20@QU(\) +

The above result shows that XA achieves an error of the same order of A, up to a
multiplicative factor depending on C(Q) and a corrective term which decreases as
1/n.

From the expression (2.7), once the minimal and maximal elements of the dis-
cretization are fixed, we can see that Q =~ 1 if N is large enough. At the same time,
taking IV large has a minor effect on the bound, since the corrective term depends
logarithmically on N. In the following, we provide concrete examples in the context
of inverse problems that illustrate and instantiate the above results.

We first provide the proof of Theorem 1.

2.1. Proof of Theorem 1. We begin providing a sketch of the main steps in
the proof. The idea is to first compare the behaviour of Ay to that of

A € argmin L(fy),
A€A

which is the ideal regularization parameter choice when restricting the search to A.
Indeed, we prove in Lemma 1 that with high probability

log(2N)

L(f5,) < 2L(fa,) + c—

for some constant ¢ > 0. Then, in Lemma 2 we show that there exists 1 < ¢ < @
such that

L(fxy) < L(for.)-

This manuscript is for review purposes only.



LEARNING THE OPTIMAL REGULARIZATION PARAMETER 5

Combining the above results and using condition (2.5), we get with high probability

that
<20@QuUn) + 2N

Lifs,) S 26(/n.) + 2220

which is the desired result. We next provide the detailed proof. First, we introduce
the following probabilistic lemma.

LEMMA 1. Under Assumption 1, for n € (0,1) we have that, with probability at

least 1 —n,

13M 2N

The proof is based on a classic union bound argument and the following concentration
inequality, see Proposition 11 in [12], which we report for simplicity.

PROPOSITION 1. Let Z1,...Z, be a sequence of i.i.d. real random variables with
mean i, such that |Z;| < B a.s. and E[|Z; — p|?] < 2. Then for all a,e >0

i=1

The idea of the proof is adapted from [12].
Proof. (of Lemma 1). For A € A, let Z;(\) = ¢(fr(Y:),X;), i = 1,...,n. Then,

>e+ aaQ} < 2e” ET .

n

LS 2 =),

i=1
and
E[Zi(A)] = L(fx)-
Moreover, since the loss is bounded by Assumption 1, then Z;(A) < M and this
implies
E(|Zi(N)P] = E[(f2(Yi), X)l(£r(Y), Xi)) < ML(f»).
Now, we apply (2.8) with B = M and, by recalling that E[|Z;(\) — E[Z;(M\)]] <
E[|Z:(\)|?], we fix 02 = ML(fy). We then get, for each A € A and for all a, e > 0,

P {If(fx) —L(fA)| > e+ aML(fA)} < 9¢~3iaNT

Moreover, since the probability of a union of events is less or equal than the sum of
their probabilities, we have that, for all a,e > 0,

P (U {\E(f/\) — L(f7)] 26+aML(fA)}> < 2[AJe~ 3535,

AEA

Now let n € (0,1). Since the above is valid for any a > 0, fix & = 1/(3M). With this
choice, let € = % log % Then, with probability at least 1 — n, for all A € A we
have that

L(f) < %L(fx) +e

and

N w

L) <5 (L) +e).
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Using the above inequalities and the definition of XA we have that,

L(f;,) < g(f(foHf)
< 2 (T +e)

< 2L(fa,) + 3e.

The result follows by plugging in the expression of € and by recalling that |A| = N.O

Note that the above result holds under minimal assumptions. Indeed, the structural
assumptions we introduced are used to prove the following lemma.

LEMMA 2. Let Assumptions 2 and 3 be satisfied and consider Ay as in Assumption
2. Then, there exists 1 < q < Q such that g\, € A and so

L(fan) < L(far.)-

Proof. From Assumption 3, since A, € [A1, An], there exists jy € {2,..., N} such
that
Ajo—1 < A < Aj.-

If we let ¢ = A\j,/As, then gA. = Aj, € A. Tt is only left to prove that 1 < ¢ < Q.
Given the definition of @) and the construction of A, if we divide the above inequalities
by Aj,, then

1 1
7§7§17
Q q

so that
1<¢<Q.

Finally, by the definition of Ay, we get

L(fan) < L(far.),

concluding the proof. 0
We add one final remark.

REMARK 1 (Comparison with union bound combined with Hoeffding). A slightly
different estimate can be obtained using a union bound argument and a different con-
centration result, namely Hoeffiding inequality (2.10). Indeed, if we let n € (0,1), the
following bound holds with probability at least 1 — n:

(2:9) L3, < D) +2y 5 Tog =

Compared to the estimate obtained in Lemma 1, the above inequality avoids the factor
2 in front of L(fx,). However, the dependence on the data cardinality n is considerably
worse. By using inequality (2.9) in place of Lemma 1, it is possible to derive a result
analogous to Theorem 1. Again, this allows to improve the bound by a factor of 2 while
achieving a much worse dependence on the number of data points. For completeness,
we report the proof of inequality (2.9), which is based on Hoeffding’s inequality:

1 n
(2.10) P{‘n;z—u

71,52
e} <ot
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where B is an upper bound on the random variables Z;, as in Proposition 1. Indeed,
by adding the subtracting the empirical risks we have that,

L(fs,) = L) = Lif3,) = L(f5,) + L(Fs,) = L) + L) = Lfa)
< L(f5,) = L(f3,) + L(fan) = L(£r,)
< 2sup|L(fx) — L(f)];
A€EA
using the fact that the term EUX,\) — E(fAA) is negative by definition of XA. Then,
combining (2.10) and a union bound, we get

ne?

P{sup IL(f\) — L(fx)| > 5} < 2Ne T
AEA

Inequality (2.9) follows by setting n = INe~ (e )/M gnq deriving the expression for €.

3. Spectral regularization for linear inverse problems. In this section, we
illustrate the general results considering spectral regularization methods for a class
of stochastic linear inverse problems, extending the classical deterministic framework.
The key point is to derive a suitable error bound and a corresponding a priori pa-
rameter choice so that Assumption 2 holds. Let X’,) be real and separable Hilbert
spaces, and let A € £(X,)) and assume that [|A[|,, < 1. Then, let X, e be a pair of
random variables with values in X and ) respectively, and

(3.1) Y=AX+¢, as.
We make several assumptions. The first is on the noise ¢.
ASSUMPTION 4. We assume that
Ele|]X]=0
and, moreover, that there exists T > 0 such that
E[ll<|% | X] < 2.

The above condition is a simple and natural stochastic extension of the classical
bounded variance assumption. We also assume that X satisfies the following stochas-
tic extension of the classical Holder source conditions [23].

ASSUMPTION 5. The random variable X is such that || X||lx < 1 a.s. and there
exist a random variable Z with values in Y, and 8, s > 0 such that,

X = (A*A)°Z,

and ,
E[lZ]3] < B

In this setting, a corresponding Tikhonov regularized estimator is defined as
(3.2) X :argmin||A:E7Y||§;+)\||:EHi.
reX
Clearly, X) = X, (Y), but we omit the dependence for conciseness. A more explicit
expression is given by

(3.3) X, = (A*A+ AI) 1A
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More generally, the class of spectral regularization methods is given by
(3.4) Xx = gr(ATA)A™Y,

defined by a suitable function gy : (0,1] — R using spectral calculus. Note that
the above expression ensures that X is measurable, since it is the image of a linear
operator applied to Y.

The following assumption characterizes the key properties required on gy.

ASSUMPTION 6. There exists a constant C1 > 0 such that, for all X € (0, 400),

Ch
sup |ga(0)Vo| < —=.
oe(0,1] VA
Moreover, there is a constant Cy > 0 and o > 0 such that, for s > 0 as in Assump-
tion 5,

(3.5) sup |(1 —ga(o)o)o’®| < CoA™.
c€(0,1]

Assumption 6 is satisfied by a large class of filter functions such as Tikhonov regular-
ization, the Landweber iteration, that is gradient descent on the least squares error,
spectral cut-off, heavy-ball methods and the v-method [23], or Nesterov acceleration
[37]. We add some remarks regarding this assumption.

