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1. INTRODUCTION

It was shown by C. R. Rao in a paper published 1945 [23] that the set of positive
probabilities A°(€2) on a finite state space € is a Riemannian manifold, as it is defined in
classical treatises such as [7] and [I1], but in a way which is of interest for Statistics. It
was later pointed out by Sun-Ichi Amari that it is actually possible to define two affine
geometries of Hessian type [29] on top of the Rao’s Riemannian geometry, but see also the
original contribution by Steffen Laurizen [12]. This development was somehow stimulated
by two papers by Efron [§, 9]. The original work of Amari was published in the '80s, see
Shun’ichi Amari [I], see monograph presentations in [10] and [3]. Amari gave to this new
topic the name of Information Geometry and provided many applications, in particular
in Machine Learning [2].

Information Geometry and Algebraic statistics are deeply connected because of the
central place occupied by statistical exponential families [4] in both fields. There is
possibly a simpler connection, which is the object of the first part of this presentation.
The present tutorial is focused mainly on Differential Geometry.

The present tutorial treats only cases where the statistical model is parametric. How-
ever, there is an effort to use methods that scale well to the case where the statistical
model is essentially infinite dimensional, e.g. [5 6], parry—dawid—lauritzen:2012, [14],
and, in general, all applications in Statistical Physics.

Where to start from? Here is my choice, but read the comments by C. R. Rao to
Scholarpedia.

1.1. C. R. Rao. In [23] we find the following computation:

jt O T ZU
— Z U(x)—
= ZU log p(z;t)) plast)
= Z Eye [U]) %bg (p(:)) p(x;1)
= Ep) {(U—Epm U]) ;ilog( (t ))}

= (0B 01 o ) )

p(t)

Here the relevant point is fact the scalar product is computed at the running p(t) and
the Fisher’s score % log (p(t)) appears as a measure of velocity.

1.2. S.-H. Amari. In [2] there are applications of computations of the following type.
Give a function f: A°(Q) — R,
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Ef(p(f)) = Z %f(p(w;t): T € Q)%p(%t)
d
= ( grad t)),—lo x;t
(#0160, s o))

= (190 100) ~ By g SO, G Rox p:0) )

where grad f(p(t)) — Epq [grad f(p(t))] appears as the gradient of f in the scalar product
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2. FINITE STATE SPACE: FULL SIMPLEX

Let © be a finite set with n + 1 = #Q points. We denote by A(Q) the simplex of
the probability functions p: @ — Rsq, >, .op(z) = 1. It is a n-simplex, i.e. an n-
dimensional polytope which is the convex hull of its n 4+ 1 vertices. It is a closed and
convex convex subset of the affine space 4,(Q) = {q € ]RQ‘Z%Q g(z) =1} and it has
non empty relative topological interior.

The interior of the simplex, A’ is the set of the strictly positive probability functions,

Zp(:v) =1,p(z) > O} .

€N

A°(Q) = {p c R?

The border of the simplex is the union of all the faces of A(Q2) as a convex set. We
recall that a face of maximal dimension n — 1 is called facet. Each face is itself a simplex.
An edge is a face of dimension 1.

Remark 1. The presentation below does not use explicitely any specific parameterization
of the sets A°(Q2), A(2), A;(2). However, the actual extension of this theory to non
finite sample space requires a carefull handling as most of the topological features do not
hold in such a case. One possibility is given by the so called exponential manifolds, see
[21].

2.1. Statistical bundle. We first discuss the statistical geometry on the open simplex
as deriving from a vector bundle with base A°(Q)). The notion of vector bundle has been
introduced in non-parametric Information Geometry by [13]. Later we will show that
such a bundle can be identified with the tangent bundle of proper manifold structure.
It is nevertheless interesting to observe that a number of geometrical properties do not
require the actual definition of the statistical manifold, possibly opening the way to a
generalization.

For each p € A°(Q2) we consider the plane through the origin, orthogonal to the vector

Op. The set of positive probabilities each one associated to its plane forms a vector
bundle which is the basic structure of our presentation of Information Geometry, see Fig.
. Note that, because of our orientation to Statistics, we call each element of R® a random
variable. A section mapping S from probabilities p € A°(§2) to the bundle, E, [S(p)] =0
is an estimating function as the equation F(p,z) =0, x € Q, provides an estimator that
is a distinguished mapping from the sample space (2 to the simplex of probabilities A(£2).

We can give a formal definition as follows.

Definition 1.

(1) For each p € A°(QQ) let B, be the vector space of random variables U that are
p-centered,

Bp:{U:Q%R

E,[U] =) Ux)p(z) = 0} :

e
Each By, is an Hilbert space for the scalar product (U,V), = E, [UV].
(2) The statistical bundle of the open simplex A°(Q2) is the linear bundle on A°())

TAYD) = {(p. U)lp € A(O).U € By}



F1GURE 1. The red triangle is the simplex on the sample space with 3
points Q = {x,y, z} viewed from below. The blue curve on the simplex is
a one-dimensional statistical model. The probabilities p are represented by
vectors from O to the point whose coordinates are p = (p(z),p(y), p(2)).
The velocity vectors Dp(t) of a curve I — p(t) are represented by arrows;
they are orthogonal to the vector from O to p.

It is an open subset of the variety of R® x R® defined by the polynomial equations

ZzEQ p(l‘) =1 )
Y e Ux)p(z) =0
(3) A vector field F' of the statistical bundle is a section of the bundle i.e.,
Fi A%(Q) 5 p s (p, F(p) € TA(Q)

The term estimating function is also used in the statistical literature.
(4) If I >t p(t) € A°(Q) is a C' curve, its score is defined by

o) _ d
Dp(t) =—>+ = —1 t tel.
p(t) o) "t og p(t),
As the score Dp(t) is a p(t)-centered random variable which belongs to By for
all t € 1, the mapping I > t — (p(t), Dp(t)) is a curve in the statistical bundle.
Note that the notion of score extends to any curve p(-) in the affine space A;(2)

by its relation to the statistical gradient, i.e. Dp(t) is implicitely defined by

(grad F(p(1)) — By [grad S(p(0))],. ), f € CHR?) .

