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Abstract

In this paper we determine the possible Hilbert functions of a Cohen-
Macaulay local ring of dimension d and multiplicity e, in the case the em-
bedding dimension v satisfies v = e + d — 3 and the Cohen-Macaulay type is
smaller or equal then e — 3.

Introduction

The Hilbert function H4(n) of a local ring (A, m) is a good measure of the
singularity at (A, m). We can say that this numerical function describes the degree
to which A deviates from a regular local ring, or, equivalently, the associated graded
ring G = 3,50 m"/m"*! deviates from a polynomial ring over the residue field A/m.

For a given local ring (A, m) it is often very difficult to compute its Hilbert
function. The main idea is to reduce the computation of the Hilbert function of A
to the computation of the Hilbert function of a lower dimensional local ring which
is a quotient of A modulo an ideal generated by a superficial sequence whose initial
forms are a regular sequence in GG. Unfortunately, even if A is Cohen-Macaulay, G
can have depth zero, which means that its irrelevant maximal ideal Y7, m™/m"+!
may consist entirely of zero divisors.

Sometimes the key to whether G' has high enough depth lies in the embedding
dimension of the local ring. If (4, m) is a d-dimensional local Cohen-Macaulay ring
of multiplicity e, then the embedding dimension v of A satisfies v < e+ d —1 (see
[1]). Here and in the following we let h be the embedding codimension of A, which is
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by definition h = v—d. In [12] it was shown that there are precisely three embedding
dimensions v = d,d + 1,e + d — 1 which guarantee that G is Cohen-Macaulay for
an arbitrary Cohen-Macaulay local ring (A, m). In each case only a specific Hilbert
function is allowed and easily described.

In the case v = e + d — 2, in [15] it was shown that G is not necessarily Cohen-
Macaulay, the possible exceptions being the local rings of maximal type e — 2. In
the same paper Sally made the conjecture that in the critical case the depth of G is
always at least d — 1. This conjecture has been positively solved in [11] and [16] by
using deep properties of the Ratliff-Rush filtration of the maximal ideal of A.

Further, in [11], all the possible Hilbert series have been described as follows

Pa(z) ==Y Ha(n)z" = %

n>0
where 2 < s < h + 1.

Finally in [14] it is shown that for Gorenstein local rings with embedding dimen-
sion v = e + d — 3, the associated graded ring GG is Cohen-Macaulay and its Hilbert

series is " ) 5
+hz+ 24+ 2
PA(Z) = (1 _ Z)d

The proof of this far reaching result is achieved first by reducing, via a standard
trick, to the one dimensional case, and then by a very clever analysis of the possible
minimal sets of generators of the powers of the maximal ideal of A. Even if this proof
is quite computational, we could extract from it some fundamental ideas which are
now used in this paper, which can be considered as an extension and completion of
Sally’s work.

Here we are dealing with a local Cohen-Macaulay ring (A, m) with embedding
dimension v = e + d — 3. If we pass to an artinian reduction B = A/J, where J is
the ideal generated by a maximal superficial sequence in A, we have two possible
Hilbert series for B, namely

Pp(z) =1+ hz + 222

or
Pp(z) =14 hz + 22 + 2%

In the first case we say that A is short, while, in the second case, we say that A is
stretched.

If the type 7(A) of A is bigger than 1, then G is no more Cohen-Macaulay, but
if 7(A) < h we first prove in Theorem 2.3 that the length of the A-module m?/Jm
is at most one. This last condition implies depth(G) > d — 1, another far reaching
result essentially contained in [11] but concretely formulated, at the same time, by
Huckaba, Elias, Corso-Polini-Vaz Pinto and Rossi in a series of papers (see [7], [5],
[4], [10],) recently appeared.



This reduces the computation of the Hilbert function of A to the computation of
the Hilbert function of a local Cohen-Macaulay ring of dimension one and embedding
dimension v which satisfies v = e—2. Under these assumptions, we prove in Theorem
2.4 that the Hilbert series of A is

14 hz 42t 2

Palz) 1—=z

where 2 <t <s<r7+2.
Further, if A is stretched, then t < s. This gives a fresh and short proof of the

result of Sally because, if A is Gorenstein, then A is stretched and 7 = 1 so that the
theorem implies that

Pa(z)(1 = z) = Pp(2),
a condition under which G is Cohen-Macaulay.

These results point out the main open question. It is not known for 7 > h
whether GG has depth at least d — 1.

The methods we develop here are quite similar to those used in the proof of Sally’s
conjecture in [11]. The properties of the Ratliff-Rush filtration and the relationships
between certain numerical characters of a Cohen-Macaulay local ring of dimension
one are illustrated in the first section of the paper and used in the second section
where the main result is proved. In the last section we collect some examples to
show that the upper bound we have found in Theorem 2.3 is sharp. Other examples
are inserted to disprove several conjectures one can made on possible extensions of
the results proved here.

