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ABSTRACT. Hankel determinantal rings, i.e., determinantal rings defined by minors of
Hankel matrices of indeterminates, arise as homogeneous coordinate rings of higher order
secant varieties of rational normal curves; they may also be viewed as linear specializations
of generic determinantal rings. We prove that, over fields of characteristic zero, Hankel
determinantal rings have rational singularities; in the case of positive prime characteristic,
we prove that they are F-pure. Independent of the characteristic, we give a complete
description of the divisor class groups of these rings, and show that each divisor class
group element is the class of a maximal Cohen-Macaulay module.

INTRODUCTION

Throughout this paper, by a Hankel matrix, we mean a matrix of the form

X1 X2 X3 o Xs
X2 x3 e DY xs+l
H :: x3 oo . e DY xs+2
xr .. e e xs+r71
where x1,...,xs,— are indeterminates over a field F. By a Hankel determinantal ring we

mean a ring of the form

F[xl,...,strr,]]/It(H),
where 1 <7 < min{r,s}, and I;(H) is the ideal generated by the size r minors of H. These
rings arise as homogeneous coordinate rings of higher order secant varieties of rational
normal curves, see for example Room’s 1938 study [Rol Chapter 11.7].

We prove that Hankel determinantal rings over fields of characteristic zero have ra-
tional singularities, Theorem [2.1] In particular, higher order secant varieties of rational
normal curves have rational singularities. Theorem [2.1jmay be compared with correspond-
ing statements for generic determinantal rings, and those defined by minors of symmetric
matrices of indeterminates or by pfaffians of skew-symmetric matrices of indeterminates:
in characteristic zero, these are all invariant rings of linearly reductive classical groups act-
ing on polynomial rings, and hence are pure subrings of polynomial rings. By Boutot’s
theorem [Bol, it then follows that they have rational singularities. We do not know if Han-
kel determinantal rings, in general, arise as invariant rings for group actions on polynomial
rings, or if they are pure subrings of polynomial rings. However, for ¢t >> 3, we show that
they are not pure subrings of the polynomial rings in which they are naturally embedded,
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see Proposition Our proof of rational singularities is via reduction modulo p methods,
using Smith’s theorem [Sml] that rings of F-rational type have rational singularities.

We compute the divisor class groups of Hankel determinantal rings: the group is finite
cyclic, in particular, the rings are Q-Gorenstein, and we show that each divisor class group
element corresponds to a rank one maximal Cohen-Macaulay module, see Theorem [3.1

We also prove that Hankel determinantal rings over fields of positive characteristic
are F-pure, Theorem [4.1] Finally, for R a Hankel determinantal ring with homogeneous
maximal ideal mg, we compute the F-pure threshold of mg in R, and of its defining
ideal I;(H) in the ambient polynomial ring, see Theorems and

1. GENERALITIES

By a result of Gruson and Peskine, [GP, Lemme 2.3], every Hankel determinantal ring
is isomorphic to one where the defining ideal I;(H) is generated by the maximal sized
minors of a Hankel matrix; alternatively see [Wa, Proposition 7] or [Col, Corollary 2.2(b)].
In view of this, we will henceforth work with Hankel determinantal rings of the form

R:= ]F[)CI,. .. ,.xn+t_1]/1t(H),

where H is a t x n Hankel matrix and ¢ < n; except where stated otherwise, H will denote
such a matrix.
Consider the generic determinantal ring

B:=F[Y]/L(Y),

where Y is a t x n matrix of indeterminates, and I (Y) the ideal generated by its size ¢
minors. The (r —1)(n—1) elements ¥; ;.| — Yj; ; are readily seen to be part of a system
of parameters for B, and specializing these to O gives a ring isomorphic to R. Since B is
Cohen-Macaulay by [ENL| HE], so is the ring R, and the Eagon-Northcott complex provides
a minimal free resolution of R. It follows as well that

dimR = 2r-2.
The elements x1,...,X—1,Xp+1,---,Xn+¢—1 are a homogeneous system of parameters for R,
and the socle modulo this system of parameters is spanned by the degree # — 1 monomials
in xz,...,x,. In particular, the ring R has a-invariant
a(R) = 1—t.

The multiplicity of the ring R is

«w=(,"))

as may be seen directly from the above discussion, or obtained using the multiplicity of
generic determinantal rings, e.g., [BV| Proposition 2.15].

The ring R is a normal domain, see for example, [Wal Proposition 8]; it is Gorenstein
precisely when ¢ = n. The ideal [, (H) is a set-theoretic complete intersection by [[Val]. The
singular locus of R is defined by the image of I, _; (H), see [IK, Theorem 1.56]. For secant
varieties of smooth curves in general, we mention [[Ve]] and the references therein.