(5) Given a function f: A°(Q) — R, its statistical gradient is a vector field V f: A°(2)
p— (p, VF(p)) € TA°(Q) such that for each differentiable curve t — p(t) it holds

% Fp(8) = (V f(p(1)), D)),

Remark 2. The Information Geometry on the simplex does not coincide with the geometry
of the embedding of the simplex A°(2) — R®, in the sense the statistical bundle is not
the tangent bundle of these embedding, see Fig. [I} It will become the tangent bundle of
the proper geometric structure which is given by special atlases.

Remark 3. We could extend the statistical bundle by taking the linear fiberts on A(2)
or A;(2). In such cases the bilinear form is not always a scalar product. In fact (-,-), is
not faithful where at least a component of the probability vector is zero, while it is not
positive definite ourside the simplex A(€).
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Remark 4. The vector Dp(t) € By is meant to represent the relative variation of the
information in a one dimensional statistical model. The score is a representation of the
velocity along a curve, because of the geometric interpretation of C. R. Rao’s already
mentioned classical computation of [23],

d d
o V1= G5 S UG = S UGG
S U )% 1o (p(r: 1)) (1) = 3 (U(e) — By [U]) 5 Tog (ol 1)) plas 1) =

T

E {(U 0 [U]) ! log (p(t } - <U Ep) [U] ’Dp(t)>p(t)

dt
We observe that the scalar product above is the scalar product on B,y because U
U —E, [U] takes values in B,,.

Remark 5. Consider the level surface of f at py € A°(Q2), thatis {p € A°(Q)|f(p) = f(po)},
and assume V f(pg) # 0. Then for each curve through pg, I — p(t) with p(0) = pg, such

that f(p(t)) = f(p(0)), we have
d
0= Ef(?(t)) = (Vf(p(t), Dp()py| = (Vf(po), Dp(to)),,
that is all velocities Dp(ty) tangential to the level set are orthogonal to the statistical

t=0 =
gradient. Note that we have not jet defined a manifold such that the statistical bundle is
equal to the tangent bundle.

Remark 6. If the function f: A°(Q) — R extends to a C'' funtion on an open subset
of R, then we can compute the statistical gradient via the ordinary gradient in the

geometry of R, namely grad f(p) = (%@f(p): x € Q) In fact,

p0) = 3 gy ) € ) pptast) =

(grad f(p(t)), Dp(z; t)>p(t) = <grad f(p(t)) — Epe) [grad f(p(t))] 7Dp<t)>p(t) -
(Vf(p(t)), Dp(t)) ) »
where grad f(p(t)) — Epu [grad f(p(t))] is the projection of grad f(p(t)) onto B, with

respect to the scalar product (., .>p(t). Note that the statistical gradient is zero if, and
only if, the ordinary gradient is constant.

Definition 2 (Flow).

(1) Given a vector field F, the trajectories along the vector field are the solution of
the differential equation

Doty = F(t)) or Sp(t) = p()F (1))

(2) The flow is a mapping S: A°(2) x Ryg 3 (p,t) — S(p.t) € A°(Q) such that
S(p,0) =p and t — S(p,t) is a trajectory along F.

(3) Given f: A°(Q2) — R with statistical gradient p — (p,Vf(p)) € TA(Q) a solu-
tion of the s-gradient flow equation, s = +1, starting at py € A°(£2) at time t,
is a curve I — (p(t), Dp(t)) € TA°(?) such that Dp(t) = sV f(p(t)), t € I, and

such that p(ty) = po.
6
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FIGURE 2. The FRAC function on the 3-point simplex (left) and extended
to the affine space (right). Note difference between the flow of the ordinary
gradient and the flow of the statistical gradient.

(4) The s-gradient flow is a mapping
A(Q) X T3 (p.t) s S(pit) € A(Q) |

0 € I, such that t — S(p,t) is the solution of the gradient flow equation starting
at p at time 0,

D S(p.1) = VF(S(p.1), 1T and S(p,0)=p

Remark 7. If we have a solution of the +1 gradient flow Dp(t) = V f(p(t)), t € I, then

%f (p(t) = (V£ (), Dp()y) = IV F P50y = 1 D205

It follows that

Fo(t) — F(po) / IV ()2, dt— / IDpOIZ,

Assume that p — f(p) is bounded and t— |IVf(p (t))||p(t) = ||Dp( )||p(t) is uniformely
continuous. Then limy o, f(p(t)) — = IS IV f(p(t ))||p(t =I5 ||Dp(t)||i(t) dt
is finite, hence limy ., ||Vf(p(t))||p( = hmt_>oo ||Dp(t)||p(t =0 (Barbalat lemma). If
P> ||Vf(p)||; has an isolated zero p, then lim; ,., p(t) =

2.2. Example: fractionalization. Consider the function

FRAC(p) = Y p(z)(1—p(x)) =1 = p(x)’, peA(Q),

zeN zeQ

see Fig.
Its value is 0 if, and only if, p is a vertex of the simplex, otherwise it is positive. It

is an index used in the Social Sciences to measure the fractionalization of the society in
7
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FIGURE 3. The entropy function on the 3-point simplex (left) and extended
as — Y _.cqP(z)log |p(x)| to the affine space (right). Note the large inverted
triangle corresponding to the cases of the type p(z) = 0, p(y) + p(z) = 0.

er)

which is 0 on the uniform distribution. The same Eq. extends to A;(€2), where the
statistical gradient is 0 at the vertexes of the simplex. On the uniform distribution
FRAC takes the maximal value (n — 1)/n. The +1 gradient flow equation is

Dp(t) = —2p(x) + 23 _p»)? or p(t) = 2p(t)(D_ ply)?

yeQ ye

various groups. In fact, the gradient is

VFRAC (p) = (—2p(x) +2) py)

I do not know a closed form solution. The function V(p) = > ., p(x)? has statistical
gradient VV(p) = (2(p(m) =2 eaPW)?)|z € Q) = —V FRAC (p), so that

(VV(p), VFRAC (p)), <0,
that is V' is a Lyapunov function for FRAC.