Note that the first assumption implies that the norm of the regularization operator
gr(A*A)A* is always bounded and controlled by A. The second is an approximation
condition, which characterizes the extent to which the considered spectral regulariza-
tion method can take advantage of the regularity of the problem, expressed by the
source condition. For many spectral regularization methods, there is ¢ > 0 such that

sup (1 —ga(o)o)a”| < CoN”, for every v <gq.
c€(0,1]

The number ¢ is called qualification parameter and depends on the regularization
method gy; see [5]. Therefore, Assumption 6 is satisfied for & = min(q, s). Both of
the above assumptions allow us to derive suitable error bounds and corresponding a
priori regularization parameter choice, extending classical results in the deterministic
setting.

THEOREM 2. Under Assumptions 4, 5 and 6, the following bound holds for all
A€ (04 00),

2
.
(3.6) E[ Xy - X|3] < CF - + C3°2%.

L o2\ V@t r 2/(2a+1)
. 20C2 B ’

the following bound holds
CIN™ 2
(%)

In particular, taking

(7_2(1) 2/(2a+1)
6 .

1/(200+1)
(3.7) E[| Xy, — X[%] < (2a+1) ]
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Proof. To relate X and X, we observe that
E[X,|X] = E[ga(A4* A)A*Y | X] = E[gy (A" A) A" AX| X] = g\ (A" A) A" AX,

where we used the definition of Y and Assumption 4. Then, we can decompose the
deviation of X, to X as

Xa—X = Xo-EXX]+E[XNX]-X
= G (ATAAN(Y — AX) + (ga(ATA)ATA — 1) X
(3.8) — gh(ATA) A% + (gr(ATA)ATA — T)(A*A)Z.

Next, recall that, under Assumption 6, the following operator estimates hold

Cy
3.9 A*AVAY| < X
(3.9) lgr (A" A)A™|,, < 7

see e.g. [23]. If we take the expectation of the squared norm in (3.8) and develop the
square, we get

I(I = gA(A"A) AT A)(ATA)*,, < C2A%,

[9)

E[| X — XII3] = Ellga (4" A)A"e|[3] + E[l| (92 (A" A) A" A — ) X||3],
since, by Assumption 4, we have

E[(gr(A"A) A%, (gr(ATA)A"A - 1) X)) ]
= E[(9A(A"A)A"E[e] X], (9A(A"A)A"A - ) X)] = 0.

Then, using again Assumptions 4, 5, and 6 as well as the estimates (3.9), we derive
E[[|Xx = X[3] < llga(A* A)A* |12, Ell[e]l3] + [[(T — ga(A* A) A" A) (A" A)° |12, E[|1 Z][3)
2
< O+ C3pPA.

Finally, the value of A minimizing the above bound is

)\ _ 0127_2 1/(2a+1)
* 2003 32 ’

and the corresponding error bound is

/(20-+1)
E[| Xx. — X|[3] < 2a+1)

c? 20 ) 1 S2a\ 2/(2a+1)
() < (%)

which is the inequality that we were aiming for. |

Equation (3.6) provides a bound, for any value of the regularization parameter,
of the distance between the regularized and the exact solutions. This bound is com-
posed of two terms. The first one is related to 7, the noise level, and decreases with
the regularization parameter as 1/A. The second one is related to S in the source
condition, and increases with the regularization parameter as A2*. The choice of the
parameter A, is then obtained by minimizing this upper bound in A. Once we plug
A« in (3.6), we obtain the bound in (3.7). These results are analogous to the ones
usually obtained in the deterministic setting (see for instance Corollary 4.4 in [23]),
and are known to be optimal in the sense of Definition 3.17 in [23].
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Next, we show that the regularization parameter on the grid learned from data,
namely Aj defined in (2.2), achieves a similar perfeormance to the one of \*. Indeed,
with the aid of the previous results, and in combination with Theorem 1, we obtain a
sharp error bound for the regularized solution with Ax. Toward this end, let T': X —
X be the truncation operator such that for all z € X,

(3.10) . z, [zlly <1,
: TEY ——, |zl > 1.
2]l »

To apply the result in Section 2, we consider the loss function defined, for every
(r,2") € X2, as

2
(3.11) Uz, 2") =Tz —T2'|%
Then, the corresponding expected risk is, for every measurable function f,
(3.12) L(f) = E[ITf(Y) - TX|%].

Under Assumption 3, for every A € (0, +00) let fA(Y) = X as defined in (3.4). Now,
we next study the error obtained in this context by choosing A with ERM.

Consider a finite set of independent and identical copies (Y;, X;), ¢ = 1,...,n, of
the pair (Y, X) distributed as in (3.1). Then, the corresponding ERM is given by

~ 1 < 2
3.13 AA € arg min — THY;) — X%,
(3.13) gmin 3 ITA(Y) - Xillx

where we used that X; = T'X; a.s.. since || X ||, <1 almost surely.
The following corollary provides the desired error estimates.

COROLLARY 1. Let Assumption 3 be satisfied with A\, as in Theorem 2. Suppose
that Assumptions 4, 5 and 6 hold, and choose the loss as in (3.11). Let n € (0,1).
Then, with probability at least 1 — 7,

012 2 )
(2&) C2

In this setting, Assumption 1 is trivially satisfied. The proof will therefore consist in
verifying that also Assumption 2 holds, so that Theorem 1 can be applied.

2(2a0+ Q> 1)
Q

L(X; ) < 5

1/(2a+1)
. |

(720‘ ) D 96 aN
+ —log —.
no o

Proof. In this case, Assumption 1 is satisfied with M = 4. We just need to show
that Assumption 2 is satisfied for fy = X and L defined as in (3.12). Since T is a
projection, it is 1-Lipschitz. Then, for all measurable functions f : ) — X,

L(f) =E[|Tf(Y) - TX|3] <E[If(Y) - X[3].

Then, if we define U(A) as the right hand side of equation (3.6), (2.3) holds. In
addition, A, defined as in Theorem 2 is the minimizer of U. Now, define the function

. . - 2a+q2a+1
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and observe that it is non decreasing. Then, from the error bound (3.7), we derive,
for any g € [1, +00), that

o 1/(2a+1) 2/(2a+1)
20+ g2+t [ 102\? 5 T2a
U(gh) =C(@QU(A) = ——— || =— C — .
(gA) = C(9U (M) . o > 3
Hence, Assumption 2 is satisfied. The result follows by applying Theorem 1. a0

Corollary 1 shows that, under a natural generalization of the classical assumptions
in deterministic inverse problems to the stochastic setting, the error obtained with
the optimal parameter on the grid for the empirical risk, namely Au, is close to that
of A, up to a logarithmic factor that increases very slowly with IV, and decreases
with n. We add one final remark for this section.

Remark 3.1 (Comparison with Theorem 4.1 in [1]). The paper [1] aims to learn
the optimal Tikhonov regularizer, of the form ||B(- — h)||?, for a linear operator B
and a bias vector h € X. The main result of [1] is Theorem 4.1, which establishes an
excess risk bound for parameters (B , ﬁ) learned by minimizing the empirical risk. The
setting is quite different since, in [1], the authors learn a general Tikhonov regularizer
by demonstrating that the optimal pair (B*,h*) consists of the covariance operator
and the mean of X, respectively. In this paper, we only learn the regularization
parameter, but our setting allows for a large class of spectral filters. The assumptions
of theorem 4.1, as seen in (20) and (21) of [1], are quite different from Assumption 5
and Assumption 6, making a direct comparisong between our Corollary 1 and Theorem
4.1 not meaningful. We only observe that the proof of Theorem 4.1 in [1] relies on
learning techniques that exploit the Lipschitz continuity of the Empirical Risk with
respect to the pair (h, B) and a classic covering argument. In this paper, we use
instead a different approach introduced in [12] for the cross-validation method.