Notation. Given a matrix X, we use [a; ... a, | b1 ... by]y to denote the determinant of
the submatrix of X with rows ay,...,a, and columns by,...,b,. We omit the subscript
whenever the matrix is clear form the context.
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2. RATIONAL SINGULARITIES

In proving that Hankel determinantal rings of characteristic zero have rational singulari-
ties, we will use the following description: A 2 x n Hankel determinantal ring over a field F
is readily seen to be isomorphic to the n-th Veronese subring of a polynomial ring F|u,v],
where the Hankel matrix maps entrywise to

u" un—lv un—2v2 . uvn—l
(unlv Mn72v2 P ) :
This is the homogeneous coordinate ring of the rational normal curve C, in P"; as it is a
Veronese subring, it is a pure subring of F[u,v], independent of the characteristic of F.
A 3 x n Hankel determinantal ring is the homogeneous coordinate ring of the secant

variety of the rational normal curve C, | in P"*!; it is isomorphic to the subring of the
polynomial ring F[u;,uz,v1,v2], where the Hankel matrix maps entrywise to the matrix

1 1
”H —|—u”+1 u'l’vl +uyv, —|—u” 2 u]v1 —l—u%vg
1
Mlvl +M2V2 +M” 2 e R ulvl +u2V2
n—1 2 n—1 2 n+] n+1
ul _|_u2 2 cee cee +V

More generally, a t x n Hankel determinantal ring is the homogeneous coordinate ring
of the order r — 2 secant variety of the rational normal curve Gy, in P"*~2, see for
example [Ei, Section 4]; it is isomorphic to the F-subalgebra of the polynomial ring

F[ul,...,ul,l,vl,...,vt,l]
generated by the elements
(2.0.1) By i= W2 T, 2 for 0<i<ndr—2.

Theorem 2.1. Let R =F|xy,...,x,1+—1]/L(H), where F is a field, and H is a t x n Hankel
matrix. If F has characteristic zero, then R has rational singularities. If F is a field of
positive characteristic p, with p > t, then R is F-rational.

Proof. Tt suffices to prove the positive characteristic assertion in the theorem: it then fol-
lows that R is of F-rational type for [F of characteristic zero, and then by [Sm), Theorem 4.3]
that R has rational singularities.

Let F be a field of characteristic p > ¢, and assume ¢ > 2. Using [HH, Theorem 4.7]
and the preceding remark in that paper, it suffices to prove that the ideal generated by one
choice of a homogeneous system of parameters for R is tightly closed. Set

S::F[ul,...,ut_l,vl,...,vt_l],

i.e., S is a polynomial ring in 2¢ — 2 indeterminates, and identify R with the subring gener-
ated by the elements hy, ..., 4,2 as in (2.0.1). The elements

hOa cee 7ht727hn7” . 7hn+t72

form a homogeneous system of parameters for R. Let a be the ideal of R generated by
these elements; it suffices to show that a is tightly closed. Note that %; belongs to the
ideal (uf,u},...,u} |)Sfor0<i<r—2,andto (V},v5,...,v} |)Sforn<i<n+t—2,50

aS C (uf,us,....up | VI, Vs, ..,V )S.
The socle of R/a is the vector space spanned by the images of the elements

hi hiy -+ hi

lr—1

where t—1<ii<ip < <1 <n—1.
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Suppose that a linear combination of the above elements, say
ri= Zz’iliz“'it—lhil hiz = 'hit—l where 2,,'1,'2“.,}71 eF,

belongs to a*, i.e., to the tight closure of a in R. Since R C S is an inclusion of domains, it
then follows from the definition of tight closure that r € (aS)*. But (aS)* = aS since S is
regular, implying that r € aS, and hence that

n n n n n n
r € (M17u2,...,ur_l,V13V2,...7Vt_1)S.

We claim that this occurs only when each coefficient A;
that r =0, i.e., that a is tightly closed, as desired.