Some of the results of this paper have been conjectured after explicit computa-
tions performed by the computer algebra system CoCoa ([2]).

1 Preliminaries

Let (A, m) be a local ring of dimension d, multiplicity e and residue field k = A/m.
The Hilbert function of A is by definition the Hilbert function of the associated
graded ring of A which is the homogeneous k-algebra

G = ng(A) = @nzo(m"/m”“).

Hence
Hu(n) = Hg(n) = dimg(m™/m" ).

The generating function of this numerical function is the power series

Pu(z) = > Ha(n)z"
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which is called the Hilbert Series of A. This series is rational and there exists a
polynomial h(z) € Z[z] such that

h(z)

Palz) = (1—2)4

where h(1) = e > 1. We remark that if dim(A) = 0, then e(A) = A(A) where A
denotes length.

The polynomial h(z) = hg + hiz + - -+ + hsz® is called the h-polynomial of A.

For every ¢ > 0, we let
B h(i)(l)

2!

€; .

and

<X—i—z) _ (X +4d)--- (X +1)

7 7l

Then
€p = €

and the polynomial

=S (5 1)

has rational coefficients and degree d — 1; further for every n >> 0

pa(n) = Ha(n).

The polynomial p(X) is called the Hilbert polynomial of A.

The embedding codimension of A is the integer
h := embcod(A) := Hu(1) — d.
It is clear that h = hy, the coefficient of z in the h-polynomial of A. Further
embcod(A) = 0 if and only if A is a regular local ring.
We recall that if A has positive dimension, an element x in m is called superficial
for A if there exists an integer ¢ > 0 such that

(m":z)Nm‘=m

for every n > c.

It is easy to see that a superficial element z is not in m? and that x is superficial
for A if and only if z* := T € m/m? does not belong to the relevant associated
primes of GG. Hence, if the residue field is infinite, superficial elements always exist.



Further if A has positive depth, every superficial element is also a regular element
in A.

A sequence z1, ..., x, in the local ring (A, m) is called a superficial sequence for
A, if x; is superficial for A and 7; is superficial for A/(xq,...,z;1) for 2 <i <.

It is clear that if J is generated by a superficial sequence, then

JNm? = Jm.

By passing, if needed, to the local ring A[ X x) we may assume that the residue
field is infinite. Hence if depth(A) > r, every superficial sequence x1, ..., x, is also a
regular sequence in A. Such a sequence has the right properties for a good behaviour
of the numerical invariants under reduction modulo the ideal it generates.

In particular if J = (xq,...,x,), and (B,n) = (A/J,m/J), then B is a local ring
with

o dim(B)=d—r,
o If depth(A) > r, then depth(B) = depth(A) —r,
e embcod(A) = embcod(B),
o ci(A)=¢(B)fori=0,....,d—r.
e c(A)=e(B)=AA4/J).
The following relevant property of superficial sequences will also be needed.
o depth(grm(A)) > r <= z7,...,z} is a regular sequence in gry(A) <=

Py(z) = (I;Eiz))r < m/NJ=Jmi! for every j > 1.

Let (A, m) be a Cohen-Macaulay local ring. For every n we consider the chain
of ideals
m"Cm" mCm"™? m?C. Cm"hmbC.

This chain stabilizes at an ideal which was denoted by Ratliff and Rush in [9] as

m? = | J(m":m").

k>1
We have
m=nm,
and for every 1, j N
m' C m,

mim/ C mit,
Further, if z is superficial for A,

—_~—

mrtl sy =mn



for every n > 0.

In the following we let J be the ideal generated by a maximal superficial sequence
(x1,...,2q) and define for every n > 0

o~

pn = A(mntl/ Jmn).

For example we have

po = A(m/J) = Am/J) = MA/J) = A(A/m) = e — 1. (1)

It is natural to introduce a new set of numerical invariants, namely to let for
every n > 0
Ay = A(m"/m").

In particular we have
ap = a; = 0.

Finally we define also for every n > 0 the integers
vy = A(m" T/ Jm™).

It is clear that

vo=Am/J)=e—1 (2)

and

v; = A(m?/Jm) = MN(A/Jm) = AN(A/m*) =e+d—(1+h+d) =e—h—1. (3)

It is clear that if v; = 0 for some positive integer j, then v, = 0 for every ¢ > j. On
the other hand, if v; = 1 for some positive integer j, then m’*!/Jm/ is a k-vector
space of dimension one , so that

m/ ™ C Jm/

and . ’
m/th = Jm’ + (ab)

for some a € m and b € m?, ab ¢ Jm?. It follows that
m/ ™ = Jm/ T 4+ abm C Jw/ !+ am?T = JmI T 4 (a®h) C mI 2

Hence, if v; = 1, for every ¢ > j we can find suitable elements a € m, b € m’ such
that

mt-i—l — Jmt + (at—l—l—jb) (4)
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It follows that if v; = 1, then v, <1 for every t > j.