4. Tikhonov regularization for non linear inverse problems. Next, we
consider the problem of selecting the regularization parameter for Tikhonov regu-
larization in the setting of nonlinear inverse problems [23]. Let X,) be real and
separable Hilbert spaces, and A : dom(A) C X — Y be a (nonlinear) operator whose
domain has nonempty interior. Let X, € be a pair of random variables with values in
X and Y respectively, and let

(4.1) Y=AX)+e, as

with X € int(dom(A)) almost surely. We make several assumptions. The first one is
on the noise «.

ASSUMPTION 7. There exists a constant T > 0 such that
Eflell3 [X] < 72 as.

Using Jensen’s inequality for the conditional expectation [48, 9.7 (h)], we derive from
the previous assumption that

(4.2) E[||5||y |X] <7 as.

Next we impose fairly standard conditions on the operator A.

ASSUMPTION 8. The operator A : dom(A) — Y is a continuous and weakly closed
operator with int(dom(A)) non-empty, and with dom(A) convex. Moreover, A is
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Fréchet differentiable in int(dom(A)) with derivative denoted by A’ and there exists a
constant Co > 0 such that, for all z and x’ € int(dom(A)),

(4.3) [A"(z) = A"(2")llop, < Co |z — '] x -

op —

The previous assumption implies that, for all x € int(dom(A)) and 2’ € dom(A),
Co 2
1A(z") = Az) = A'(2)(2" = 2)lly < = ll2" = 2l
so that, by the triangle inequality,
l / / CO / 2
(4.4) 14 (@) (2" =)y < [[A(2") = A@)lly + 5 2" =[x -

Here, we assume global Lipschitz continuity of the derivative to avoid technicalities,
but the argument could be extended under a local smoothness assumption as in [15].

For nonlinear inverse problems, the Tikhonov estimator is defined with respect
to a suitable initialization. Here, we assume the initialization to be described by a
random variable Xo with values in X. The set argmingegom(a) [[A(z) — Y(w)H; +

A& — Xo(w)]|% is nonempty for every w € Q thanks to Assumption 8, see [15, Theo-
rem 10.1]. A corresponding Tikhonov regularized estimator is a random variable X
defined by setting, for almost all w € Q

(4.5) Xx(w) € argmin [|A(z) — Y (w)[3 + Az — Xo(w)|3 -
z€dom(A)

Note that X depends on Y and X, but we will omit this dependence for the sake
of simplicity. The existence of a random variable X, taking values in the set of
minimizers is ensured under some additional assumptions, see e.g. Filippov’s Implicit
function Theorem [30, Theorem 7.1]. For that reason, we directly assume that such
measurable selection exists. The following assumption will be needed to derive the
error bounds and extends analogous conditions in the deterministic case.

ASSUMPTION 9. The random variable X is such that || X — Xo|lx <1 and, under
Assumption 8, there exists a random variable Z with values in Y, > 0 such that

almost surely
X —Xq=A(X)Z,
and
1Zlly <8 a.s., with BCH <1,
where Cy is the constant introduced in Assumption 8.

The latter assumption can be seen as a nonlinear version of the source condition
considered in Assumption 5 (for s = 1).

In the next result, which is analogous to Theorem 2, we derive a bound on the
error of the Tikhonov regularized solution, leading to a priori parameter choices.

THEOREM 3. Suppose that Assumptions 7, 8§ and 9 are satisfied. Then the fol-
lowing bound holds: for all A € (0 + o0),

(T 4+ BN)?

(4.6) E[| X - X|%] < (1= BCoN

In particular, setting \s = 7/8,
E[| Xy, — X[3%] < 4(1 - BCo) 178
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The proof is a modification of the the one in the deterministic setting, see e.g. [15, 23].

Proof. The expressions below are all intended to hold almost surely. By definition
of X, X and ¢, it follows that

IAXA) = Y35 + A1 X — Xoll% < JAX) = Y5+ MIX — Xoll3

(4.7) = [lell3 + MIX — Xoll -
Since
(4.8) X = Xoll 3 = 11X — X[1% + X = Xol3 +2(Xx — X, X — Xo)y,

inequality (4.7) implies
2 2 2
[AXN) = Y5 + MIXN = X5 < lelly = 2A (Xx = X, X — Xo) -
Then, Assumption 9 and Cauchy-Schwartz inequality yield
2 2 2
(4.9)  AXN) = Y5 + AIXN = XI5 < llellyy + 22 [A/(X) (X = X))y 1211, -

Since X € int(dom(A)) and X, € dom(A), and dom(A) is convex by assumption,
inequality (4.4) with x = X and 2’ = X, yields

A (XX = X))y < [JAXN) = AX)]ly + % 1 = X%

Iy

so that, by adding and subtracting Y in the first term of the right hand side, we
obtain

Co
|4 (X)(Xn = X)lly < A =Yy + lelly + 5 1X5 = XI5 -

ly
Plugging the above inequality into (4.9), we get
TAG) = YIS + MIXa = X% < llell5, + 20121y (JAX) = Yy,
Flelly + S0 15 - XI3).
By adding A?||Z||3, to both sides and rearranging the terms, we get
(1A(X2) = Yy = M Zllp)* + AXx = X% < llel3 + 27121y (llelly
+ 0% - XI3) + 2213,

Next, we take expectations on both sides. First, recall that Assumption 7 implies
(4.2), i.e. E[|le||]] < 7 and therefore, with Assumption 9,

Ell Zllyllelly] < Br.

Assumption 9 implies also that
E[|IZ]ly|Xx - X|3%] < BE[IXx — X|I%].
We then get that

2
E[(|AX2) = Yy = Al Z|ly)] + AE[| X — X[3] < 7° 4+ 2A87
+ A2B% + ACoBE[|| X — X|%)-
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In particular,
(T BN)?
A )
where we used the assumption that 5Cy < 1. Finally, the value of A that minimizes
the above bound is

E[|[ X — X|3) < (1 = 5Co)

r
)\* = 7
B
and the corresponding error bound is
E[| X, — X|[%] < 4(1 - 8Co) 75,

which proves the result. 0

To apply Theorem 1, we consider the problem obtained with a truncated square loss:
(4.10) lz,2") = |T(z — Xo) — T(2' — Xo)||?,

where T is the truncation operator defined in (3.10). The corresponding expected risk
is given by
L(f) = E[|IT(f(Y) — Xo) — T(X — Xo)|[3]-

We focus on Tikhonov regularization, where, for every A € (0, +00), fA(Y) = X\ (Y) is
given by (4.5), and analyze the error corresponding to the choice of the regularization
parameter with ERM. Consider independent and identical copies (Y;, X;), i =1, ...,n,
of the pair of random variables (Y, X) as in (4.1). The ERM problem is given by

~ 1L
(4.11) Ap € arg min § IT(fA(Y3) — Xo) — (Xi — Xo)|% -
S

i=1
In the following result we derive an upper bound corresponding to the expected risk.