We first illustrate the proof of the claim when ¢t = 3. In this case, the ring R may be
identified with the F-subalgebra of S = F[u;,u;,v1,v2] generated by the elements

Lip—i;_, €quals 0; it then follows

hi = W 4 us T where 0<i<nt1.
Suppose
r= Z Aiyiyhishiy € (uf,u5,v{,v3)S.
2<i<ip<n—1

Fix ki,k> with 2 < k; < ko < n— 1, and consider the coefficient of u'f“fkl v]fl u;H*kzvgz

in the expression above, i.e., in
_ n+1—iy i n+1—iy iy n+l—ip iy n+l—ir i
Z)Lilizhil hiz - Zliliz (ul vy Ty V) )(”‘1 Vi Tty Vy )
This coefficient is Ay, if k1 < k2, and it equals 24y, if ki = k>. Since the characteristic

of Fis p >3, and r € (uf,u5,v},V5)S, it follows that each coefficient must be 0 as claimed.
We now turn to the general case: suppose

r :Zz’ilizmit—lhilhlé“'hit—l € (ul,us, ... oW ViV, v )S,
where the sum is over indices witht — 1 <i1 <ip < - <1 <n—1.Letky,...,k_1 be
integers with
1—1<k <k < - <kg<n-1.
The coefficient of

n+t—2—ky ki n+t—2—ky ky n+t—2—k_1 ki
uy ViU Vo Uy Vie1

in 7 is ¢y k,..k,_, Where c is a product of positive integers, each less that r. Hence ¢ # 0
in I, and so it follows that each coefficient is O. O

While the description in terms of higher secant varieties shows that every Hankel deter-
minantal ring is a subring of a polynomial ring, it is not in general a pure subring of that
polynomial ring, as show next; recall that a ring homomorphism R — S is pure if

R®rM — SQ@rM
is injective for each R-module M.

Proposition 2.2. Let R be at x n Hankel determinantal ring, regarded as the F-subalgebra
of the polynomial ring S = Fluy,...,u;_1,v1,...,vi—1], generated by the elements h; as
in 2Z.0.1). Ift > 3, then R is not a pure subring of S.

Proof. Let mp denote the homogeneous maximal ideal of R. The expansion of this ideal
to S is contained in the height 7 ideal

n-+t—2 n-+t—2
(W1 —=vi, ooy W—1 —Vi—1, V) +- VTS,
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Since height mzS <t < 2t — 2 = dim S, the Hartshorne-Lichtenbaum Vanishing Theorem,
for example [ILL", Theorem 14.1], implies that

He 2(S) = HA$(S) = 0.
If R — S is pure, the injectivity of Hg/ *(R) — Hal *(S) implies that Hz/ *(R) =0,
which is a contradiction since dimR = 2t — 2. O

Remark 2.3. Being a pure subring of a polynomial ring is a stronger property than having
rational singularities, or even having F-regular type; the hypersurface in [SS, Theorem 5.1]
has F-regular type, but is not a pure subring of a polynomial ring.

Question 2.4. Is every Hankel determinantal ring a pure subring of a polynomial ring?

3. THE DIVISOR CLASS GROUP

Consider the Hankel determinantal ring R = Fx,...,x,1,—1]/L(H), where I is a field.
To avoid some trivialities, we assume throughout this section that n >t > 2. Set p to be
the ideal of R generated by the maximal minors of the first # — 1 rows of H, i.e.,

X1 X2 X3 o Xn

xZ x3 cee -xl’l+1
(3‘0.1) p:: ][_1 x3 cee x”+2

xt71 cee xn+t72

The ring R/p may be identified with the polynomial ring in the indeterminate x,,—; over
a size (t — 1) x n Hankel determinantal ring; it follows that R/p is an integral domain of
dimension 2¢ — 3, and hence that p is a prime ideal of height 1.

For each integer k with 1 <k <n—1t+2, set p<k> to be the ideal of R as below,

X1 X2 X3 e Xn—k+1

Xoow o ek

p<k> - [t_l X3 e Xp—k+3
X1 v o Xp—kett—1

Note that p<1> =p, and that the ideal p<””+2> is principal. With this notation, we prove:

Theorem 3.1. Consider the Hankel determinantal ring R :=TF[x1,...,Xp1—1]/I(H), for F
a field, and t > 2. Then the divisor class group of R is cyclic of order n —t + 2, generated
by the ideal p above. The symbolic powers of p are

p® =p®  for 1<k<n—1+2.
Moreover, each of these is a maximal Cohen-Macaulay R-module.
We need a number of preliminary results.

Lemma 3.2. Let Y be an m x n matrix with entries in a commutative ring. Assume that Y
has rank less than t.

(1) For every choice of row and column indices, one has
[a1 R .| ‘ b] btfl] X [Cl el Cr—q |d1 dtfl]

= [a1 S .| |d1 dt_l]x[cl e Cr— |b1 bt—l]-
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(2) Let Y (a,b) denote the submatrix of Y with row indices < a, and column indices < b.
Then, for all a < m and b < n, one has

L (Y(a,b+1) L (Y(a+1,b)) = L_1(Y(a,b)) h1(Y(a+1,b+1)).