When the ring A has dimension one, we have more relevant properties of the
integers already introduced. Hence, from now on, we are assuming d = 1 and we
let J = (z) where z is a superficial element of the local Cohen-Macaulay ring A.
Further we let

hA(Z) = h() +h12+ —|—hszs

where hg # 0. Hence s is the degree of the h-polynomial of A. We clearly have
h():]_,hlzhand

hi = Ha(i) — Ha(i — 1) (5)

for every ¢ > 1 so that

i=0
It is well known that for every 7 > 0
e=Ha(j)+vj. (7)

Further, since z is a regular element in A, from the diagram

mitl o> ami
U U
m/tt o amd

we easily get for every j > 0,

p;t+a; =v;+ai. (8)

Since we have seen that e = H4(s), from (7) we get vy = 0. On the other hand
from (5) and (7) we get

hi = Vij—1 — U; (9)

for every ¢ > 1, hence hy = vs_1 # 0. It follows that

{%>0 if j<s—1 (10)

v, =0 if j>s

and
s s—1
61:Zjhj:ZUj. (11>
7=0 7=0

7



A final property which will be used later is the following upper bound for the de-
gree of the h-polynomial in the one-dimensional case, bound which is a consequence
of a well known result of Herzog and Waldi (see [6]):

s<e—1. (12)

We want now to describe the components of the Ratliff-Rush filtration in the
one dimensional case.

Lemma 1.1 Let d=1. For everyt > 0 and 7 < s we have

and

Proof. Since Hu(s) = e, by (7) we get v, = 0, hence m*™! = xm?® and the first
assertion follows by multiplication by m.
If now az’ € m’*!, then

axtmsfj g mt+5 — l,tms
so that a € m® : m*~7. O
Proposition 1.2 Let d = 1. Then we have:

~ miiat U =mfimtd f j<s
m’ if 1>s

Proof. For some t > 0 we have
mi =m/T . mt CmItt et

If 5 < s we can use the above lemma and we get

If instead j > s, we get

mj+t : l’t — :Cj+tfsms . l’t C xjfsms C mj C mi.
In both cases the conclusion follows. O
As a consequence of the above proposition we get

a; = 0 for every j > s. (13)

8



By using (7) and (8), we easily get the well known formula (see [8])
s—1 s—1
61:ZUj:ij (14)
5=0 §=0
We will need in the following a suitable lower bound for the integers a; which will
be a consequence of the subsequent result.
Lemma 1.3 Letd=1. For every k > 0 and 1 < p < s — 1 we have
m? ¢ gmP~! 4 (mPTRTL )
Proof. If m? C zmP~! 4+ (mPtE+L: 2%) by using the preceding lemma we get
m? C zm?~ ! 4 (m®:m* P
so that
m® =m* Pm? C m* P(am? ! + (m*: m¥Ph)) Comt 4 mt T

which, by Nakayama Lemma, implies m* = xm*~!. This means v,_; = 0, which is a
contradiction. O

Proposition 1.4 Let d = 1 and j, t be non negative integers such that j +t < s.
Then
a; > Ha(j— 1) — Hy(j +t — 1) + 1.

Proof. We have an exact sequence
0 —m/ N/t 2" /m! — m/H/m/ D md T It o Tt T emd T 0.
Since by Lemma 1.1

we get ' ' '
a; > Ha(j—1) — Ha(j+t — 1) + Am/ T /ztm/ ™! 4 md ™),

Now, if t = 0, we have nothing to prove. If t > 1, we have
Tl D it 1 pmId T2 D It 2t S D it 1 il

Since the length of this chain is ¢, the conclusion follows if we are able to prove that
all the inclusions are strict. But if we would have

I B I I
for some 0 < k <t —1, then
itk ppitt2k (mj—i-t : $k)

9



We get a contradiction by using the above lemma after observing that if we let
p=j+t—1—k, then, since k+2<j+t<s,weget l <p=j+t—1—-k<s—1.
OJ

By using this result we get a rough but useful upper bound for the degree of
the h-polynomial of A in term of the Cohen-Macaulay type 7(A) of A which is by
definition

T(A) =dim(J : m/J).

Proposition 1.5 Let d =1. Then
s <1+7(A) + Mz :m+m2/z:m).
Proof. From the diagram

x:m+nﬁ{2 D) nTQ O m?
U U
r:m D zA DO m

we get
1+7(A) + Az m4+m2/z:m) = A(m?/zm) + as + A(z : m 4+ m2/m2).

By (3)
A(m?/om) =e—h—1

while by the above proposition we get
ag > Ha(l) —Ha(s—1)+s—2>h—e—s.
Sincez € x:m, x §Zn72 we also have
Az : m+m2/m2) > 1.
Hence
1+7(A) + Az m4m2/z:m)>e—h—1+h—e—s+1=s,

as wanted. O

We end this section with a result which will be used in the proof of the main theorem.
We need a preliminary Lemma which uses the main idea of the proof of the classical
Cayley-Hamilton theorem.