COROLLARY 2. Suppose that Assumptions 7, 8 and 9 hold. Let Assumption 3 be
satisfied with A, = 7/8, and let n € (0,1). Then, with probability at least 1 — 1,

(1+Q)? 26 2N

L(X5 )< T8+ — log —.
n n

) = 2001~ 6h)

Proof. To prove the result, it is enough to show that Assumptions 1 and 2 are
satisfied. First, note that Assumption 1 is satisfied since the truncated square loss
in (4.10) is bounded by 4. Moreover, since T defined in (3.10) is the projection on a
convex and closed set, it is 1—Lipschitz, so that Theorem 3 implies

L(Xy) <E[| Xy — X[3] <UM),
with U(X) = (1 — BCo)~Y(7 + BA)2A~L. The minimizer of U is A\, = 7/8 with

U(N*) = 4(1 — BCo) 1B and, for every q > 1 we have that
1+ 2 B 1_|_ 2 .
vt = 20— pog s = Do,
Since the function
1 2
C:[1,400) = [0,400); C(q):= 1+9° l_qq)

is non decreasing, Assumption 2 is satisfied. The result then follows from Theorem 1.0
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Corollary 2 establishes an upper bound on the excess risk of X5 , corresponding
to the choice of the regularization parameter based on ERM in the grld A. Actually,
it ensures that the error obtained when considering )\A is close to that of \,, except
for an additive error term that decreases with n. Notably, the dependence on the
cardinality of the grid IV is only logarithmic.

5. General Tikhonov regularization with convex regularizers for linear
inverse problems. In this section, we consider the linear inverse problem setting in
Section 3, with Assumption 4 on the noise. We study Tikhonov regularization with a
general function J instead of the squared norm,

(5.1) X'()emgmmlnAr V@2 + M (),
reX

where J : X - RU {400} is a function. In this section, we assume that the set of
minimizers of the function z — || Az — Y (w) \|§, /2+AJ () is nonempty for almost every
w € Q, and that w — X (w) is a measurable selection of the set of minimizers. This
setting includes various examples of sparsity-inducing regularizers beyond Hilbertian
norms, see e.g. [10] for references. We discuss specific examples in Sections 5.1 and
5.2. For this class of regularization schemes, a natural error metric is given by the
Bregman divergence, defined for every z, 2’ € X as

(5.2)  Dy(x,2') = {J(x) — J(2') = (ss(z'),x —a'),, ifa’ € int(dom.J),

400, elsewhere,

where s;(z') is an element of 9.J(x’), which is nonempty as long as «’ € int(dom J) [8,
Theorem 9.23]. If 2 and 2’ belong to int(dom .J), we can consider also the symmetric
Bregman distance, that is

dy(z,2') = Dy(x,2") + Dy (2’ 2) = (s5(x) — ss(a'), 2 —2") 5.

Of course, if J is not differentiable, both the Bregman distance and the symmetric
one depend on the choice of the specific subgradient s;(z) (and s;(z’)). To derive an
error bound we consider the following assumptions.

ASSUMPTION 10. The function J : X — R is proper, convex, lower semicontinu-
ous and satisfies dom(9.J) = int(dom(J)).

The previous assumption is satisfied in two main settings, which are discussed in the
following: the one where dom.J = R? and the one where J is essentially smooth.

ASSUMPTION 11. The random variable X takes values in int(dom(J)) a. s. and
there exists a random variable Z € Y such that, almost surely, A*Z € 9J(X) and that
Z is measurable with respect to the o-algebra generated by X. Moreover, we assume
that there exists 8 > 0 such that

E[|Z|ly] < 5%

Assumption 11 can be seen as a generalization of the source condition for the squared
norm regularization in Assumption 5, in the case s = 1. In the following, we will
analyze the behavior of d;(Xy, X). We first show that this quantity is well-defined.
From the optimality condition for the Tikhonov problem (5.1) we derive that, almost
surely,

(5.3) %AWY—AXQE@AXQ.
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In particular we know that X, € domdJ and so, by Assumption 10, that X, €
int(dom J). Moreover, from Assumption 11 we have that X € int(dom J) almost
surely, and

A*Z € 0J(X).

Then, the following symmetric Bregman distance, is well defined, and can be written
as,
1
(5.4) dJ(X)”X)_<)\A*(YAX)\)A*Z,X)\X>
X
The Bregman distances we consider (both the symmetric and the standard one) are

based on the specific subdifferentials considered in the latter formula. In the setting
above, we have the following upper bound.

THEOREM 4. Under Assumptions 4, 10 and 11 the following bound holds, for all
A€ (0+ o00),

2 B2
. Eld;( Xy, X)] < — + —.
(5.5) [ds (X5 X)) < o5 + =5
In particular, taking A\, = 7/, we have
(5.6) E[d;(Xx,, X)] < Br.

Proof. The identities and inequalities below are intended to hold almost surely.
By Assumption 11,
Ay (Xx, X) + [[A(Xx = X)|5 = (A"(Y — AX)) = AA"Z, X\ — X) 5
+AXN - X5
= <Y —AX, -\ + AX, —AX,A(X)\ —X)>
=(Y - AX - \Z, A(X) — X))y,

y

1 2 1 2
< S IV = AX = 2ZJ5 + 5 A - X1}
Rearranging the terms, we obtain
1 1
Ay (X, X) + 5 [ AXs — XI5 < IV —Ax -~ AZ[3, .
Taking the conditional expectation with respect to X, we get

1 A2
AE[dy (X, X)|X] + SE[|AXx ~ X5 1X] < SE[|]Y — AX|[3, | X] + gE[Illei | X]

1
-2
= AE[(Y — AX, Z),, |X].
By Assumption 11, Z is a measurable function with respect to X, and therefore last

term is zero since Y = AX + ¢ and by Assumption 4. Thus, if we take the full
expectation, the previous inequality implies

NE[d (X, X)] + SB[ A, ~ X)3]

IA
S N

)\2
E[|Y - AX|3] + 7E[IIZII§]

2 62)\2
+ 5

|
v
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by Assumptions 4 and 11. Therefore,

(5.7) E[d; (X, X)] < — + ==. 0

and the theorem follows.

REMARK 2. Following [11], the above analysis can be extended considering X to
be a Banach space embedded in a Hilbert space. In this case, the inner product in X
needs to be replaced by the corresponding duality pairing.

In the rest of the section, we will apply Theorem 1 to different loss functions, all
based on the Bregman divergence. To perform the analysis, additional assumptions
are needed on J to ensure that the hypotheses of Theorem 1 are satisfied, e.g. the
boundedness of the loss. We focus on two different settings: the case of sparsity
inducing regularizers, of the form J(z) = |Gz|, where G is a general linear and
bounded operator and | - | a general norm (for instance, the ¢!-norm), and the case of
regularizers J of Legendre type.

5.1. Sparsity inducing regularizers. In this section, we focus on the finite-
dimensional setting, where X = R% 1 < d < 4oo. We study sparsity-inducing
regularizers such as the ¢1 norm [3]. Towards this end, we first introduce a generic
norm on R™ (not necessarily the euclidean one), which we denote by | - |, and the
corresponding dual norm | - |.. We then fix a linear and bounded operator G: (X, || -
) — (R™,]-]). We will consider the following structural assumption.

ASSUMPTION 12. The regularizer J: R¢ — R is defined by setting, for every x €
R?,
(5-8) J(x) = |Gzl
and ||Gllop < R, for some R > 0 (here the operator norm is meant with respect to the
spaces X = R% and R™ with their norms || - || and | - |, respectively).

The above condition describes the class of sparsity inducing regularizers we con-
sider, including Lasso [43] (G equal to the identity and |- | the ¢! norm), Graph-Lasso
[34], penalties for multitask learning [36], group lasso [40], £g penalties [26], and Total
Variation regularization [39], among others (see [29] and references therein). For this
regularizers functions J, the subdifferential can be written as

9J(-) = G| [(G),

which is nonempty at every point x € X'. In addition, recall that the subdifferential
of the norm can be computed as [3, Remark 1.1]

O -|(z) ={neR™: (n,x) = x|, [n]. <1}.

