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Classification problem

Binary Classifier

Predictors Class

Training Data

X1 X2 X3 X4 C

1 1 4 0 +1
−1 1 5 0 −1
1 2 2 1 −1

New predictions

C

X1X2 X3

X4
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Some notations

predictors, X = (X1, . . . ,Xn), Xi ∈ Ωi , |Ωi | = mi

Ω = Ω1 × Ω2 × · · · × Ωn

class, C ∈ {−1,+1}
P(C ,X1, . . .) = P (C |pa(C ))

∏
i P (Xi |pa(Xi ))

ĉ(x1, . . . , xn) = arg max
c∈{−1,+1}

P(C = c |X1 = x1, . . . ,Xn = xn)

= arg max
c∈{−1,+1}

P(C = c ,X1 = x1, . . . ,Xn = xn)

P(C , X1, X2, X3, X4) = P(X1)P(X2)P(C |X1, X2)P(X4|C , X2)P(X3|X4, C)

C

X1

X2

X3

X4

conditional probabilities are
estimated by data or given
by experts

we assume conditional
probability tables different
from zero
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ĉ(x1, . . . , xn) = arg max
c∈{−1,+1}

P(C = c |X1 = x1, . . . ,Xn = xn)

= arg max
c∈{−1,+1}

P(C = c ,X1 = x1, . . . ,Xn = xn)

P(C , X1, X2, X3, X4) = P(X1)P(X2)P(C |X1, X2)P(X4|C , X2)P(X3|X4, C)

C

X1

X2

X3

X4

conditional probabilities are
estimated by data or given
by experts

we assume conditional
probability tables different
from zero

G. Varando (UPM) 23/01/2017 3 / 24



Some notations

predictors, X = (X1, . . . ,Xn), Xi ∈ Ωi , |Ωi | = mi

Ω = Ω1 × Ω2 × · · · × Ωn

class, C ∈ {−1,+1}
P(C ,X1, . . .) = P (C |pa(C ))

∏
i P (Xi |pa(Xi ))
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Some taxonomy

C

Naive Bayes

X1 X3

X2

P(C )
∏

i P(Xi |C )

C

Tree Augmented NB

X1 X3

X2

P(C )
∏

i P(Xi |C , pa(Xi ))

C

SPODE

X1 X3

X2

C. Bielza, P. Larrañaga (2014). Discrete Bayesian network classifiers:
A survey. ACM Computing Surveys, 47 (1).
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Some taxonomy

C

k-dependence

X1 X2 X3 X4

C

Bayesian Augmented NB

X1

X2

X3

X4

X5

C. Bielza, P. Larrañaga (2014). Discrete Bayesian network classifiers:
A survey. ACM Computing Surveys, 47 (1).
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Expressive power

a classifier is “equivalent” to a
decision function

f : Ω 7→ {−1,+1}

how many decision functions do
exist over Ω?∣∣∣{−1,+1}Ω

∣∣∣ = 2|Ω| = 2
∏

i mi

we can represent decision
functions as sign of polynomial
over Ω

f (x) = sgn(r(x))

x

y
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BAN classifier

C

X2X1 X3 X4

X5

f (x1, . . . , xn) = arg maxc P(C = c |X1 = x1, . . . ,Xn = xn)
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Polynomial representations

G a directed acyclic graph with nodes Xi without V -structures

f , a decision function over predictor variables Xi ∈ Ωi

Then
f (x) = sgn

(
r(x)

)
r(x) =

n∑
i=1

mi∑
j=1

`Ωi
j (xi )

∑
k∈Mi

βi (j |k)
∏

s∈pa(i)

`Ωs
ks

(xs)

~ww�
f is induced by a BAN classifier whose predictor sub-graph is G

Varando, Bielza, Larrañaga (2015). Decision boundary for discrete
Bayesian network classifiers. Journal of Machine Learning Research,
vol. 16, pp. 2725-2749, 2015.
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proof ⇒

Lagrange interpolation of discrete probability

Xi ∈ Ωi = {ξ1
i , ξ

2
i , . . . , ξ

mi
i } ⊂ R

Lagrange polynomials `Ωi
j (x) =

∏
k 6=j

(x−ξki )