2.3. Example: entropy. The combination of Dp as a definition of the derivative and
of the metric (-, ), ,) on the vector fiber provides a computable rule for the gradient. We

compute the gradient of the entropy H(p) = —E, [logp|, p € A°(Q), see Fig.
Let us compute the gradient:

) =
— i Pl g (p{a: 1) = — (g (1)) + D) =

€N z€e)
(—log (p(t) = H(p(t)) , Dp(t)),) -

hence VH(p) = —logp — H(p). Note that the gradient is zero if, and only if, the

distribution is uniform.
8



Let us solve the flow of the gradient equation

Dp(t) = VH(p(t)), p(0)=po,

that is
< log (p(1) = ~log (p(1)) — H(p(1))

It follows

(e og (1)) = —eH(p(1)
hence

e log (1)) = log () ~ | H(p() ds
so that
p(t) = p 2
exp (fo e~ (=) H(p(s)) ds)

and

o ([ I ds =Sl

e

In conclusion, we have proved that the solution of the gradient flow tends to the proba-
bility with maximal entropy, that is to the uniform distribution.
Let us consider the negative gradient flow,

Dp(t) = =VH(p(t), p0)=po,

that is
 log (p(1) = o8 (p(t)) + H(p(1))

It follows

% (e tlog (p(1))) = e *H(p(t)) ,
hence

oz (p(t) = oz () + [ < H(p()) ds

so that

p(t) = %

exp (fo et H(p(s)) ds)

and

exp ([ m06)) d5) = X )

z€Q

In conclusion, it is easy to check that the solution of the negative gradient flow tend

to the probability in A(£2) which is uniform on the set {z € Q|po(z) = max, po(y)}.
9
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FiGURE 4. Polarization

2.4. Example: the polarization measure. M. Roynal-Quenol has defined the index
of polarization in her PhD thesis, discussed at LSE on 2001, see [25] to be

POL: 8,3 143 (5= 9(0) i) =43 pla)(1 = p(o)

From the first form it follows that the value is 1 if, and only if, p(z) = 1/2 or p(z) =0
for all x, that is p is the uniform distribution on a couple of points, (";1) = @ cases.
Otherwise it is < 1. From the second form, we see it is > 0 and 0 on the vertexes of the
simplex only.

Note that we can extend the funtion POL on the affine space

Zq(ac)zl} .

€N

A(Q) = {q € R®

See in Fig. [ the two cases. On such extension it is still true that the function is zero
on the vertexes of the simplex A(f2), but it is not anymore true that the maximum is
reached on the middle points of the edges.

WS Q)

The statistical gradient is the vector
This example shall be discussed again in the context of parameterization.

V POL (p) = <8p(:v) —12p(x)* =8> p(y)*+12> p(y)*

ye yeQ

2.5. Transports. For each random variable U € B,, note that E, [U — E, [U]] = 0 and
E, [%’U } = 0, so that we can define the following transport mappings.

Definition 3.
(1) The e-transport is the family of linear mappings
UL B, 52U~ U—-E,[U] € B, .
10



(2) The m-transport is the family of linear mappings
U:B,2U U € B,

(3) The h-transport is the family of linear mappings

-1
oye. B SUH\/EU—<1+E {1/1-’) (1+\/?)E [ ?u] B
P P q q q q q q q

Proposition 4.
(1) *U;tue = *Up, U U = TU, Y0P U = w.
+
(2) <+U%U V), = w uvY,
(3) < Ui, Ugv>q = (U, V>p.
0 0 _
(4) < Ui, [UgV>q = (U, V)p.
2.6. Connections. Second order geometry is usually based on a notion of covariant
derivative or a notion of connection. It leads to interesting applications in optimiziation,
such as the use of a Newton method based on the computation of the proper Heflian.
Here we restrict to a definition of accelleration based on the use of transports.

Let us compute the accelleration of a curve I + p(t). The velocity ist — (p(t), Dp(t)) =
(p(t), L log (p ( ))) € TA°(Q2). The vector Dp(t) has to be checked against an element of

By, say Uﬁ v. We can compute an accelleration as

(Dp(e), U0 = (U, Dp(t), v vy

d +
= w,D
< 7 Uy Dp(1), >
p
 d -
<+[Ug ai Vo Pr) Ug(%> (0
p

The exponential accelleration is

d d (p(t H(t
+[Up(t) o +[Uz " Dp(t) = +Up(t)£ (p_) ~E, {MD

o (PO —p()?* o [BE)p(t) — p(t)?
K DR [ p(1)? D
_ Bp) — () o {p(t)p(t) - p(t)Q}
p(t)’ i~ p(t)?
p(t)

Ezponential families have null exponential accelleration: for p(t) = exp (tu — (1)) p,
we have



We could have computed the accelleration as

%<Dp( +Up(t)v> ;i< Up Dp() >p

= (i VDo)

) @
_< Up dt Up(t)Dp(t)’+Ug(t)U>

hence we can compute the mizture accelleration as follows
i @ p d (p(t)p(t)
Ur® P D = —
bogr DmoPP) = p(t) dt ( p p(t)
i
p(t)
In follows that mizture models have null mizture accelleration.

We could compute the Riemannian accelleration as OU’;t 4 OIU;; v DPp(t). See some
developments in [20, 21], 14

p(t)

2.7. Atlases. We now turn to the explicit introduction of atlases of charts. Each of these
chart correspond to a different geometry, in particular to different notion of geodesics.

Definition 5 (Exponential atlas). For each p € A°(Q2) we define
sp: TA(Q2) 5 (¢, w) — (logg -E, {log 2] ,+U§w) € B, x B,
p p

Proposition 6 (Exponential atlas).