In this section, we consider the loss function defined by the Bregman divergence for
every z and z’ € R%:
E(xﬂ :E/) = DJ(xa xl)
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where Dy is defined as in (5.2), for some subgradient s;(z’) € 9J(z"). As before, if
we let fA(Y) = X, then the corresponding expected error is given by

(5.9) L(fx) = E[D, (X, fx(Y))]-

In this case, and as in Section 3, we also assume that the random variable X is such
that || X]| <1 a.s.. Finally, the ERM is given by

~ 1 &
(5.10) A € argmin — Y~ Dy (X;, fr(Y7).
DYV (et

We can now state the probabilistic error estimates for this setting.
COROLLARY 3. In the setting of this subsection, let Assumptions 3, 4, 11, and 12
be satisfied and let n € (0,1). Then, with probability at least 1 — 1,

1 2 13R 2N
+Q BT + log —.
Q n 7
Proof. To apply Theorem 1, we need to check that Assumptions 1 and 2 are
satisfied. For every z € R? with ||z|| < 1 and z € R?, we have
Dj(x,2") = |Gx| — |Ga'| — (G*s).|(Ga'),x — 2" )gm
= |Gz| — |G2'| — (s./(G2), Gx — Ga')gm
= |Gz| — (s.|(Gz"), Gx)pm
< (1+ [s(G2") ) |G|
< 2|[Gllop|l]
<2R.

(5.11) L(X5,) =E [DJ(X, XXA)} <

Hence, the loss function is bounded on the cylinder {(z,2’) € R¥*? : ||z|| < 1} , and
Assumption 1 is therein satisfied with M = 2R. We are left to show that Assumption 2
is satisfied for fy(Y) = X, and L defined as in (5.11). From the inequality

D;(X, X)) <dj(X,X))
and Theorem 4, we derive that
L(X,) <UN),
where U(X) = 72/(2)) + 52X\ /2. The latter is minimized by A, = 7/3 and satisfies

14 ¢?

U(ghs) < B,
where the multiplicative factor depending on ¢ is a nondecreasing function for ¢ > 1.
The statement then follows from Theorem 1. ]

5.2. Legendre Regularizers. In this section, we consider Legendre regulariz-
ers. We start by recalling some definitions, see [7] for more details. A proper and
lower semicontinuous function J: R — R U {400} is said to be essentially smooth if
dJ is locally bounded and single valued on its domain. The function J is essentially
strictly convex if (9.J)~! is locally bounded on its domain and J is strictly convex
on every convex subset of domdJ. A function J is Legendre if it is proper, lower
semicontinuous and it is both essentially smooth and essentially strictly convex. In
this section, we will rely on the following assumption.
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ASSUMPTION 13. The function J: X — R U {+oo} is Legendre.

In particular, Assumption 13 implies Assumption 10, since dom(9J) = int(dom(J))
by [7, Theorem 5.6]. Consider z¢ € int(domJ) and r > 0 such that B := {z € X :
|z — xol] < r} is a subset of int(dom J). Since J is Legendre, it is possible to define
the projection onto B with respect to the Bregman distance for every z € X (see [7,
Corollary 7.9]), by setting

(5.12) mp(x) := argmin D;(z, ).
zEB

Note that, under Assumption 13, the Bregman projection is univocally defined, mean-
ing that it does not depend on the choice of the subgradient. Indeed, if x ¢ int(dom J),
then Dj(z,x) = 4o00. Otherwise, = € int(dom J) = dom(9.J), where the subdifferen-
tial of J is single valued. Moreover, by definition, 7p(z) € B C int(dom J). Recalling
that it always holds int(dom J) C dom(9.J), we know that the subdifferential of J is
non empty at each point of B. In particular, under Assumption 13, the subdifferential
of J is single valued on B. We need an additional assumption on the function J on
the set B, namely a uniform upper-bound for the norm of its gradient.

ASSUMPTION 14. There exists R > 0 such that

sup [VJ ()| < R.
rEB

Note that, since J is Legendre and essentially smooth, then 0J is locally bounded and
single valued on its domain. This means that for every € dom(9J) there exists ¢ > 0
such that sup ||VJ(x)| < +oo, where the supremum is taken on the ball centered at
z with radius . In this context, we consider the loss function defined for all z,z’ € X
as the Bregman divergence between the projections onto B, namely

(5.13) Uz, 2'") = Dy(rp(z), (")),

which is univocally defined since g (z') € B, and the subdifferential of J is non empty
and single valued on B. We consider also the corresponding expected risk, defined as

L(f) = E[D;(rp(X),mp(f(Y)))]-

In this case, and in opposition with the other sections where we assumed that || X|| < 1,
we assume that X is such that X € B a.s.. As in the previous sections, we want to
bound the expected risk of the regularization method f(Y) = X defined as in (5.1),
when A is selected by ERM,

. 1 &
Ap € arg min — ZDJ(TFB(Xi)vﬂ'B(f/\(}/i)))'
Aea I

The corresponding error bound isgiven in the following corollary.

COROLLARY 4. Let Assumptions 3, 4, 11, 13 and 14 be satisfied and letn € (0,1).
Then, with probability at least 1 — 7,

1 2 26R 2N
+Q BT + ! log —.
Q n U

L(X3,) <
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Proof. To prove the statement, we will rely again on Theorem 1. Therefore we
just need to show that Assumptions 1 and 2 hold. We first show that Assumption 1
is satisfied. From 7p(z),mg(z') € B and Assumption 14, recalling that 9.J is single
valued on B, it follows that

0 < U=,2") = Dy(np(x),75(2") < Dy(rp(x),mp(2')) + Dy(rp(a’), 7p(x))
= (VJ(rg(z)) = VJ(rp(@")),m5(z) — mp(x’)) < 4Rr.
Then, the considered loss function (5.13) is bounded and Assumption 1 is satisfied
with M = 4Rr. Next, we check that Assumption 2 is satisfied. First, observe that
both X and X, belong to dom(dJ) almost surely since X € B by assumption and

since A* (Y —AX,)/A € 9J(X)) by the optimality condition. Then, the subdifferential
of J is not empty (and so single valued) at X, X and

dy(X, X)) = Dy(X,Xy) = Dy(X,75(X5)) + Dy(mp(Xr), Xi),
by the first order optimality conditions of problem (5.12) and the fact that X € B.
Again, since X € B almost surely, we have that 75(X) = X almost surely. Then, the
previous inequality implies that

(5.14)  L(Xi) = E[D,(rp(X), 75(X)))] = E[D; (X, 75(X)))] < E[d; (X, X))].

Theorem 4 gives the bound E[d;(X, X,)] < U(N), where U()\) = 72/(2)) + 32)\/2.
So, togheter with (5.14), this implies that

L(Xy) <UN).

The minimizer of U(A) is given by A, = 7/8 with U(\.) = 7. We derive directly
from the definition that

1+q267_: 14+ ¢

U(g\s) = % %

U(As)

for any ¢ > 1, where the multiplicative term (1+¢?%)/(2q) is a non decreasing function
for ¢ > 1. Hence, Assumption 2 is satisfied and we can apply Theorem 1 to obtain
the desired result. O

6. Numerical results. In this section, we provide an empirical validation of
the theoretical results discussed in the previous sections. We consider different ex-
perimental settings and, for each of them, we illustrate the excess risk decay as a
function of the number of training points n, showing that it goes to zero as n tends to
infinity. First, we consider the setting of linear inverse problems with squared norm
regularization. In this case, we focus on the Tikhonov regularization and Landweber
method. For both of them we compare the proposed data-driven procedure with the
so-called quasi-optimality criterion [6]. Then, we turn to more general regularization
penalties. More precisely, we consider the problem of denoising and deblurring sparse
signals with the ¢/!-norm, and TV denoising for images.

