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Conditional independence

Consider three discrete random variables X, Xo, X3 with finite ranges
[r1], [r2], [r3] and the joint state space: X = [r1] x [r2] X [r3].

Xj is (conditionally) independent of X, given X3
P(X1 = X1,X2 = X2|X3 = X3) = P(X1 = X |X3 = X3)P(X2 = X2|X3 = X3)

Pxixax3 = Pxq+x3P+x0x3

Xy L Xo | X3
Lemma
The following equivalent conditions holds:
Q@ Xi LXo|Xs

@ For each x3 € [r3], the matrix (Px, x,.x; )x,x, @S rank one.

Q Pt x2x3Px) x5 x5 = Py xxaPx{ o3
fOfa”X1,X-; € [r'l]?XZaXé € [r2],X3 € [r3]'
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Conditional independence models

Consider nrandom variables Xi, ..., Xj, taking values in the finite sets
[r1],...,[m]. Forany A C [n] let X4 be the random vector (X;);ca. For
disjoint subsets A, B, C C [n], a Cl statements has the form

Xa L Xg | Xc, orinshort: AL B|C

Consider the joint distribution P of Xj, ..., X, as an n-tensor
P = (Px;....x2)xe[r]- The statement A L B | C says:

@ Take the marginal over [n] \ (AU BU C).
@ For any fixed value of X; take the slice with constant (xk)xcc-

© Flatten this slice to a matrix, with rows indexed by (x;);ca, columns
indexed by (X;);es-

The resulting matrix has rank one.
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An example

Short notation:
Xa L Xg | Xo <= (Pxaxgxc+)xaxg Nas rank one for each xc.

Let n=5and &; = {0,1}. The statement {1,2} L {3} | {4} holds if
and only if the two matrices

Pooooo + Poooo1  Poo1oo + Pootod Pooo1o + Poooti1  Poo1io + Pooti1
Poiooo + Poioo1  Poiioo + Poiiod Poio10 + Poi1oi1  Poi11o + Poi111
P10000 + P10001  P10100 + P1o101 | | P1ooto + P1oo11  Piotio + P1o111

P11000 + P11001  P11100 + P11101 P11010 + P110o11 P11110 + P11111

have rank one.
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Saturated Cl statements

A Cl statement A L B| C is saturated, if it involves all random

Definition
variables, i.,e. AUBU C = [n].

Observation: Saturated Cl statements lead to binomial ideals.
@ R=Clpxxp-xa: X1 €[1],...,Xn €[]
@ AL B|C <= (Pxaxgxo+)xaxg has rank one for each x¢
@ /5y pic is generated by all 2-minors of (Px,xgxs+)xa.xs

Theorem (Eisenbud, Sturmfels ’96)
Binomial ideals have a binomial primary decomposition.

Question: Describe the implications among a collection of Cl
statements (preferably in terms of prime components of I¢).

le =l
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Binomial edge ideals

@ {Xo L Xi| X, Xo L Xo | Xi} [Fink]
@ {Xo L Xa| Xjs\a: various subsets A} [HHHKR, Ay-Rauh]

@ |Xy| = 2: binomial edge ideals [HHHKR]
e |AXp| > 2: generalized binomial edge ideals [Ay-Rauh]

@ {X; L X; | Xin\qijy 1 1 <J} [Swanson-Taylor]

Theorem [Fink]

Let {Xo A1 X | XQ,XO 1 X5 ’ X1} with Xp = [2], X = [n1], Xo = [ng].
Let P = (px,x x,) b€ @ vanishing point of fc. Then [ is the binomial
edge ideal of the bipartite graph G with vertex set [n4] U [nz] and the
edge set

{(x1,X2) : Pxox;x, 7 0 for some xy}.
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Binomial edge ideals

Definition
Let G be a graph on the vertex set [n] and R = C[p1x, p2x : X € [n]].
The binomial edge ideal Iz C R is generated by the binomials

PixP2y — P1yPex for all edges {x,y} of G.

