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Let us consider the following (2 x 4)-matrix

X — X11 X12 X13 X114
X21 X2 X23 X24

Denote by [pq] = x1px2q — X1gX2p for any 1 < p < g < 4. Then
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The QUADRATIC equation above is called Pliicker relation.
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The Pllcker relation above is the only minimal relation among

2-minors of a (2 x 4)-matrix. This means that it generates the

kernel of the following homomorphism between polynomial rings
Kllpg) : 1<p<q<4] —Kxj : i=12, j=1,...,4],

where (pq) are new variables, s.t. (pq) — [pq] = x1pX2q — X1g%2p-

The Pllcker relations can be defined in general for t-minors of a
(m x n)-matrix, where t < m < n. When t = m they still generate

the kernel of the corresponding homomorphism.

What about the case t < m ?
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Introduction to the problem

In 1991 Bruns noticed that already in the case of 2-minors of a
(3 x 4)-matrix CUBIC minimal relations appear.

In 2001 Bruns and Conca asked whether the minimal relations

among 2-minors of a (m x n)-matrix are all quadratic and cubic.

More generally,
are all the minimal relations among
t-minors of a (m X n)-matrix quadratic and cubic?

In this talk we are going to discuss the above problem.
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-) A: = Ai(m, n) C S the k-algebra generated by the t-minors of X.
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What we are going to prove during the talk

-) d(t,m,n) > 3 in all the unknown cases.
-) d(t,m,n) < d(t,m,m+ t) (for instance d(2,3,n) < d(2,3,5)).

-) d(2,3,n) = 3 (whenever n > 4).
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The action on A;

1) G = GL(W) x GL(V).

Once fixed a basis for W, we can identify GL(W) with the group

of invertible (m x m)-matrices. Analogously for GL(V).

Given matrices A € GL(W) and B € GL(V') we have an action
on S = k[X] given by (A,B) X =A-X-B™L.

Since it is fixed by the above action, A; is a G-module as well as S.
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The representation theoretic point of view

There is an isomorphism of G-modules S = Sym(W ® V).

Let A = (A1,...,As) be a partition of a natural number d.
We will write A - d and we define ht(\) = s.

-) Let Ly W denote the Schiir module associated to A.

It is a suitable quotient of
AW AW @ A\ W
Ly\W is an irreducible GL(W)-module. The same holds for V.

The following G-isomorphism is known as the Cauchy formula:

5%@L>\W®L,\V

d>0
A-d
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A partition X is often represented as a Young diagram. For example

[ ]

A= (53,3,1) =

A standard tableu of shape X is a filling of the boxes of A which is

rows increasing and columns nondecreasing. For instance

9710

316
5|7
6|7

IU.)I\.)I\)}—*
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The representation theoretic point of view

The standard tableux of shape A and with entries in {1,..., m}
are in correspondence with a basis of Ly W. Analogously for V.

To a pair of standard tableux of shape A we can associate

a product of minors as in the example below

[ay
N

[4]3 315]

- [1,3,42,3,5] [3]2]

It turns out that the k-subspace of S generated by the products
of minors of shape A is isomorphic as G-module to LyW ® L, V.
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The irreducible G-modules in A;

A result of De Concini, Eisenbud and Procesi implies

At%@ @ LW ® LV

d>0 Akdt
~ ht(\)<d

For instance consider the partition A = (4,1,1) -6

A= @11) =

By the Cauchy formula LYW @ LhyV CS. LW ® LyV C A3 ?
No. Infact A\F6=2-3and ht(\) =3 £ 2. LLWQL\V C Ay ?
Yes. In fact A6 =3-2 and ht(\) =3 < 3.
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P, = Sym(A* W @ A V) also admits a decomposition of the kind
PP P ) LWwelV

d>0  Apkdt
=7 he(M)ht(u)<d

where the a(A, 1) > 0 are integers (multiplicities). Unfortunately
we do not know the multiplicities above. Actually knowing them
would solve an open problem of inner plethysm in representation

theory. In general we do not even know when a(\, p) is zero or not.
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From now on if a(A, ) > 1 we will say that LW ® L,V C P;.

Since Py = A; is G-equivariant we have

LWL,V
AtQW(LAwmqu{OA LYo

So L\W® L,V C Jy whenever X # ppand LW @ L,V C Py.

For instance one can show that LW ® L,V C P, for A = (4) and
p=1(2,2). So L\W® L,V C J;. Actually to such a Schiir module
correspond the Pliicker relations. Instead for the partitions
A=(3,1)and p=(2,2), LWL,V € P, (i.e. a(\, p)=0).
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Let us go a step more to the left

Since a decomposition of P; as G-module is unknown may be

convenient go a “step more to the left”, considering the G-module
-) Qe = Qe(m,n) = @Z(@ (A" W) @ (&(A" V).

It turns out that the kernel of the G-homomorphism Q; 2, P

is generated in degree 2 as a two-sided ideal.
Consider the G-equivariant map v : Q; 2, P, = A,. T.F.AE.
- 3 a mimimal generator of degree d > 3 in Ker(w) = J;.