Code statement: All of the simulations have been implemented in Python on
a laptop with 32GB of RAM and 2.2 GHz Intel Core 17 CPU. In Section 6.2.2 we
also use the library Numerical Tours by G. Peyré [38]. The code is available at
https://github.com/TraDE-OPT /Supervised- Learning- for-Inverse- Problems.
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6.1. Spectral regularization. In this section, we empirically analyze the pro-
posed data-driven parameter selection strategy for Tikhonov regularization and the
Landweber method to solve an instance of a linear inverse problem as in Section 3.
We consider a problem of the form Y = AX +¢ which we describe next. The operator
A is a 70 x 70 square matrix with operator norm equal to one, built as follows. Given
a diagonal matrix D with elements d;; = =%, i = 1,...,70, and a random orthogonal
matrix U, we set A = UDUT /||[UDUTY |2, where in this case the squared norm coin-
cides with the operator one. It can be seen that the condition number of A is large,
and therefore the constructed matrix is ill conditioned. To ensure that Assumption 5
is satisfied with a known exponent, we define the random variable X € R0 as

X = (A*A)*Z,

with s to be fixed later and Z sampled uniformly in the unit ball This, jointly with
[A]l2 < 1, ensures that || X|| < 1 almost surely. Note that, in this setting, Assump-
tion 5 is satisfied with 8 = 1. Finally, ¢ ~ N(0,72Id), which satisfies Assumption
4.

The training set is obtained by sampling n = 100 independent pairs (y;, x;) from
the previous model. The section will be divided into two main parts: one where we
verify the theoretical results that we have proven, and another one where we compare
the studied method with the quasi-optimality criterion [45]. Finally, every experiment
is run 30 times, and we report both the mean (in solid lines) and the values between
the 5*-percentile and 95'"-percentile of the data (in shaded regions).

2.0
—— Tikhonov | o8 —— Landweber
15
0.6
= 10
x 0.4
<
0.5
0.2
1074 1073 1072 107t 10° 10t 10?2 10° 10t 102
A k

FiG. 1. Empirical risk trajectories of the Tikhonov and Landweber regularization methods. The
solid lines represent the mean value, while the shaded regions represent the 5t -percentiles and 95t -
percentiles over 30 trials. The x-axis is shown in logarithmic scale.

6.1.1. Illustration of the data-driven parameter choice. We start consid-
ering the problem described in Section 6.1 with noise level 72 = 0.125 and source
condition s = 3. Starting from the training set {(y;,z;)}1%], for every A € A, we
define the empirical risk for the Tikhonov regularized solution as

100

100 Z 1T XA (y:) — xiH27
i=1

(6.1) B(Xy) = —

where X (y;) = (A* A+ )~LA*y; (see Section 3). The empirical risk for the Landwe-
ber method is defined analogously, where in this case X (y;) = (I —yA* A/ A*y,
with v = 0.2. For both Tikhonov regularization and Landweber iteration, we build a
grid of regularization parameters A = {A1,..., Ax} as in Assumption 3, namely with
N =M@ for j=1,...,N and Q = (Ax/A)YN =Y. For Tikhonov we choose
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N =50, \; = 107% and Ay = 102, with a resulting Q ~ 1.3257. For Landweber, we
choose N =50, A\; = 1/250, A\5¢ = 1, with a resulting @ ~ 1.1193.

In Figure 1, the function A € A — E(X 1) is plotted for Tikhonov regularization.
For Landweber, we plot the function in terms of number of iterations k. According
to Section 2, the parameter proposed by our approach is A (or k = |1/A] in the case
of Landweber), where ) is a minimizer of the curves in Figure 1.

6.1.2. Illustration of Theorem 2. In this section we investigate the depen-
dence from the noise level 7 of the error of X}, see equation (3.7) in Theorem 2. For
every fixed variance 72 > 0 of €, let A\.(7), or k.(7) in the case of Landweber, be a
minimizer of the expected error,

(6.2) Ae(7) € argmin L(X)),
A€ (0,+00)

which we approximate through the corresponding empirical error Z(X A), given by
(6.1), with n = 10 training points (recall that L(X_(,)), with A (7) defined as above,
is a lower bound for the left hand side in equation (3.7)). As stated in Theorem 2,
L(X).(r)) goes to zero when 7 vanishes. The parameter o in Assumption 6 plays

an important role in the bound, since L(XA*(T)) < 721, In particular, we expect
L(X.(r)) to go to O faster when « increases. For Tikhonov, a = min{1, s} (since 1
is the qualification parameter for Tikhonov regularization). For Landweber, instead,
a = s. Therefore, in the experiments, we can vary « simply by choosing the value of
the smoothness parameter s. The influence of s on the decay rate of the reconstruction
error is shown in Figure 2 for different values of s. To determine \.(7) in the case of
Tikhonov, we set a grid of 100 equidistant points {\; }129, \; = 1075, A1 = 0.5, with
a constant spacing of 0.005 between consecutive points. We consider 50 different values
of the noise variance 72, ranging from 10~° to 0.1. For the Landweber method, we opt
for a set of 100 points {); }1%9, with A; = 1/150 and X190 = 0.51, and hence the optimal
stopping time k, will be found in the range k = 1,...,150. We consider 50 different
values of the noise variance 72 within the interval [107%,107%]. Finally, for Tikhonov
regularization, we choose the values s = 0.5,0.7 and 0.9, while for Landweber we
choose s =4, 5 and 6. The selected smoothness parameters allow us to gain a deeper
insight into the behaviour of the expected error with respect to the deterministic rate
obtained in Theorem 2. In Figure 2, we illustrate the quantity L(X)\*(T))/T(‘ls)/(z”l),
where it can be seen that all the curves, for every value of s, are bounded when 7
goes to zero. We can also observe that the quantity of interest is not going to zero,
therefore suggesting that the derived bounds are tight.

Finally, in order to explore Assumption 3, we will study the behaviour of the best
empirical regularization parameters, A(7) and k(7), with respect to the noise variance
72 and the smoothness parameter s for both Tikhonov and Landweber methods. Here,
the empirical risk is computed with 100 training points for smoothness parameters
s = 0.5, 0.9 in the case of Tikhonov and s = 2, 4 in the case of Landweber. We fix 30
different values of the noise variance, 72 € [10~%,0.1] with equal logarithmic spacing,
and we consider the following grids: A C [1075,1] with N = 50 and @ ~ 1.2068 in the
case of Tikhonov regularization, and A C [1/250, 1] with N = 200, and Q ~ 1.0281 for
Landweber. Note that the seleted range for the noise variance in Figure 2 is different
both for Tikhonov and Landweber. Indeed, the theoretical upper bound stated in
Theorem 2 does not necessarily need to be observed, experimentally, in the exact
same range for both cases.
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Tikhonov Landweber
102
2x107t
A" I V= @ —5s=09 |
; 10t
B 107t
= P s=4
§' 100 6x1072 s=5
4x102| Ve T s=6
1078 1077 106 103 10~4

FiG. 2. Behaviour of L(fx,) with respect to the rate 7, T = (4s)/(2s+1), obtained in Theorem
2, for different smoothness parameters s in the case of both Tikhonov and Landweber. Both azes
are shown in logarithmic scale.

Finally, it can be seen that the empirical parameters :\\(7’) and 74:\(7') exhibit a simi-
lar behaviour to the a priori optimal ones [23]: in the case of Tikhonov regularization,
it increases with the noise; i.e. A ~ 77 for some fixed p > 0 (see [23, Chapter 5]),
and in the case of Landweber, the number of iterations decreases with respect to the
noise. For instance, the optimal stopping time in the discrepancy principle behaves
as k ~ (1/7)%/(?t1) 5 being the smoothness parameter, see [23, Theorem 6.5]. In
the latter case, it is clear that the smoothness of the solution has an effect in the
regularization parameter, since for bigger values of s, the required optimal number
of iterations is smaller. This behaviour can also be observed for our method in the
corresponding image in Figure 3. The case of Tikhonov regularization is simpler to
analyze. From (3.2), we observe that the regularization parameter should promote
those solutions that are smoother or, in other words, for bigger values of the smooth-
ness parameter s. This behaviour is actually confirmed by our experiments, as we
observe in Figure 3.