(1) If u = s,(q), then q¢ = " K2® . p with K,(u) = logE,, [e%].
(2) The patches are

sy (u,v) (e K p v — dK, (u)[v]

(3) The transitions are

Spy © Sy, 0 (u,0) (+U”1u + log— -E, {10 p—J) € B,, x B,

(4) The tangent bundle identifies with the statistical bundle,

splt) = U2, D)

Definition 7 (Mixture atlas). For each p € A°(Q2) we define
o q _
np: TA°(Q) 3 (¢, w) — (5—1, Ugw) € B, x B,

Proposition 8 (Mixture atlas).
(1) If uw=mnp(q), then ¢ = (1 +u)p.
(2) The patches are
mp s (u,0) = (1 +uw)p, (L+ uww)
(3) The transitions are
_ P —
s © lpy + (10) = ((1 U L Ui?v)
12



(4) The tangent bundle identifies with the statistical bundle,

Cnp(t)) = U D)

It is possible to define the Riemannian atlas, see [21].

2.8. Using parameters. We still study the geometry of the full simplex, but now we
introduce parameters. This section is taken from [22].
Computations are usually performed in a parametrization

T: 0360 —7(0) e A°(Q),
© being an open set in R™. The j-th coordinate curve is obtained by fixing the other
n — 1 components and moving 6; only. The scores of the j-th coordinate curves are the
random variables

D;m() logn(0), j=1,...,n.

The sequence (D;7m(0): j =1,...,n) is a vector basis of the tangent space By ). The
representation of the scalar product in such a basis is

<Z O./ZDZW(O),ZBJDJTF(O)> = Z O[Z/BJIU(O) .
i=1 j=1 () 1,7=1

Definition 9 (Fisher Information). The matriz 1(6) = [(Dm(@), D;m(0))_

Fisher information matriz.

) is the
iji=1
If 0 — $(8) is the expression in the parameters of a function ¢: A°(Q) — R, that

is (0) = ¢((0)), and ¢ — O(t) is the expression in the parameters of a generic curve
p: I — A°(Q), then the components of the gradient in are expressed in terms of the
ordinary gradient by observing that

oln(t) = 2-a(0(1)) = >~ 70N

As Dp(t) = >, D;m(8(t))8;(t), we obtain from

Definition 10 ([2]). The natural gradient is a vector V() whose components are the
coordinates of the gradient Vo(n(0)) € Brg) in its w-basts, that is

n

Vo(n()) = > (Ve(0)),Dm(8).

j=1
By substitution of the expression in we obtain
(2) Vé(0) = Vo(0)I(6).
The common parametrization of the (flat) simplex A°(Q) is the projection on the solid
simplex I, = {77 eR™0 <n;, > 5 my < 1}, that is

I, 20— (1—2771'77717-"77711) € A°(9),

j=1
13



parameters \V4 POL

- Rn
- . V POL [ '= Y/ POL
POL 1
T I Fisher information
matrix
B o hatural gradient n
R TOL VANY R
simplex
V poL
gradient tangent bundle TAZ > (T, poL(m)
0 te t bundle pon 750 = —
T4, ot e R R"> (6,501 (0))

tangent bundle

FicUurRE 5. Diagram of the action of

the natural gradient in a given

parametrization 7: © — A°(Q).

in which case 9;7(n), j =1,...,n, is the random variable with values —1 at x =0, 1 at
x = j, 0 otherwise, hence 0;7(n) = (X =j) — (X =0)) and

Dym(n) = (X =7) = (X = 0)) /m(n).
The element (j, h) of the Fisher information matrix is

o (X=j)-(X=0X=h-(X=0)] _
ln() = Eeto { m(X;n) m(X;n) } -

S owlw,m) ((x =G =h)+@@=0)=n"(=h)+ (1 - Z%)
hence

I(n) = diag (n) ™" + <1 - Z m) 1721

As an example we consider n = 3. The Fisher information matrix, its inverse and the
determinant of the inverse are, respectively,

[(7717 12, 773) =
X n (1= —m3) X 1 1
(I—m—n2—m3)~ 1 Ny (1 —m —n3) 1 1 :
1 1 N5 (1 —m —n2)
. (1 - 771)771 —M72 —mn3
I(m,m2,m3) " = —mmne (L—=m)ne  —moms |,
—Mn3 —M213 (1 —m3)n3

det ([(77177727773)71) = (L —m —n2 — n3)Mmn2ns.
Note that the computation of the inverse of I(n) is an application of the Sherman-
Morrison formula and the computation of the determinant of I(n)~! is an application of
the matrix determinant lemma.
For general n, we have the following Proposition, whose interest stems from the defi-
nition of natural gradient, see Eq. .

Proposition 11.
(1) The inverse of the Fisher information matriz is

I(n)~" = diag (n) — nn'
14



(2) In particular, I(n)~" is zero on the vertexes of the simplex, only.

(3) The determinant of the inverse Fisher information matriz is

det (I(n)™") = (1 — in) ﬁn

(4) The determinant of I(n)~' is zero on the borders of the simplex, only.
(5) On the interior of each facet, the rank of I(n)™' isn — 1 and the n — 1 liner
independent column vectors generate the subspace parallel to the facet itself.

Proof.

(1) By direct computation, I(n)I(n)~! is the identity matrix.

(2) The diagonal elements of I(n)~* are zero if n; = 1 or n; = 0, for j = 1,...,n.
If, for a given j, n; = 1, then the elements of I(n)~" are zero if n, = 0, h # j.
The remaining case corresponds to n; = 0 for all j. Then I(n)~* = 0 on all the
vertexes of the simplex.

(3) It follows from Matrix Determinant Lemma.

(4) The determinant factors in terms corresponding to the equations of the facets.