- 3 a mimimal (two-sided) generator of degree d > 3 in Ker(1)).

So we will face the problem looking at K; = K;(m, n) = Ker(¢)).
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Pieri's formula

We take advantage in considering Q; because its decomposition in

irreducible G-modules is provided by the Pieri’s formula, which

allows us to compute a decomposition as GL(W)-module of
LW e N\ W.

To describe it we need a definition:
Given A= (A1,...,As) Fdset A= (A1 +t, A1, Aoy, As).
We will say that 1+ d + t is a successor of A if A C pu C \.

In this case we will also say that A is a predecessor of p.
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Pieri's formula
For example, let t =2 and A = (3,1). Then X = (5,3,1).

In the Young-diagrams notation we have

A= [ ] and )\ = [ ]

Thus the following v is a successor of A, whether p is not

W= [ ] and vy = [ ][]

Pieri's formula yields the isomorphism of GL(W)-modules

t
LWe AW = QB L, W.

1 successor of A
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The irreducible G-modules in Q;

Therefore we have the following G-isomorphism

=P P bOuLWeLV

d>0  Aurdt
= nt(A)ht(p)<d

where b(\, ) > 1.
It is possible to describe recursively the b(\, ) as follows:
-) b(A, ) =1if A= p=(t) (if and only if A, = t).
) If A\, u F dt with d > 1, then
b(\, ) = > bW,

X' predecessor of
u! predecessor of .
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Minimal cubic relations among minors

We are going to give the idea to prove that there is a minimal

generator of degree 3 in K;, the kernel of the map Q; & At.

Since ¢ is G-equivariant, then K; is a G-module. Moreover, if
3 anelement of L\W ® L,V C K; which is a minimal generator of
Kt, then any basis of L,W ® L,V consists in minimal generators of

K:. In this case we will say that LyW ® L,V is minimal in K.
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Sketch of the proof

For simplicity we will exhibit a minimal cubic relation for t = 2,

however the technique works in general.

Consider \g = (3,3) and po = (4,1,1), i.e.

)\0: and Ho = “‘

We have L)\OW & LMOV - (Q2)3.
The only predecessor of the pair (Ao, o) is the pair (70,70) where

7% = (3,1) = [ ]
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Sketch of the proof

Ao # po = LayW @ LoV C (K2)3. There is the G-decomposition:
(Q2)2 = (K2)2 @ (A2)2.

The only predecessor of (Ao, o), i-e. (70,70), has multiplicity 1.
This implies that the unique copy of L,,W @ L,V is in (A),.
Then Ly, W ® L,,V is in (K>)3 but cannot have any

predecessor in (K2)2. This implies that

LW ® L,V is minimal in K,
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A cubic relation among 2-minors of a (3 x 4)-matrix

Which relation does (Ag|uo) correspond to?

For example, for t =2, m = 3, n = 4, the following bi-tableu

w|w

2[1 1]2[3[4]
2

corresponds to

[12|12] [13|13] [12]23]
det([1213] [13] 13] [1323])

[12 | 14] [13]14] [23] 14]
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A remark

We can also show that if (A, ) is a pair of partitions such that:

A b 2d with d >3, A # 1, b(\, 1) = 1 and
the only predecessor of (\, ) is symmetric. Then (X, 1) = (Ao, 10)-

Analog results hold true for any t > 2, therefore:
There are minimal generators of degree 3 in K3, and thus in J;.

There are not any minimal generators of degree d > 4 for
“reasons of shape” in K¢, and so neither in J;.

This is one of the reasons for our initial question:

Are quadrics and cubics enough to generate J; and K;?
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We are going to show that d(t, m, n) < d(t, m,m+ t).

Let (A, ) be a pair of partition such that p; > A + t.
If (N, 1) is a predecessor of (A, uu) then pf > Ay > A|. Therefore

p1 > A+t = L\W® L,V is not minimal in K;

Since A\; < m, then LyW ® L,V is minimal in K; whenever 3 > m+t.

On the other hand, if u3 < m+ t, there is a polynomial in
L\W ® L,V that actually lies in P¢(m, m+t).
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For instance if t =2 and m =4, LuW ® L,V, where X\ = (4,3,1)
and = (6,2), might be minimal in K>. In any case the following
standard bi-tableu corresponds to a polynomial, say F, of P2(4,6):

4 3[4]5]6]

NN
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In fact F is in the variables (f; A f;,) ® (e}, A e,) with b, < 4 and j, <6.

Moreover, if F is minimal in J>(4, n) it has to be minimal also in J(4,6).

So, in general, d(t,m,n) < d(t,m,m+ t).
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Relations among two-minors of a (3 x n)-matrix

The above upper bounds yields d(2,3,n) < d(2,3,5).

The case of a 3 x 5 matrix is doable by computer!

d(2,3,n) = 3 whenever n > 4

So, in a (3 x n)-matrix, “essentially” the only relations among

2-minors are quadrics and cubics!