Tikhonov Landweber
L e s=2
1072 s=4
1074
1073 102 ié-l

Fic. 3. Value of X, % when varying the noise level for both Tikhonov Landweber. Both pa-
rameters have been selected over a training set of 100 points, constructed with different smoothness
parameters as shown in the plot. Solid lines represent the mean value, while the shaded regions
represent the 5*" -percentiles and 95*" -percentiles over 30 trials. Both azis are shown in logarithmic
scale.

6.1.3. Illustration of error bounds. In this section, we discuss some numeri-
cal experiments supporting the error bound stated in Corollary 1, both for Tikhonov
and Landweber regularization methods. We use the grid A introduced in Section 6.1.1,
and we let Ay and kj be the parameters corresponding to the minimizers of the ex-
pected error —which we approximate with a minimizer of the empirical error with
Nmax = 10° points—. on the grid A for Tikhonov and Landweber method, respec-
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tively. Moreover, we define the empirical error for every n € {10, 20, ..., 150}, where
we sample fresh training points for every different value of n, and we denote by
A(n) and k(n) the parameters corresponding to the minimizers of the empirical er-
ror with n points. We then define the quantity A(n) := L(Xi(n)) — L(X,,) (or
A(n) := L(X?Z(n)) — L(X}, ) respectively). As stated in Corollary 1, the excess risk
goes to zero, up to a certain additive constant, when n goes to infinity, as confirmed
by the plot in Figure 4.

— Tikhonov | | - Landweber
0.0004
4
— e---o_
£ 0.0002 > e
< RS
e B
0.0000 0
20 40 60 80 100 120 140 20 40 60 80 100 120 140
n

F1G. 4. Excess risk behaviour with respect to the mumber of training points for noise level
72 = 0.2. In the y-awis we plot the quantity A(n), showing that it goes to zero when n increases.
The solid lines represent the mean value, while the shaded Tegions represent the 5™ -percentiles and
95tM _percentiles over 80 trials.

6.1.4. Comparison with the quasi-optimality criterion. In this section we
compare our data-driven approach to the quasi-optimality criterion [45]. The latter
is one of the most common and simple-to-implement heuristic parameter selection
methods and does not require the noise level to be computed. Theoretical guarantees
on its performance are available in the stochastic inverse problem setting [6]. First,
note that the computational cost of the two methods can be very different. The
quasi-optimality criterion performs instance-wise as all the usual parameter selection
methods; i.e. given a set of test data {(ys, )} 5", neest € N, and a regularization
method Xy, it outputs the best regularization parameter XZ for each y;, 7 =1, ..., Nest -
This could lead to high computational costs when the number of test points is big.
Indeed, the method needs to be run as many times as the number of points, and
for each test point the computation of the whole regularization path is required (see
below). On the contrary, our algorithm requires to have access to a training set,
but then, on test problems, the learned parameter X will be the same for every i =
1, ..., test, and only one regularized problem needs to be solved. In the following we
compare the two approaches in terms of average performance on the test problems
for Tikhonov and Landweber methods. For Tikhonov regularization, we fix a grid of
regularization parameters A C [1075,10], with N = 50, Q ~ 1.3257 and we denote
X, the solution of the regularized problem for the parameter A\; and datum y;,
i€ {1,...,Nest }. We fix ngest = 100. For each (y;,x;) in the test set, we select the
parameter with the quasi-optimality criterion, namely we set A\{® = X; ), where j, (i)
is defined as

J«(i) € argmin || X; x, — X x4 |-
j€0,...,50
Our method instead provides a unique //\\A, depending on the training set. For this
experiment, we fix a training set of 10° points. We then compare the average test
error corresponding to the two methods, where, for the quasi-optimality criterion we
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L'eam _ 1.9 Tikhonov
noise var. | 72 = 101 2 =103 72 =102 ~2=1
mean —1.32x 1077 | =5.46 x 10~° | —1.08 x 10~ 4 —0.2964
std 264x1072% | 1.20x10°° 240 x107° [ 4.16 x 1072
TABLE 1

Mean value and standard deviation of the error difference between our method and the quasi-
optimality criterion. Above, we compare methods in the case of Tikhonov reqularization for different
values of the noise variance.

Ligarn — L9, Landweber
noise var. | 72 = 10~1 2 =103 72 =102 =1
mean —0.0605 —0.7880 —0.9999 —0.2937
std 6.93x 10718 [ 2.22x 10710 [ 1.11 x 10~16 0
TABLE 2

Mean value and standard deviation of the error difference between our method and the quasi-
optimality criterion. Above, we compare methods for the Landweber iteration with different values
of the noise variance.

consider
100

1
L% = 100 < HXv:,Af}O - wiHQ-
=1
For Landweber iteration, we follow the implementation of the quasi-optimality crite-
rion proposed in [4], and we define A!® = \;_, where j, (i) is defined as
J«(i) € argmin

) ”Xi,?U//\HlJ - Xi,[1/>\j+1J||’
je{1/500,...,1}

and we compare the average test error as for the Tikhonov method.

We denote the test error corresponding to our method L™ (for both Tikhonov
and Landweber) and we compute the quantity L™ — L9° for 30 different realizations
of the training set. We show in Tables 1 and 2 the mean value and standard deviation
of the proposed experiment for both Tikhonov and Landweber with source condition
s = 3. As the tables suggest, the data-driven selection method performs differently
than the quasi-optimality criterion for both the Tikhonov and Landweber regular-
ization. First, observe that, in the case of Tikhonov regularization, the difference
between the two studied methods is small when the noise variance is small. Instead,
when such noise variance increases, the learned regularization parameter performs
better. In the case of Landweber, instead, it can be seen in 2 that the learned reg-
ularization parameter performs considerably better for all of the proposed quantities
of the noise variance, maintaining at the same time considerably low values for the
standard deviation.

6.2. Sparsity inducing regularizers. In this section, we explore the theoret-
ical results in Section 5.1 for three different examples: denoising and deblurring of a
sparse signal, and Total Variation regularization for image denoising. We start with
the simplest case: denoising of a sparse signal.

6.2.1. Denoising of a sparse signal. Let 2* € R? be an s-sparse signal; i.e.,
a signal with s nonzero entries, and consider the white noise model ¢ ~ N (0, 72Id),
with variance 72 > 0. We consider the denoising problem

(6.3) y=2z"+c¢,
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where z* is such that ||z*||2 < 1 as required by Assumption 12. The most classical
approach to recover x* having access only to y is to solve the Lasso problem [43],

1
6.4 in —|lz —yl3+ M=
(6.4) min 2|z —yll; + Allzll

where the ¢! norm promotes sparsity [17]. In this case, it is easy to show that the
solution admits a closed-form expression, that is

Xy =8x\(y), Ae(0,+00),

where Sy denotes the so-called soft-thresholding operator, introduced in [22], is defined
componetwise as

SA(Y))i =

for every ¢ < d. In this section, we will illustrate, from a numerical point of view,
Corollary 3 for this setting. We therefore aim at showing that the excess risk for this
problem goes to zero as n goes to infinity, up to a certain additive constant. To do
so, we first fix d = 1024, s = 16, 72 = 0.1. Then, we fix a grid of regularization
parameters of N = 50 points A = {1, ..., As0} C [107%,10], with Q ~ 1.2648 and, for
every n € {10, ...,150} we define X(n) as a minimizer of the empirical risk,

~ 1 <&
A(n) € argmin — Dy, (i, Sx(yi))-
(n) € argm ngj s (- Sa(v:)

where, for every n, we consider an independent set of training points {(y;, z;)}7 1,
generated according to (6.3). Finally, we let Ay be the minimizer of the expected error
(5.9), which we approximate with a minimizer of the empirical error with 7., = 10°
training points. We let A(n) = L(Sx(n)(y)) — L(Sx,(y)) denote the excess risk.
In Figure 5, we plot the quantity A(n) for every n € {10,...,150}, showing that,
empirically, the excess risk goes to 0, up to a certain additive constant, when the

number of points goes to infinity.