(5) Given 4, the conditions 17; = 0 and n; # 0,1 for all j # 4, define the interior
of the facet orthogonal to standard base vector e;. In this case the ¢-th row
and the i-th column of I(n)~! are zero and the complement matrix corresponds
to the inverse of a Fisher information matrix in dimension n — 1 with non zero
determinant. It follows that the subspace generated by the columns has dimension
n — 1 and coincides with the space orthogonal to 7;. Consider the facet defined by
(1=>"" m)=0,1m #0,1for all i. For a given j, the matrix without the j-th

row and the j-th column has determinant (1 =D it m) [[is1iz;m- On the

considered facet this determinant is different to zero and I(n)~! has rank n — 1
and their columns are orthogonal to the constant vector. U

4

An other parametrization is the exponential parametrization based on the exponential
family with sufficient statistics X; = (X =j), j=1,...,n,

“ 1
T:R" 30— exp (Z 0,X; — ¢(0)> —
= n+1

where
¥(0) = log (1 + Zeeﬂ'> —log(n+1).
J

See [22] for an illustration of the gradient flow in case of th function POL.
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3. FINITE STATE SPACE: EXPONENTIAL FAMILIES

This section is taken from our paper “Natural Gradient Flow in the Mixture Geometry
of a Discrete Exponential Family” to appear in Entropy.

Let € be a finite set of points & = (1, ..., x,) and u the counting measure on (2. In this
case a density p € P> is a probability function i.e., p: € — R, such that >, p(x) = 1.

Given a set B = {T1,...,T;} of random variables such that, if Z;lzl ¢;T; is constant,
thency =---=c4=0. Eg.,if Y oTj(x)=0,j=0,...,d, and the B is a linear basis.
We say that B is a set of affinely independent random variables. If B is a linear basis, it
is affinely independent if and only if {1,7},..., T4} is a linear basis.

We consider the statistical model € whose elements are uniquely identified by the
natural parameters @ in the exponential family with sufficient statistics B, namely

d
po€E & logp(x) =) 0T (x)—1(0), 6cR,
=1

see [].
The proper convex function 1: R?,

61— (8) =log 3 &7 = 6By, [T] — By, [log (po)
e
is the cumulant generating function of the sufficient statistics T', in particular,

V(0) =Eg [T], Hessy(0)= Cove (T, T) .
Moreover, the entropy of pg is

H(pg) = =Ky, [log (pe)] = ¥(0) — 6 - Vi(0) .

The mapping Vv is 1-to-1 onto the interior M° of the marginal polytope, that is the
convex span of the values of the sufficient statistics M = {T'(x)|xz € Q}. Note that
no extra condition is required because on a finite state space all random variables are
bounded. Nonetheless, even in this case the proof is not trivial, see [4].

Convex conjugation applies, see [27, §25], with the definition

Y.(n) =sup {6 € Rd}e n—19(0)}, neR”.

The concave function 6 — n - 0 — 1)(0) has divergence mapping 0 — 1 — Vi (0) and
the equation n = V(@) has solution if and only if 1 belongs to the interior M*° of the
marginal polytope. The restriction ¢ = .|, is the Legendre conjugate of 1, and it is
computed by

¢: M° 3 m=e (Vi) H(n) -n—yo (V) H(n) eR.
The Legendre conjugate ¢ is such that V¢ = (V¢)~! and it provides an alternative
parameterization of £ with the so called extectation or mizture parameter n = Vi)(6),

(3) Py =exp (T —n) - Vé(n) + ¢(n)) -
While in the @-parameters the entropy is H(pg) = 1(0)—0-V(0), in the n-parameters
the ¢ function gives the the negative of the entropy: —H(p,) = E,, [logpy,| = ¢(n).

Proposition 12.

(1) Hess ¢(n) = (Hess(0)) ™" when n :16V@/)(0).



(2) The Fisher information matriz of the statistical model given by the exponential
family in the @-parameters is 1.(0) = Cov,, (Vlogpg, V log pg) = Hess ().

(3) The Fisher information matriz of the statistical model given by the exponential
family in the n-parameters is 1,,(0) = Cov,, (Vlog py, Vlog p,) = Hess ¢(n).

Proof. Derivation of the equality V¢ = (V)™ gives the first item. The second item
is a property of the cumulant generating function . The third item follows from Eq.

(3)- O

3.1. Statistical manifold. The exponential family £ is an elementary manifold in either
the 8- or the n-parameterization, named respectively exponential of mizture parameter-
ization. We discuss now the proper definition of the tangent bundle T'€.

Definition 13 (Velocity). If I 5t — p;, I open interval, is a differentiable curve in &,
then its velocity vector is identified with its Fisher score:

D d
—p(t) = —1 .

SP(t) = = log (p1)

The capital-D notation is taken from differential geometry, see the classical monograph

7.

Definition 14 (Tangent space). In the expression of the curve by the exponential param-
eters, the velocity is

@ e = Tor(n) = T (0(1) T w(0(1) = 0(1) - (T~ By 7).

that is it equals the statistics whose coordinates are H(t) in the basis of the sufficient
statistics centered at p;. As a consequence, we identify the tangent space at each p € £
with the vector space of centered sufficient statistics, that is

T,€ =Span (T; — E, [T;]l7 =1,...,d) .

In the mixture parameterization of Eq. the computation of the velocity is

5) p(t) = Tlog () = - (Vom(t)) - (T — n(t)) + o(n(1))) =
)=

(Hess ¢(n(t))n(t)) - (T —n(t)) = n(t) - Hess o(n(t)) (T — n(1))] .

The last equality provides the interpretation of 7)(¢) as the coordinate of the velocity in
the conjugate vector basis Hess ¢(n(t)) (T — n(t)), that is the basis of velocities along the
1 coordinates.

In conclusion, the first order geometry is characterized as follows.

Definition 15 (Tangent bundle T'E). The tangent space at each p € &£ is a vector
space of random variables T, = Span (T; — E, [T;]|j = 1,...,d) and the tangent bundle
TE ={(p,V)|pe &,V € T,E}, as a manifold, is defined by the chart

(6) TE 3 (PTO) o . (T —Eg [T])) — (6, ).

Proposition 16.
17



(1) IfV=v- (T —n) €T,E, thenV is represented in the conjugate basis as

(1) V=2v-(T—n)=v-(Hessg(n))  Hess p(n) (T —n) =
((Hess ¢(17)) " v) - Hess ¢(n) (T — ).

(2) The mapping (Hess ¢(n))_1 maps the coordinates v of a tangent vector V € T), €
with respect to the basis of centered sufficient statistics to the coordinates v* with
respect to the conjugate basis.