Lemma 1.6 Let I = (z1,...,2,) and L be ideals of the local ring (A,m). Let us
assume that there exist elements a,x € m such that

al Cxl+ L.
Then there exists o € am¥~! such that for every b € I we have

(a” —o)b e Lm" .

10



Proof. For every j =1,...,v we can find elements \;; € A, ¢; € L, such that
v
ax; + Z AijTx; = ¢j.
i=1

We get a system of v equations in v variables
(X1, ..y Ty) M = (c1,...,¢)

where M is the matrix M = (d;;a + A\;;x). If we multiply on the right by the adjoint
of M, whose entries are elements of m*~!, we get

det(M)z; € Lm"™*

for every i = 1,...,v. Since clearly det(M) = a* — o with o € zm"~!, the conclusion
follows. [

Theorem 1.7 Let i > 0 be an integer and I and K ideals of the local ring (A, m).
Let us assume that I can be generated by v elements and there exist a,x € m, ¢ € A,
z € K such that

1. m™ = zm’ + (acz).
2. az € vK + Im.

3. al Cz(I + K).

4. cK Cmb.

Then

v+1+1 — v+1

rm
Proof. By 2. we can write
az = Ir+ 8

with r € K and s = S pw;, p; € m, w; € I. Since by 4. cr € m* and by 1.
acz = xer +cs € mTL we get
cs € m'th

By 3. we have
al Cxl+ 2K,

hence by the above Lemma we can find ¢ € xm"~! such that
w(a’ — o) € rKm"™*
for every w € I. It follows that there exist f; € xKm"~! such that
a’s =Y pia’w;) => pilow; + f;) =os+ > pifi=0s+g
with g € x Km". From this we get

a" ez = a’claz) = a’c(xr + s) = c(a’s) + za’(cr) = ocs + cg + xa’cr.

11



Since

csem ™ o ecam’

we get
ocs € xm?T

On the other hand, since
cK Cm', g€ axKm",

we get
cg € r(cK)m® C zm" "

and
za’er € xmUT,

This implies

a’tlez € gm?Te

But, as in (4), by 1. we get
mv+i+1 — xmv-i—i + (av-&-lcz)‘

The conclusion follows. [

2 The Hilbert Function

In this section (A, m) is a Cohen-Macaulay local ring of multiplicity e = h + 3.
As usual we denote by J the ideal generated by a maximal superficial sequence
(x1,...,24) and we let B = A/J. The h-polynomial of the artinian local ring B is
either

hp(z) =1+hz+ 22+ 2°

or
hp(z) =1+ hz + 227

In the first case, following [13], we say that A is stretched and we have m® ¢ Jm
and m* C Jm; in the second case, following [3] we say that A is short and we have
m? C Jm. In both case we have the following useful structure of the square of the
maximal ideal of A.

Proposition 2.1 Let e = h+ 3. Then

m? — Jm+ (cf), o,fem ¢ feJ if A s stretched.
| Jm+(cf,cq), ¢ f,geEm, ¢, f,g& J if A is short.

12



Proof. 1f A is stretched, then we have
Hy/7(2) = 1 = dim(m®/m® + (J Nm?)) = dim(m®/m® + Jm).
Hence
m® =m® + Jm + (cf)
with ¢, f € m, ¢, f € J. The conclusion follows by Nakayama Lemma.

If A is short, then m®* C Jm so that m?/Jm is a k-vector space of dimension 2
by (3). This implies
m? = Jm + (zy, 2t)

for suitable z,y,2,t € m, x,y,2,t € J. Now, if yz € Jm, then either m? = Jm +
(ry,yz) or m* = Jm + (2t,yz) and the conclusion follows. If zt ¢ Jm, then either
m? = Jm + (zy,xt) or m®> = Jm + (zt,xt) and again we are through. Finally if
yz,xt € Jm, then

m? = Jm + (vy, 2t) = Jm+ ((z + 2)y, (v + 2)t)
and the conclusion follows as well. O

After the above result has been proved, we clearly need a deeper investigation
of Cohen-Macaulay local rings (A, m) with the property that m? = Jm + cI. In the
next proposition we do not use the assumption e = h + 3.

Proposition 2.2 Let (A, m) be a local Cohen-Macaulay ring such that m? = Jm+-cl
for some c € m, ¢ & J and some ideal I C m. Then we have:

ym=1+(J:c).

ii) m"t = Jm" + "I for everyn > 1.

ii1) vpy1 < vy, for every n > 0.

w) If J:m £ J: ¢, then vy < vy.

v) If dim(A) = 1, then Hx(n) < Ha(n + 1) for every n > 0.
vi) If I = (d), then v, < v,41 + 1 for everyn > 1.