0.8
0.7
0.6

<os

<04
03
0.2
0.1

20 40 60 80 100 120 140

FiG. 5. FEzxcess risk behaviour of the signal denoising problem with respect to the number of
training points. In the y-axis we plot the quantity A(n), showing that it goes to zero when n
increases. The solid lines represent the mean value, while the shaded regions represent the 5%9-
percentiles and 95 -percentiles over 30 trials.

This manuscript is for review purposes only.



LEARNING THE OPTIMAL REGULARIZATION PARAMETER 27

6.2.2. Deblurring of a sparse signal. In this section, we consider the deblur-
ring of a sparse signal'. Our aim is to recover a sparse signal z* € R?% that has been
corrupted via a convolution operator A and additive noise:

(6.5) y=Ax" + ¢,

where z* is an 8-sparse signal such that ||z*||2 < 1, as required by Assumption 12,
and € ~ N(0,721Id) as pointed in Assumption 4. Moreover, the forward mapping A is
a linear convolution operator

z € R¥0 5 Az = h+x € R¥S,
with & the second derivative of a Gaussian. More precisely, let ¢(z) = e*"”2/(2”2),
then h = ¢" — p(¢"), being u(¢”) the expectation of ¢”. In order to recover x*, we
solve the following variational problem

1
min o || Az = y[[3 + A,

running the FISTA algorithm with constant stepsize [9] until convergence; i.e. until
the difference between iterates is smaller than 1076,

Next, we aim at illustrating Corollary 3; i.e., showing the error behaviour of the
learned regularization parameter when n goes to infinity. For this example, we fix
72 = 0.01 and the regularization method X to be the output of running the FISTA
algorithm as explained above. Then, we fix the grid of admissible regularization
parameters to be A C [1072,1] with N = 50 and Q ~ 1.0985. The ERM writes as

~

1 n
A(n) € argmin — Dy, (i, X (ys)).
(n) gm n; 0 (i)

where, for every n € {10,...,150}, we consider independent sets of training points
{(yi,x;)}?_4, that have been generated according to (6.5). Finally, let Ay be the
minimizer of the expected error (5.9) —which we approximate through the empirical
error with nya, = 10° training points—, and define A(n) = L(Xi(n)) — L(X),) to be
the excess risk. According to Corollary 3, it should go to zero as n goes to infinity,
up to a certain additive constant. We show in Figure 6 the quantity A(n) for every
n € {10, ...,150}.

Finally, we show one example of a reconstructed signal using our regularization
parameter choice. In order to learn the parameter A, we first construct a training
set of Ngrain = 100 clean/corrupted signals with the same distribution as the test
element that we want to reconstruct, with noie variance 72 = 2.5 x 1073. Then,
the regularization parameter will be the minimizer of the empirical risk (5.10) with
respect to the fixed training set. We show in the third row of Figure 7, the resulting
regularized solution with the learned regularization parameter.

6.2.3. Total Variation for image denoising. In this section, we use our data-
driven algorithm for choosing the regularization parameter of a Total Variation reg-
ularizer [14, 39]. To do so, we focus on the image denoising problem

(6.6) y=z2"+e¢.

Isee https://www.numerical-tours.com/python/
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F1G. 6. Ezcess risk behaviour of the signal deblurring problem with respect to the number of
training points. In the y-axis we plot the quantity A(n), showing that it decreases to zero with n
going to infinity. The solid lines represent the mean value, while the shaded regions represent the
5th_percentiles and 950 -percentiles over 30 trials.
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FiGc. 7. Deblurring of a sparse noisy, blurred signal with learned regularization parameter. In
the first row, we show the original signal; in the second, its blurred and moisy version; and in the
third row, the regularized solution with learned regularization parameter.

where z, y € R™4 d € N. A classical approach to solve (6.6) is to rely on the
following variational approach [41]

1
(6.7) min 2|z = y[3 + ATV (@),

where
TV(z) = ||Dz||1,

and Dx = (D, Dox) € R2¥4=1) ig the discrete derivative, defined as in [13]. Then,
we propose as regularization method X a solution of problem (6.7). Since (6.7) does
not have a closed-form solution, we compute it by running the FISTA algorithm on
the dual problem of (6.7), until convergence (i.e. until the difference between iterates
is smaller than 10~%). First, we show the error behaviour of the learned regularization
parameter plot for this example, illustrating Corollary 3.

We consider the MNIST dataset of 28 x 28 images of digits from 0 to 9, and
corrupt them as follows: every clean image z* € R2*28  will be corrupted as in (6.6)
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with Gaussian noise ¢ ~ N (0, 721d). We fix the noise variance to be 72 = 0.01 for this
section. Then, we fix a grid of N = 50 points A = {\q,..., As0} C [107%,1071], with
Q =~ 1.1514. For every n € {10, ...,100}, we let A(n) be a minimizer of the empirical
risk,

~ 1
A(n) € ar§riunf E Dy (i, X (yi))-
€ i=1

where, for every n, we consider an independent training set of points {(y;, z;)}7",
randomly selected from a set of 3 x 10% images. The best regularization parameter
Aa is the minimizer of the expected error (5.9), which we approximate with nyax =
7 x 10® training points constructed as in (6.6). With this, we define the excess risk
as A(n) = L(Xi(n)) — L(X>,). As shown in Figure 8, the quantity A(n) goes to zero
when n goes to infinity, up to a certain constant, as indicated in Corollary 3.
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—~3.04
3 3.03
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3.01
3.00

20 40 60 80 100 120 140

Fic. 8. Ezcess risk behaviour of the Total Variation denoising problem with respect to the
number of training points. In the y-azis we plot the quantity A(n), showing that it goes to zero
when n increases. The solid lines represent the mean value, while the shaded regions represent the
5th_percentiles and 950 -percentiles over 30 trials.

Finally, as an illustrative example, we explore the performance of the studied
parameter selection method on test images from the MNIST dataset. We compute
four different data-driven regularization parameters for four different training sets,
each of 100 training points, and check the reconstruction results of the TV regularized
solution for two different digits in the test set. The results are shown in Figure 9. We
observe that the recovery results on single test images may vary depending on the set
of points that was used for training. This is expected, since our parameter selection
method has been designed in order to perform effectively on average.

7. Conclusions. In this paper, we studied the problem of learning the regu-
larization parameter for regularization methods in inverse problems. Such topic has
gained atention in the past years due to its promising results in many applications
[32, 33, 42], since it does not require to have any prior knowledge neither on the noise
level nor on the ground truth. By applying statistical learning techniques [16, 46], we
were able to characterize the error performance of this method following an empirical
risk minimization approach. Various numerical experiments have been included in
order to validate and illustrate the theoretical findings.

Our analysis studies a wide variety of regularization methods, including spec-
tral regularization methods (Tikhonov regularization, Landweber iteration, the v-
method), non-linear Tikhonov regularization [23] and general convex regularizers such
as sparsity inducing norms [3] and Total Variation regularization [39].
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Fic. 9. Total Variation denoising algorithm for two digit in the test set. From left to right,
in every row, we plot the original image, its noisy version, and the recovery obtained with different
regqularization parameters. We also include, accordingly, the Bregman distance with respect to the
original image and the value of the regularization parameter that has been used for such recovery.

An interesting research direction is the analysis of state-of-the-art approaches
involving deep learning methods. We believe that our results are a step forward
towards understanding the underlying theoretical principles that govern the iteraction
between classical regularization techniques and data-driven/learning approaches. This
comprehension is crucial as it could substantially enhance our confidence in using these
hybrid models, validating their combined use.
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