(3) In the @-parameters the transformation is v — v* = Hess ¢ (0)v.

Remark 8. In the finite state space case it is not necessary to go on to the formal construc-
tion of a dual tangent bundle because all finite dimensional vector spaces are isomorphic.
However, this step is compulsolry in the infinite state space case, as it was done in [21].
Moreover, the explicit construction of natural connections and natural parallel transports
of the tangent and dual tangent bundle is unavoidable when considering the second order
calculus as it was done in [21], [I7] in order to compute Hessians and implement Newton
methods of optimization. However, the scope of the present paper is restricted to a basic
study of gradient flows, hence from now on we focus on the Riemannian structure and
disregard all second order topics.

Proposition 17 (Riemannian metric). The tangent bundle has a Riemannian structure
with the natural scalar product of each T,E, (V, W) =K, [VW]. In the basis of sufficient
statistics the metric is expressed by the Fisher information matrix I(p) = Cov, (T, T),
while in the conjugate basis it is expressed by the inverse Fisher matriz I~ (p).

Proof. In the basis of the sufficient statistics, V =v- (T —E, [T]), W =w- (T — E, [T)),
so that

8)  (V,W), =v'E, (T —E, [T]) (T - E, [T])'] w = v' Cov, (T, T)w = v'I(p)w ,

where I(p) = Cov, (T',T) is the Fisher information matriz.
If p = pe = py, the conjugate basis at p is

(9) Hess ¢(n)(T —n) = Hessv(0) (T — V(8)) = I (p)(T — E, [T]),

so that for elements of the tangent space expressed in the conjugate basis we have V =
v* - [ (p) (T — B, [T)), W = w" - I"\(p) (T — B, [TY), thus

(10)  (V,W), =v"E, [I7}(p) - (T — &, [T)) (T — K, [T])' I"'(p)] w* = v" I (p)w".
O

3.2. Gradient. For each C! real function F': £ — R, its gradient is defined by taking
the derivative along a C' curve I + p(t), p = p(0), and writing it in the Riemannian
metrics,

D

(1) S| = (TF0). 2ot

> , VF(p) e T, .
t=0 t=0/ p

If @ — ['(0) is the expression of F in the parameter 0, and t — 6(t) is the expression
of the curve, then LF(0(t)) = VF(0(t)) - O(t) so that at p = pg(o), with velocity V =
18



%p(t)‘t:o = 6(0) - (T — V(0(0)), so that we obtain the celebrated Amari’s natural
gradient of [2]:

(12) (VF(p),V), = (Hess1/1(0(0))’1VF(0(0)>/Hessw(O(O))é(O) .

If 5 — E(n) is the expression of F' in the parameter 17, and ¢ — n(t) is the expression
of the curve, then £F(n(t)) = VE(n(t)) - 1(t) so that at p = py(), with velocity V =
4 1og (p(1))],_o = 0(0) - Hess ¢(n(0))(T — n(0)),

(13) (VF(p), V), = (Hess ¢(n(0)) "' VE(1(0))' Hess ¢(n(0))5(0).
We sumarize all notions od gradient in the following definition.

Definition 18 (Gradients).

(1) The random variable VF(p) uniquely defined by Eq. is called statistical
gradient of F' at p. The mapping VF: E > p— VF(p) is a vector field of TE.

(2) The vector V F(8) = Hess)(0) 'V F () of is the expression of the statistical
gradient in the @ in the basis of sufficient statistics, and it is called Amari’s
natural gradient, while VF(G), which 1s the expression in the conjugate basis of
the sufficient statistics, is called Amari’s vanilla gradient.

(3) The vector V F(n) = Hess ¢(n) " 'VF(n) of is the expression of the statistical
gradient in the n parameter and in the conjugate basis of sufficient statistics, and
it is called Amari’s natural gradient, while VF (n), which is the expression in the
basis of sufficient statistics, is called Amari’s vanilla gradient.

Given a vector field of £ i.e., a mapping G defined on & such that G(p) € T,€—which is
called a section of the tangent bundle in the standard differential geometric language—an
integral curve from p is a curve I 3 ¢ — p(t) such that p(0) = p and Zp(t) = G(p(t)).

A~

In the @ parameters G(pg) = G(0) - (T — V)(0)), so that the differential equation is
expressed by O(t) = G(8(t)). In the i parameters, G(p,) = G(n) - Hess ¢(n)(T —n) and
the differential equation is 1(t) = G(n(t)).
Definition 19 (Gradient flow).

e The gradient flow of the real function F': & is the flow of the differential equation

ap(t) = VE(p(t)) ie gpt) =pt)VE(p(t).
e The expression in the 8 parameters is (t) = V F(6(t)).
e The expression in the ) parameters is 9(t) = V F(n(t)).
The cases of gradient computation we have discussed above are just a special case of

a generic argument. Let us brefly study the gradient flow in a general chart f: ¢ — pe.
Consider the change of of parametrization from ¢ to 6,

C—=pe—0(pe) = l'(pc)’1 Covy, (T, logpe)
and denote the Jacobian matrix of the parameters’ change by J({). We have

logpe =T - 6(¢) — ¥(0(C))
=T I(p;)" Covy, (T, logpe) — ¥ (I(pg)’1 Cov,, (T, logpc)) ,

and the ¢-coordinate basis of the tangent space T, £ consists of the components of the

gradient with respect to ¢,
19



V(¢ = logpe) = J7(¢) (T — Ey [T])

It should be noted that in this case the expression Fisher information matrix does not
have the form od an Hessian of a potential function. In fact, the case of the exponential
and the mixture parameters point to a special structure which is called Hessian manifold,
see [29].

3.3. Gradient flow in the mixture geometry. From now on, we are going to focus
on the expression of the gradient flow in the  parameters. From Def. [1§ we have

V F(n) = Hess ¢(n) "'V F(n) = Hess (Vo (n))VEF(n) = 1(py) VE(n)
where I(p) = Cov, (T, T). As p — Cov, (T, T) is the restriction to the simplex of
a quadratic function, while p +— m is the restriction to the exponential family £ of a
linear function, in some cases we can naturally consider the extension of the gradient
flow equation outside M°. One notable case is when the function F' is a relaxation of a
non constant state space function f:  — R, as it is defined in e.g. [15].