(ξji−ξ
k
i )∏

i∈I `
Ωi

ji
(xi ) = [xi = ξjii ∀i ∈ I ]∑mi1

ji1 =1

∑mi2

ji2 =1 · · ·
∑mip

jip =1

∏
s∈I `

Ωs

js
(xs) =

∏
i∈I\J `

Ωi

ji
(xi )

P (X1 = x1|X2 = x2, . . . ,Xn = xn) =∏
(j1,...,jn) p(j1|j2, . . . , jn)[xi=ξ

ji
i ∀i=1,...,n] =∏

(j1,...,jn) p(j1|j2, . . . , jn)
∏m

i=1 `
Ωi
ji

(xi )
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proof ⇒

Given a BAN classifier we define now

βi (j |k) = ln

P
(
Xi = ξji |C = +1,Xs = ξkss , ∀s ∈ pa(i)

)
P
(
Xi = ξji |C = −1,Xs = ξkss , ∀s ∈ pa(i)

)


then from

P(C = +1,X1 = x1, . . . ,Xn = xn) > P(C = −1,X1 = x1, . . . ,Xn = xn)

we derive
n∑

i=1

mi∑
j=1

`Ωi
j (xi )

∑
k∈Mi

βi (j |k)
∏

s∈pa(i)

`Ωs
ks

(xs) > 0
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proof ⇐

For the other implication we assume there are no V -structures in the
predictor sub-graph.

C

X2X1 X3

X4

X5

for every polynomial∑n
i=1

∑mi
j=1 `

Ωi
j (xi )

∑
k∈Mi

βi (j|k)
∏

s∈pa(i) `
Ωs
ks

(xs )

we prove there exist probability
tables compatible to the given
structure that induce the
polynomial

G. Varando (UPM) 23/01/2017 11 / 24



SPODE example

C

Xt

X1 X2

r(x) =
∑n

i=1

∑mi
j=1 `

Ωi
j (xi )

∑
k∈Mi

βi (j |k)
∏

s∈pa(i) `
Ωs
ks

(xs)

r(xt , x1, x2) = (1− xt) ln
(

0.4
0.8

)
+ xt ln

(
0.6
0.2

)
+
(

(1−x1)(2−x1)
2 ln

(
0.2
0.1

)
+ x1(2− x1) ln

(
0.7
0.1

)
+ x1(x1−1)

2 ln
(

0.1
0.8

))
(1− xt)

+
(

(1−x1)(2−x1)
2 ln

(
0.7
0.3

)
+ x1(2− x1) ln

(
0.1
0.2

)
+ x1(x1−1)

2 ln
(

0.2
0.5

))
xt

. . .

. . .
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Geometric considerations

Consider the space PFBN as the space of interpolating polynomials over Ω

PFBN is generated by δk(x) =
∏n

i=1 `
Ωi
ki

(xi ) (canonical basis)

PG is a vectorial subspace of PFBN

dim
(
PG
)

=
∑n

i=1

(
(mi − 1)

∏
s∈pa(i) ms

)
+ 1

every decision function f is represented in PFBN by an orthant

PG can sign-represent a given decision function if it intersects the
corresponding orthant in PFBN
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Bounding the expressive power

Corollary

BAN classifier without V -structures. Then

|sgn(PG)| ≤ C (M, d) = 2
d−1∑
k=0

(
M − 1

k

)

where d =
∑n

i=1

(
(mi − 1)

∏
s∈pa(i) ms

)
+ 1 and M =

∏n
i=1 mi

Fraction of Decision Functions Representable

C (M, d)

2M
→ 0 as n→∞

Varando, Bielza, Larrañaga (2015). Decision boundary for discrete
Bayesian network classifiers. Journal of Machine Learning research,
vol. 16, pp. 2725-2749, 2015.

G. Varando (UPM) 23/01/2017 14 / 24



Multi-Label Classification Problem

Multi-dimensional binary classification

f : Ω = Ω1 × · · · × Ωn → {−1,+1}h

(x1, . . . , xn) 7→ (c1, . . . , ch)

Equivalent to multi-label problem with h labels

Ω1 × · · · × Ωn → Y ⊂ Y = {y1, . . . , yh},

G. Varando (UPM) 23/01/2017 15 / 24



Binary Relevance Method

Binary Relevance (BR) method consists of building h independent
one-dimensional classifier, one for each class variables C1, . . . ,Ch