Proof. i) We have em C m? = Jm + I hence

mC/l+(Jm:c)CIT+(J:c)Cm.

ii) If n = 1 there is nothing to prove. We make induction on n. Let n > 2 and
m" = Jm" ! 4+ ¢""1I. Then

m" ™ = Jm" 4+ " m C Jm" + em” C Jm" + o(Jm" T 4 ) =

= Jm" + "I C m"HL.

13



iii) We have a canonical map
mn+1/Jmn N mn+2/Jmn+1

given by the multiplication by ¢. By ii) this map is surjective and the conclusion
follows.

iv)Ifae J:c,ag J:m, let b € msuch that ab ¢ J. Then ac € JNm? = Jm
so that ab € m%/Jm is a non zero element of the kernel. The conclusion follows.

v) By iii) we have v, < v, for every n > 0. If dim(A) = 1, the conclusion

follows by (7).

vi) We must prove that the kernel of the map as in iii) has length smaller or
equal than one. But this kernel is the module

m" N (Jm™t ) /Jm”,

Since for t >> 0 we have m* C J, we get m"*'** C Jm"*!; on the other hand
m" ™! ¢ Jm"*! hence there exists an integer r > n such that

m’ gZ Janrl’ mT+1 C Jmn+1.

We claim that
m" N (Jm" ) = Jm" +m
The claim gives the conclusion because Jm"™ +m"/Jm" is a k-vector space generated
by ¢—d.
Let us prove the claim. If r = n + 1, then m"™2 C Jm"*! so that

and we are done. Let 7 > n+2, and a € m"*' N (Jm" ! : ¢). Then a € Jm" + m"H!
and if, by contradiction, a ¢ Jm™ +m", we could find an integer ¢ such that n+1 <
t<r—1and

acJm"+m!, a¢Jm"+mith

This implies a = bc!~'d + w where b € m and w € Jm". Hence ¢!~'d € Jm"*! : ¢ so
that m” C m!™! C Jm"*!, a contradiction. O

A recent result found independently by Huckaba, Elias, Corso-Polini-Vaz Pinto,
Rossi (see [7], [5], [4], [10],) says that the associated graded ring G of any Cohen-
Macaulay local ring A has depth at least d — 1 if v, < 1. When e = h + 3, this
happens if the Cohen-Macaulay type of A, which will be denoted simply by 7, is not
too big.

Theorem 2.3 Lete=h+ 3. If T < h, then vy < 1.

14



Proof. By Proposition 2.1 we may write
m? = Jm +cl

with ¢ € J. Since by (3) A(m?/Jm) = 2, we get the conclusion by iv) in Proposition
2.2 if we can prove that J : m # J : c. We have by i) of the same proposition

m=1+(J:c),
hence, if by contradiction J : m = J : ¢, then
JCJ mC(J m)+I=(J:¢c)+1=m.
If we can prove that
AMJ :m+1/J:m) <2

then we get
h4+2=AXm/J)<T1+2,

a contradiction. Now if A is stretched, then by Proposition 2.1, I = (¢) and we have
a filtration
y=(J:m)+ 1.

J:mC(J:m)+ (#) C(J:m)+ (¢
) € (J:m)+ (),

Since ?m Cm3 C J:m and tm = t((t) + (J : ¢)
(J:m)+#)/(J:m) and (J:m)+ (t)/(J:m)+ (#?)
are k-vector spaces of dimension < 1, hence
AMJ:m+1/J:m) <2

If A is short, then by Proposition 2.1 [ is a two generated ideal; hence, since Im C
m?C J:m,J:m+1I/J:mis a k-vector space of dimension

AMJ:m+1/J:m) <2
OJ

We come now to the main results of the paper concerning the Hilbert Function of a
local Cohen-Macaulay ring with e = h + 3.

We want to prove the following theorems:
Theorem 2.4 Lete=h+3 andd = 1. Then

a) ha(z) =1+hz+2"+25 with2 <t <s<71+2.

b) If vo =0 then G is Cohen-Macaulay and s =t = 2.

c) If vo =1 thent = 2.

d) If A is stretched then t < s.
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Theorem 2.5 Let e = h + 3. Then
a) If vy = 0 then G is Cohen-Macaulay and ha(z) = 1+ hz + 222
b) If vy = 1 then depth(G) > d — 1 and ha(z) = 1+ hz + 2% + 2° where

3<s<7+4+2 if A is stretched.
2<s<71+4+2 if A isshort.

We first claim that the proof of Theorem 2.5 is reduced to the proof of Theorem
2.4.

Namely, if vy = 0, then m® = Jm?, hence A is short and G is Cohen-Macaulay
with ha(z) = 1+ hz + 22%. This proves part a) of Theorem 2.5

If v3 = 1, then we have already remarked that depth(G) > d — 1 so that, if we
let R = A/I, where I is the ideal generated by the first d — 1 elements in a maximal
superficial sequence, then hy(z) = hg(z). We thus have e(R) = h + 3, dim(R) = 1,
7(A) = 7(R) and m’™' N [ = Im/ for every j > 0. It follows that

va(A) = Aw?/Jm?) = A(m®/Jm? + m® N 1) = A ((m/1)*/(J/T)(m/1)?) = va(R).