Known facts about binomial edge ideals:
@ radical ideal
@ nice description for Grébner bases of /I
@ combinatorial description for primary decomposition.
@ For W C [n], let my = (p1x, pox : x € W) then

IG"‘mW H p'lXapZX
xgW

is a prime component of /5.
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Cl statements with hidden variables

@ Xp, Xi: visible random variables, H: hidden random variable
@ joint probability distribution: P = (p; xn)icx,,xex; hem-

@ Xp 1L Xi |H iff each slice Py := (pj x)icx,,xex, Nas rank one.
@ The marginal distribution of Xo and X; is PX0X = 3=, . P,
@ Therefore P*oX1 has rank at most |#]|.

@ Find all matrices P = (p; x)icx, xcx, Of non-negative rank at most
|| with the normalization condition 3, , pix = 1.

@ The set of matrices of given non-negative rank at most r is a
semi-algebraic set whose semi-algebraic condition is not known
for general r. However, it is known that its Zariski closure equals
the set of all rank r matrices, and it is described by

the determinantal ideal of all (r + 1) x (r + 1)-minors of P.
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Cl statements with hidden variables

Question

LetC = {XO A1 X ‘{Xg, H1} : Xo 1 X5 |{X1,H2} } Describe I and its
primary decomposition combinatorially.

Theorem

LetC = {Xo A1 X HXZ, H1} , Xo L X5 |{X1,H2} }Wlth
® Xp = [d], X1 = [m] and A2 = [n]
® 1 =[r1] and Hz = [ro]
o AMO — {{(i, 1),(,2),...,(i,m)} i € [n1]}

o N0 — {{(1,j),(2,j),...,(m,j)} j € [nQ]}'

Then Iz = Ia, where A is the union of the ry-skeleton of A™:% and the

r,-skeleton of A%z, and all its prime components can be read from
subcomplexes of A.
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Example of Cl statements with hidden variables

@ C={Xo L X;i|{Xo,Hi}, Xo L Xo|{X1,Ha} }
@ |Xp| =3, |X| =2, || =3, |H1| =3 and |Ha| = 2.
A — {135,246, 12, 34, 56}

2

3 5

= Y
P11 P12 - Pis
Plxgix| i) = | P2t P22 o+ Pos
P31 P32 - P3s
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The ideal I and its prime components

We take all maximal minors of the submatrices of P corresponding to
A = {135,246,12,34,56}:

P11 P13 Pis P12 P14 P1s P11 P12 P13 Pia P15 Pis
P21 P23 P25 |, | P22 Poa Pos |, | P21 P22 ]|, | P23 P2s |, | P25 Po2s
P31 P33 P35 P32 P3a P3e P31 P32 P33 P3a P35 P3s

Then I = Ia has seven minimal primes associated to the complexes:

A1,4:{1>4756}> A1,6:{176734}7
A2,3 = {2a3a 56}7 A2,5 = {2a 5734}7
Az =1{3,6,12}, Ay4s5=1{4,512},

Ay ={12,34,56,135,145,136, 146,235,245,236,246}.
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Cl statements with hidden variables

@ Xy, Xi,..., Xg: visible random variables

@ Hy,..., H;: hidden random variables

@ C: afamily of Cl statements of the form Xy L X4 | Xg, where
A BC{Xy,..., Xk, Hq,...,H} are disjoint

We are interested in the set Pc of marginal distributions of
Xo, X1, - .., Xk of the set of those joint distributions of
Xo, Xq,..., Xk, Hy, ..., H that satisfy the statements in C.

Question

Whether Cl statements with hidden variables can be given an

algebraic interpretation? What can we say about the ideal /-?
@ Is /- aradical ideal?
@ Give a nice combinatorial primary decomposition for /c.
@ Describe a Grdébner basis.
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Prime components of /¢

Theorem [M.-Rauh]
The minimal primes of /o are of the form

(ke +mw) : (T] Ptxc P2xs - - Pax)™
xgW

where myy is the ideal associated to a subcomplex of A.

Theorem [EHHM 2013], [M. 2012], [M.-Rauh]

The ideal Iz and all its prime components can be read from a simplicial
complex associated to C, i.e. these ideals are all determinantal facet
ideals studied in [EHHM].

We computed some class of examples, which all are very nice:
@ radical ideal,
@ nice combinatorial primary decomposition.
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