C1

X1 X2

X3

C2

X1

X2

X3

C3

X1

X2

X3
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Binary Relevance Method

f = (f1(x), f2(x), . . . , fh(x)) is the multi-valued decision function induced
by the h BAN classifiers www�

there exist p1(x), . . . , ph(x) ∈ PG such that

fi (x) = sgn(pi (x)) for every i ∈ {1, . . . , h}

N(G, h) = number of h-valued decision functions representable by Binary
Relevance method using BAN classifier with predictor subgraph G

N(G, h) ≤ C (M, d)h

N(G, h)

2hM
≤
(
C (M, d)

2M

)h

→ 0
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Chain classifier

C1

X1 X2

X3

C2

X1

X2

X3

C1

C2 C3

X1

X2

X3

C1
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●

●

●

●

●

●

(0,2)

(0,3)

(0,4)

(1,2)

(1,3)

(1,4)

(+1,−1)

(+1,−1)

(+1,+1)

(+1,−1)

(−1,−1)

(−1,+1)

●

●

●

●

●

●

(0,2)

(0,3)

(0,4)

(1,2)

(1,3)

(1,4)

(+1,−1)

(+1,−1)

(+1,+1)

(+1,−1)

(−1,+1)

(−1,+1)

sgn

q̂k(x) +
k−1∑
j=1

[
βj(−1)`

{−1,+1}
−1 (ĉj) + βj(+1)`

{−1,+1}
+1 (ĉj)

]
|F \ D| > |Ω|

h−1∑
k=1

(
(h − 1)

k

)
2k = |Ω|

(
3h−1−1

)

Varando, Bielza, Larrañaga (2015). Decision functions for chain
classifiers based on BN for multi-label classification. International
Journal of Approximate Reasoning
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Some more geometrical observations...

Return to the simple naive Bayes, denote `Ωi
j = `i ,j

PNB =


n∑

i=1

mi∑
j=1

αi (j)`i ,j(xi ) αi (j) ∈ R

 ,

1 = `0 =

mi∑
j=1

`i ,j ∀i = 1, . . . , n

we can use the following basis:

B =

{
`i ,j ,

i = 1, . . . , n
j = 2, . . . ,mi

}
∪ {`0}

scalar product over PFBN

〈p, q〉 =
1

|Ω|
∑
x∈Ω

p(x)q(x)
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Dual basis

With respect to the scalar product defined the dual basis is

B∗ =

{
`i ,j ,

i = 1, . . . , n
j = 2, . . . ,mi

}
∪ {`0}

where
`i ,j = mi (`i ,j − `i ,1)

`0 = `0 −
n∑

i ′=1

mi∑
j ′=2

1

mi ′
`i

′,j ′

so we can define a projection over PNB

PrNB : P 7→ PNB

PrNB(p) =
n∑

i=1

mi∑
j=2

〈p, `i ,j〉`i ,j + 〈p, `0〉`0

G. Varando (UPM) 23/01/2017 21 / 24



Dual basis

With respect to the scalar product defined the dual basis is

B∗ =

{
`i ,j ,

i = 1, . . . , n
j = 2, . . . ,mi

}
∪ {`0}

where
`i ,j = mi (`i ,j − `i ,1)

`0 = `0 −
n∑

i ′=1

mi∑
j ′=2

1

mi ′
`i

′,j ′

so we can define a projection over PNB

PrNB : P 7→ PNB

PrNB(p) =
n∑

i=1

mi∑
j=2

〈p, `i ,j〉`i ,j + 〈p, `0〉`0

G. Varando (UPM) 23/01/2017 21 / 24



Scalar product and error

f is the “true” decision function

f̂ the estimated one

arg minf̂ err(f , f̂ ) = arg maxf̂ E [f (x)f̂ (x)] = arg maxf̂ 〈Pf , f̂ 〉
but sign(·) is non-linear

no direct link between arg maxr∈PNB 〈Pf , sign(r)〉 and
arg maxr∈PNB 〈Pf , r〉
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f = sign
(

ln
(
P(x,+1)
P(x,−1)

))
the Bayes decision function

R = arg maxr∈PNB 〈P(x)f , sign(r)〉
PrNB(Pf ) 6∈ R in general

∃? g : Ω 7→ R s.t. f = sign(g) and PrNB(g) ∈ R
∃?φ s.t. ∀D training set, gD = φ(PD) f̂D = sign(gD) and
PrNB(gD) ∈ RD
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