We can thus apply Theorem 2.4 to get part b) of Theorem 2.5. The claim is
proved.

We want to prove now Theorem 2.4. Hence, in the rest of this section, A is a
local Cohen-Macaulay ring of dimension one with e = h + 3.

By Proposition 2.2 iii), we have v; < v;_; for every j > 1, so that by (9) h; >0
for every j > 0. This means that

ha(z) =14 hz + 2" +2°

with 2 <t <s.
If vg = 0, then, as before, A is short and G is Cohen-Macaulay with

ha(z) =1+ hz + 22%

hence s =t = 2 and b) is proved.
If v3 = 1, then by (9) and (3)

hgzvl—nge—h—l—lzl,

hence t = 2. This proves c).

Finally if A is stretched, then by Proposition 2.2 vi) we get v; < v;_; < wv; +1
for every j > 2 so that 0 < h; < 1 for the same j's. This implies ¢t < s and proves
d).

We are left to prove that, in any case, s < 7+ 2.
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This is clear if 7 > h, because by (12)

s<e—1=h+2<71+2.

Hence we may assume 7 < h which, by Proposition 2.3, implies vy < 1. Since in
the case v = 0 we have s =t = 2 < 7 + 2, the proof of Theorem 2.4, and thus of
Theorem 2.5, is reduced to the proof of the following result.

Theorem 2.6 Lete=h+3 andd=1. I[fvo =1 then s <7+ 2.

Proof. Since vy = 1, by (4) we have for every n > 2

m" ! = zm™ + (a"'b) (15)
where a € m, b € m?. Further by (9) and (3) we have
ho=v1—1vm=e—h—-1—1=1,
hence, by v) in Proposition 2.2,
ha(z) =1+ hz + 2% + 2°

with 2 < s.
Since 7 > 1, the conclusion is clear if s < 3; hence we may also assume s > 4.

We will prove the theorem in several steps.

Step 1. We may assume as = s — 3, and

s—1 if j=1.
pi=11 if j=2.
0 if j>3.

Proof. By Proposition 1.4 we have
ag > Ha(1) —H(s—1)+s—2
so that
as>h+1—(h+2)+s—2=s5-3.

By (8), we get
pr=v1+a>2+s—-3=s5—1.

Further, if p; = 0, then m3 C zm?2 which implies m2 C z:m. By using Proposition
1.5 we get s < 7+ 1.

Hence we may assume ps > 1. From the true definition of e; we have

61:Zjhj:h+2+8;
=0
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on the other hand by (14) and (1) we have
s—1 s—1
er=) pi=h+2+3 p;
j=0 J=1

This implies E‘;;% p;j = s hence p1 = s =1, pp = 1, p; = 0, for every 7 > 3 and
as = s — 3. This proves step 1.

Now it is clear that we have a filtration of length s — 2 connecting m? to nTQ,

namely

mCm’:zCm':2?C-.- Cm®: 2" % =m?,

where the last equality follows by Proposition 1.2.
Since a, = s — 3 there exists an integer j such that 0 < 7 < s — 3 and

mZCmg:me4:x2C---ij+2:xj:mj+3:xj+1.
We remark that we have
Hajpa(2) = Am® + z/m® 4+ 2) = A(m?/m® + m* Nz) =

= H,(2) = AMm* +m?*Na/m?) = Hy(2) — Ma(m? : z)/z(m® : 1)) =
= Hx(2) = Mm/m?: 2) = Hy(2) — Ha(1) + AX(m? : 2/m?) = 1 + A(m® : z/m?).
From this we get that A is stretched if and only if j = 0.
Step 2. Let j be the integer defined above. Then

mit2 C 2 A

and ‘ .
AT 2d /m?) = ;.

Proof. If 7 =0, everything is clear. Let j > 1; by the choice of j we have
AWt 27 /m?) > .
From the exact sequence
0 - m*2: 27 /m? — m/m? — mH It it am 4wt 0,

where the map in the middle is multiplication by 27, we get

MMzl /m?) = h+1— Ha(j+ 1) + AT /2/m + m? ™).
Since 2 <j+1<s—2, Hy(j + 1) = h+ 2 so that

MMt gl fm?) = A(m T /2P m 4 mi ) — 1
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By using the filtration

T Dem/ D2/ D D adm,

we get
)\(mj—i-l/xjm + mj+2) + /\(xjm+mj+2/xjm) — /\(mj“/xjm) —
j-1 ' 4 j-1 ) 4 j—1
=Y AMatm M e i T = S AmIH T e ) =Y 0 =142 =5+ 1

From this we get
F< AT gl /m?) =5+ 1 - AMoPm+m? T /i m) — 1 = § — Aa/m 4+ miT?/27m).