Proposition 20. Let f: Q — R and let F(p) = E, [f] be its relaxation on p € &, It
follows:

(1) VF(p) is the least square projection of f onto T,E, that is

VE(p)=1(p)”' Cov, (f, T) (T —E, [T]) .

(2) The expressions in the exponential parameters @ are V F(G) = (Hess¢(0))~* Cove (f,T),

VF(0) = Covg (f,T), respectively. N
(3) The expressions in the mizture parameters 1 are VFE(n) = Covy, (f,T) and
VF(n) = Hess ¢(n) Cov, (f,T), respectively.

Proof. On a generic curve thought p with velocity V', we have

d
%Ep(t) /] = Cov, (f,V) = (/. V>p :
t=0

If V' € T,€ we can orthogonally project f to get (VE, V) = ((I"'(p) Cov, (f,T)) - (T —E, [T]),V) .

g

3.4. Gradient flow of the expected value function. Let us breafly recall the be-
haviour of the gradient flow in the relaxation case. Let 6,,, n = 1,2, ..., be a minimizing
sequence for F' and let p be a limit point of the sequence (pe, )n- It follows that p has a
defective support, in particular p ¢ £, see [26] and [24]. For a proof along lines coherent
with the present paper, see [16, Th. 1]. It is found that the support F C Q is exposed,
that is T'(F) is a face of the marginal polytope M = con {T'(x)|x € Q}. In particular,
E; [T] = 1 belongs to a face of the marginal polytope M. If a is the (interior) orthogonal
of the face, that isa-T'(x)+b > 0 for all x € Q and a-T'(x) +b = 0 on the exposed set,
then a- (T'(x) —mn) = 0 on the face, so that a-Cov; (f,T) = 0. If we extend the mapping
1 — Cov,, (f,T') on the closed marginal polytope M to be the limit of the vector field of
the gradient on the faces of the marginal polytope, we expect to see that such a vector
field is tangent to the faces.

20
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4. GAUSSIAN MODELS

This matherial is taken from a conference poster presented by G.P. at the 2014 SIS
conerence.

Gaussian models form an exponential family with special analytical features. The fol-
lowing notes are intended to underline some of these special feature namely the connection
between differentiation with respect to parameters and differentiation with respect to the
space variables.

The geometry of the multivariate Gaussian model N(f,>) has been studied in detail
by Skovgaard in [30], where normal densities are parameterised by the mean parameter
ii and the covariance matrix ¥, and the relevant Riemannian geometry is based on an
explicit form of the Fisher information.

We review Hermite polynomials from [I8, ch V]. If Z ~ v; = N(0,1) and f, g real
smooth functions, then E[df (Z)g(Z)] = E[f(Z)dg(Z)] where df(z) = f'(x) and g =
xg(xz) — ¢'(x) is the Stein operator. The Hermite polynomial of order n = 0,1,... is
H,(z) = 6"1 e.g., Ho(z) = 1, Hi(z) = z, Hy(z) = 2* — 1, ... Tt follows that each H,
is a monic polynomial of degree n, dH,, = nH,_1, E[H,(Z)H,,(Z)] = 0 for n # m,
E[H,(Z)?] = n!. The sequence H,/v/n!, n = 0,1,... is a complete orthonormal basis
of L?(vy). In dimension d, for each multi-index «, we define Ha((x)) 1, Hal (x;)

to get an orthogonal basis of L2(vg), vqa = Ng(0,1;). If we define d* = []%, d>,

=1 "x;)

0% = H 0% . we have for functions f,g: R — R and 7 ~ vy that E [daf(Z)g(Z)} =

=1 "x; 0

E [ f(Z )50‘9( )] If f is infinitely differentiable, then its Fourier-Hermite expansion is
YL E [daf(Z)} H,(Z)/a!. Sometimes it is convenient to use H, = H,/a!.

4.1. Gaussian model in the Hermite basis. Given a vector of means p € R™ and
and a full-rank covariance matrix X € S, with ¥ = [0;;] and X~ = [0%], the exponent
—(1/2)(x — p)'E"H(x — p) in the Gaussian density N(u, X)) can be written

—% (/,Ltz_lﬂz + Tr (Z_l) + 2 Z(utZ_l)le(w) +2 Z ainij(a:) + Z O'“H“<33)> s
i 1<j i

where H;(x) = Hi(x;) = x; and Hy(x) = Ho(x;) = 27 — 1 for ¢ = 1,...,m, and
H;; = Hi(z;)H(z;) = x;x; for 1 <i < j < m. The likelihood of N(u, ¥) with respect to
the standard Gaussian with density w(x) = (27)~"/2 exp (—x'x/2) has exponent

1 _1 1 m

+ Z (WS )iH(z) - oV Hy(a) - Y (0" ~ 1)H”'2<a’>

1<J 7

Vice-versa, given [ — O € St and 8 € R", then

(14) p(=x;60;,0:;: 1< j) =

exp (Z +ZHW ‘I’Zen Hal —77/1(9“49” Z<])> w(x)

1 1<J
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is the multivariate Gaussian density with X 'u =60 = (6;: i =1,...,n), [ =X =06
with upper entries (6;;: i < j), and cumulant generating function

(15) V(06,0 < ) = 3611~ ©) 70 - %Tr ©) - %log det(I — ©).