Hence ' ‘
Am/t? ol fm?) =5

and
2m+m/ T = 2/m

which implies
m/t2 C 2 A.

This proves step 2.

Since m’*? C 27 A we can write
ajb:sz, zemj“:mjgnﬁlé.
By (15) we get

m/ T3 = am?t? 4 (a7 Th) = amI T2+ (a2?2). (16)
Step 3. With the above notation we have

m3 = am? + (az).

Proof. Since z € m?, we have az € m3. By Step 1 py = A(m3/zm2) = 1, hence the
conclusion follows if we can prove that az ¢ rm?2.

Let us assume, by contradiction, that az = xp; then
b = a(a’b) = 2az = 27 p
hence p € m/*3 : 27t = m/*2 : 29, This implies

b = z(27p) € zmIT?
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so that, by (15),

R
This means v = 0, which, since j + 2 < s — 1, is a contradiction to (10).
Step 4. If j > 1, then we have:
zau)_mijl it Crm.
b) m7 T2 29 C (2) + (z : m).

Proof. If cx’~! € m’*!, then, by Step 2,
e’ tm CmIT2 C I A,

This implies ¢ € z : m which proves a).

If c/ € m/™? = zm/™ + (a/b) = amI™ + (272), then (¢ — pz)z/ € amI™! for
some p € A. Hence, by a),

c—szxmj“:xjgmj+1:xj_1§m:m.

This proves b) so that the proof of step 4 is now complete.
In the following v(I) denotes the minimal number of generators of the ideal I.

Step 5. There exists an ideal I such that v(/) = s —3, al C am? and
m? = (m*?: 7)) 4 I
Proof. By Step 1 we have s—3 = a3 = A(m2/m?), while, by step 2, A(m?*2 : 27 /m?) =
j. Hence m2/m?*2 : 27 is a k-vector space of dimension s — 3 — j and we can write
m2 = (m/*2: 27) + (wy,. .. ,Ws—3—5).
Since w; € nTQ, we have aw; € m? and by Step 3 we can write

aw; =1; + laz
where r; € zm2. It follows that for every i
a(w; — 1;z) € am?.
Since z € m/*2 : 27, we have
m2 — (M2 20) + (wy — bz, we sy — g3 42)

and the conclusion follows with [ = (wy — 12, ..., ws_3_; — ls_3_;%).

Step 6. We have
ICx:m.
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Proof.
If, by contradiction, there exist w € I, ¢ € m such that cw ¢ xA, then, since
cw € m3 and py = 1, we can write

m3 = zm? + (cw).
By using Step 5, we get

m? = am? + (cw) = 21 + (2 : 27) + (cw) C z(m*? : 27) + Im.
Since z € nTQ, we get
az € x(m’*? : 27) + I'm.
At this point we want to use Theorem 1.7 to get a contradiction. We will use
Theorem 1.7 with the following setting:
K=w'":2/ vi=5s-3—j, ci=a’ i:=j+2.
Then we have
v+i+l=s5s-3—-7+j+2+1=s

and we need to verify the four conditions of the theorem.
Condition 1. becomes m'*® = zm’*? + (az’z) which follows from (16).
Condition 2 becomes az € z(m?2 : 27) + Im which has been verified before.
Condition 3 becomes al C (I +mi*2 : 27) = zm? which follows from Step 5.
Condition 4 becomes z7/(m/*2 : 27) C m/*2 which is trivial.

This proves Step 6.
Step 7. Conclusion.
Proof. By Step 6 we have I C z : m, hence, by using Proposition 1.5 and Step 5, we
get

s<1+7+Meim4m2/zim)=1+7+A((@:m)+m*2:27)/z:m).

Now, if j = 0, then A is stretched and, according to Proposition 2.1, m? = zm+(cf).
Since m* C xm, it is clear that x : m+m?/z: m = (z : m) + (c¢f)/z : m is a k-vector
space of dimension < 1. The conclusion follows.

If j > 1, then by Step 4 we have m’*2 : 29 C (2) + x : m, hence
A((m:m)+(mj+2:a:j)/x:m> <Az:m+(2)/z:m).
Since p3 = 0, we have

m? C mt = amd
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so that z : m + (z)/x : m is k-vector space of dimension < 1 and the conclusion
follows also in this case.

The proof of the theorem is now complete.
O

We want to remark that if A is stretched then, as noticed in Step 1 of the
theorem, j = 0 so that the proof of this main result is strongly simplified. Namely,
one does not need to prove Step 2 , Step 4 and Step 5.

3 Examples
In this last section we discuss several examples which put some light on the results
we have proved before and on some possible extensions.

e First we show that in Theorem 2.3 we cannot delete the assumption 7 < h.

Let
A=k Ht7,t8,t13,t19,t25ﬂ .

Then h =4, e=7=h+3 and z =t is a superficial element of A. We have 7 = 4,
Pajpa(z) =1+42 42"+ 2°

and
14+4z+ 224+ 2°

1—1=2

PA<Z) =

Hence A is stretched and vy = 2.

Let
A=k Htﬁ,t7,tl5,t23H .

Then h =3, e=6=h+ 3 and z = t% is a superficial element of A. We have 7 = 3,
Pajaa(z) =1+32z+ 222

and

1432422 4+2°
PA(Z): 1> .

Hence A is short and v, = 2.

e We remark that, as a consequence of Theorem 2.4, if e = h + 3 and A is
Gorenstein then GG is Cohen-Macaulay, a result which has been proved by Sally in
[14] and which was the starting point of our investigation. The following examples
show that the result is no more true if we make the weaker assumption 7 = 2.

Let
A=k [t 47¢1¢7]].
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Then h =3, e =6 =h+ 3 and z = t% is a superficial element of A. We have 7 = 2,
Pajaa(z) =1+32+ 222

and _ ) .
+oz+ 2"+ 2
PA(Z): 11—~ .

Hence A is short and G is not Cohen-Macaulay.

Let
I = (UY—XQY, UZ - X?Z,U?-X*UYZ—-XUY? - 27> —XZ—XYZ)

and A = k[[X,Y,Z,U]]/I. Then h =3, e =6 = h+ 3 and # = X is a superficial
element of A. We have 7 = 2,

Pajoa(z) =1+3242>+2°

and
B 1432422424

1—-=z
Hence A is stretched and G is not Cohen-Macaulay.

PA(Z)

The last example is a local ring which is not a domain. Since we could not find
a domain with those properties, we ask the following question:

Problem 3.1 If A is a Cohen-Macaulay stretched domain with multiplicity e = h+3
and Cohen-Macaulay type T = 2, is G Cohen-Macaulay?

On the other hand the following example shows that there exists Cohen-Macaulay
domains with multiplicity e = h 4+ 3 and Cohen-Macaulay type 7 = 3 such that G
is not Cohen-Macaulay.

Let
A=k Htﬁ,t7,t”,tlﬁﬂ .
Then h =3, e =6 =h+ 3 and z = t% is a superficial element of A. We have 7 = 3,
Pajaa(z) =1+32+ 22423

and
1432+ 2242
N 1—2 ’

Hence A is a Cohen-Macaulay stretched domain and G is not Cohen-Macaulay.

PA(Z)

e In Theorem 2.4 d) we have proved that if A is stretched then ¢ < s. The
following example shows that this is not the case if A is short. It is enough to
consider a short Cohen-Macaulay local ring such that G is Cohen-Macaulay.
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Let
A=k Htﬁ,tS,tw,t”H .

Then h =3, e=6=h+3 and z = t% is a superficial element of A. We have
Pajaa(z) =1+32+ 222

and |43, 4 9.
+ 3z + 2z
PA(Z):?.

Hence A is short and G is Cohen-Macaulay.
e The Hilbert series of the rings k [[t5,¢7, t'1,¢1%]] and k[[X,Y, Z,U]]/I where

I=UY -X?Y,UZ - X*Z,U* - X*U,YZ - XU,Y? -7~ X7~ XY?)

show that the bound s < 7 + 2 in Theorem 2.4 is sharp. This is clear if A is
Gorenstein, but in the above examples we have 7 = 2.

e Finally we want to remark that if 7 > h then we have no control on the Hilbert
function of A in the sense that the degree of the h-polynomial can be the minimum,
which is 2, and the maximum which is e — 1.

Let
A=k Htﬁ,t7,t15,t23ﬂ .
Then h = 3, ¢ = 6 = h+ 3 and z = t° is a superficial element of A. We have
T=3=h,
Pajaa(z) =1+32+ 222
and
I +3z+ 23420
N 1—2z '

Py(2)
Hence A is short and s =5 =¢e — 1.

Let
A=k Htﬁ,tS,tB,t”’H .

Then h = 3, ¢ = 6 = h+ 3 and z = t° is a superficial element of A. We have
T=3=h,
Pajaa(z) =1+32+ 222

and

14 3z + 222
P =\
A(2) 1—=2
Hence A is short, G is Cohen-Macaulay and s = 2.
Let

A=k [[t517415,¢7]].
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Then h = 3, ¢ = 6 = h+ 3 and = t° is a superficial element of A. We have
T=3=h,
Pajoa(z) =1+43242>+2°
and
1432422420
N 1—2 '

PA(Z)
Hence A is stretched and s =5=¢ — 1.

Let
A= k[0 8040#]].
Then h = 3, e = 6 = h+ 3 and = = t% is a superficial element of A. We have
T=3=h,
Pajaa(z) =1+32+ 22+ 28

and L3 ) ;
+oz+ 2+ 2
PA(Z): 1—> .

Hence A is stretched, G is Cohen-Macaulay and s = 2.
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