In Eq. the Gaussian model is presented as an exponential family with natural
parameters (0;: ¢ = 1,...,m;6;;: 1 <i < j < m) in the open convex set R" x (I + ;)
and w-orthogonal sufficient statistics. From (9/06,)0 = e;, (0/96,;)© = EY and Eq.
(15) we can compute the first derivatives of the cumulant generating function v, that is
the expected values of the sufficient statistics,

0 _
0 )= Loy (I-©)'EY) + 1(9t(1 —-O)'EY(I-0)'6
96, 2 2
0 )= Iy (I-©)'E") + 1af(l —-0)'E"(I-0)7'0 - L
00, 2 2 2
1
The second derivatives, that is the covariances of the the sufficient statistics, are
0 t 1 0 t 1 ik 1
= A —_ - . R — — - J — - .
80,~89j¢ e;(I —0) e, 80i00jh¢ 0'(I —0)  E"(I—-0) e,
and
8—2¢ g (I —©)'E"™(I — ©)~'EY)
00,;00, 2

+ %Ot(l — Q) 'EM"™(I -0e)'EY(I-06)7'0
+ %Ht([ — Q) 'EYI -0)'E* (I -0)1e.

This formulee are to be compared with the expression of the Riemannian metric in [30].
Yo Sheena [28] has a different parameterisation in which the Fisher matrix is diagonal.
We have used up to now standard change-of-parameter computations. We turn now to
exploit specific properties of the Hermite system. Let us write U(x;0,0) = >, 0,H;(x)+
>ici OigHij() + 52, HMHT(“J) The vector space generated by the sufficient statistics
Span (Ug |0, ©) is the space of polynomials up to degree 2 in the variables Xi,..., X,
that are centered with respect to w. In the geometrical picture, it is the tangent space
at w of the Gaussian model, while the tangent space at pg g is generated by the Fisher’s
scores, i.e. the partial derivatives of the log-density, see the discussion in [21]. We have

oU(z:0,0)/0z; =

0 1
oz, <0iH1(Ii) + Hy(z;) ;93'1‘]‘[1(%) + §9iiH2($i) + Hy () ; Qinl(xj)>
=0+ Y O (x;) + O (x;) + ) 0y Hi(x))
j<i i<j
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and 9°U(x;0,0)/0z;0x; = 6;;. In matrix form, the basic relation between parameters
of the Gaussian model and Hermite polynomials is

(19) V:U(x;0,0) =0+ Ox, Hess,U(x;0,0)=0.

Let us write the expectation parameters as 17, = Ego [H;], n;j = Eoo [Hij], i < J,
ni = Eeo[Hij] /2, and Eg; = E. We can compute the n’s as moments, instead of
derivatives of the cumulant generating function. From H; = §;1,

n =E [HieUe,eﬂ/J(@,@)] —F [@eUe,e*dJ(e’@)}

(6i+ Qinj)eU"’@_w(e’@)] =0+ ) 0ijnj,

J J

=E

orn=0+0nn=(I—-0)"'6,chr. Eq. (16). For 7;; we need
zum%@ﬁWQh:(@+«@+§:@ﬂﬂx@+§:@ﬁhge%@¢w®
h K

= (é)ij +0:0; + > (0,605 + 0;0)Hy + Y eikethth> eUs.o—v(0.0)
h h,k
From Hz'j = (5i5j1, EQ@ [Hth} = Thk if h 7A k‘, Eg@ [H}QL] = 277hh + 1, we obtain

nij = O + 0:;0; + Z(eiejh + 0;0in)0n + ZQik9jh7]hk + Zeihejh(thh + 1),
3 htk h

to be compared with Egs. and ((18).

4.2. Optimisation. Let f: R™ — R be a continuous bounded function, with max-
imum at a point m € R™. We define the relazed function F(0,0) = Ego[f] =
E [erB»@_WB’@)] Then F(0,0) < f(m) and for each sequence (6,,0,), n =1,2,...,
such that lim, o (I — 0,) ! = lim, o 3, = 0 and lim,, o (I — 6,,)710,, = lim,, oo p,, =
m, we have lim,,_,o, F(0,,0,) = f(m). This remark has been used in Optimisation
when the function f is a black bor that is when no analytic expression is known, but the
function can be computed at each point @, see for example [19]. In fact, the gradient of
the relaxed function has components

0
a(glF = COV@j@ (f7 Hl) s
O p_ Covgo (f.Hy), i<
aew — 6,0 s 4445 ) I
0

1
80“F - 5 COVG,@ (fu sz) )
so that the direction of steepest ascent at (6,0) can be learned from a sample of
eUo.0=9(0.9)y, for example from sample covariances. This method does not require any
smoothness in the original function and it is expected to have a better robustness vs local
maxima than the ordinary gradient search because a mean values of the function f are
used. A reduction of dimensionality is obtained by considering sub-models, for example

© diagonal.
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We note that the gradient of the relaxed function is related with the f, V f, Hess f as
follows. We have COV97@ (f, Hz) = Eg’@ [fH,] - ]Eg@ [f] Eg’@ [Hz] and

Eoo [fH:] =E [Hiere,e—iﬁ(e,@)} _F [&' (ere,@—w(o,e))]
=E[(0if + foU)e oo OO =Eg o [0.f] + 0iBoo [/] + Y 0iEo0 [fH,].

If H, is the vector with components Hy, ..., H,,,
Eoo [fHi] =Eoo [(I —O)"'Vf] +Eop|[f] (I —0)7'0,

so that VoF =Ego [(I —O)'Vf]=E,x [XZV/f].

In a similar way, Covge (f, Hij) = Ege [fHij| — Eee [f] Eee [H;;] and

Eoe [fHi;) = E[Hyfe 2o VO] = E [9,0; (feVoo~®9)]

=FE [&» [(@f + f@jU97@)eU9’@_w(e7e)i|j|
=Eg0[0,0;f + 0, f0;Uge + 0;f0:Us0 + f0;0;Uge + 0;Ug00;Ug o] -

Now we can substitute in the equation above 0;Uge = 0; + >, 0inHp, 0;Uge = 0; +
Y nbinHy, 0,0;Uge = 0;; and

0iUp00;Upe = (0: + Y _ 0:hH,)(0; + > 0;.Hy)
h k
- (9@9] + Z(Glﬁjh + Hﬂih)Hh + Z Qiheijth
h h,k

= 0:0; + > (005 + 0,00) Hy + 2> 005 Hyse + Y 001, (Hun + 1),
h h<k h
to obtain the required relation. We leave the rest of the computation to the reader.
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