Proof. First note that (2) follows immediately from (1). To prove (1), we may assume right
away that the underlying ring is B := Z[X]/I;(X), with X an m x n matrix of indeterminates,
and that Y is the image of X in B. Since B is a domain, it suffices to verify the displayed
identity in the fraction field K of B. Consider the linear map

¢: K" — K"
given by the image of Y. The map ¢ has rank less than ¢, so the exterior power
At71¢' Atfle - AtflKn
is a linear map of rank at most 1. For rows iy,...,i;— and columns ji,..., j,—1 of @, the
corresponding matrix entry of A’~!¢ is the determinant

TR e
The required identity is now immediate from the fact that the size 2 minors of the matrix
for A’ ¢ are zero. O

Lemma 3.3. Let p be as in (3.0.1), and let v denote the valuation of the discrete valuation
ring Ry. Then, for integers 1 <iy < iy <--- <i;_1 < n, the minors of H satisfy

v([I...ot=1]d1 ... i—1]) = n+1—1i_1.

Consequently for p<k> as defined earlier, and k with 1 <k <n—t+2, one has

p<k> C p(k) and p<k>Rp :p(k)Rp.
Proof. Setmw:=[1 ...t—1|n—1t+2 ... n]. We will prove inductively that
(3.3.1) v([1...t—=1]i1 ... i—1]) = (m+1—i1)v(7w),
with the base case for the induction being i;_; = n. By Lemma(l) one has
(332) [1...t—1]ij ... i q]xX[2...t|n—t4+2...0n = xX[2...t]i ... ;1]
We work in the ring R, where the minor

2...t|ln—t+2...7]

isaunit. If i;_y =n,then [2 ... | i ... i;—1] is a unitin Ry as well, and it follows that

v([l...t=1]d ... i—1]) = v(m),

which proves the base case. For the inductive step, assume that i,_; < n and that (3.3.1)
holds for larger values of #,_;. Since

2...t)ip o] =1t =1i+1 ... i+ 1],
the inductive hypothesis gives
v([2...t|ip ... i—1]) = (m—i—1)v(7@).
Combining this with (3.3.2), it follows that
(1 ...t=11]i1 ... 51]) = v(m)+ (m—i—1)v(7) = (n+1—i—1)v(w),

which completes the proof of (3.3.1).

Since the valuation of each minor generating the ideal p is a positive integer multiple
of v(m), it follows that 7 generates the maximal ideal of Ry, and that v(7r) = 1. Lastly, note
that the minors that generate the ideal p*) are precisely those with valuation at least k. [
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The following is a slight modification of [Wa, Lemma 4], adapted to our notation, and
with a shorter proof.
Lemma 3.4. Let R be a t x n Hankel determinantal ring over a field F. Set
A=[1...t—1|1...t-1],
viewed as an element of R. Then:

(1) the ideal AR has radical p, for p as in (3.0.1),
(2) Ra=TFx1, ..., x22]a and
(3) the elements x1, ..., x2—2 of R are algebraically independent over F.

Proof. (1) In the notation of Lemma the ideal p®) is I, | (Y (t — 1,n—k+1)), where Y
is the image of the Hankel matrix H in R. Since

L (Y(t—1,n—k+1)) = L1 (Y(t,n—k)),
Lemma[3.2](2) gives

L (Y(t— 1,n—k+1))2 =L (Yt—1,n—k)L_1(Y(t,n—k+1))
C L1 (Y(t—1,n—k))
ie.,
(p<k))2 c p(kJrl).
Since p'!) = p and p”" 2 = AR, we are done.
(2) Foreacha >t,wehave [l ...¢t|1l...t—1a]=0inR, so

Xrya1A € Flxr, ... X4q4-2].
Since A € Flxy,...,X4+4—2], it follows that
Flxi,....xqa1]y = Flxi,. . Xpa—2]4-

Iterating the above display, one gets the desired result.
(3) The dimension of R is 2¢ — 2, hence dimFxy, ..., xp_2] =2t — 2. O

Lemma 3.5. Foreachkwith 1 <k <n—t+2, the ring R/p<k> is Cohen-Macaulay. Hence

the ideal p<k> is a maximal Cohen-Macaulay R-module; in particular, it is reflexive.

Proof. Since R/p is a polynomial extension of a (r — 1) x n Hankel determinantal ring, its

multiplicity is
n
R = .
etwp) = (")

Fix k with 1 <k <n—rt+2. Since A € p%¥, it follows from Lemma that p®) has
radical p. The associativity formula for multiplicities, [BH, Corollary 4.7.8], then gives
the first equality in

e(w/p) = (gt Yetwm) = k(" ).

while the second equality follows from Lemma[3.3]
Let A be the polynomial ring Flxi,...,x,4+,—1], and let P, be the inverse image of p<k>
under the canonical surjection A — R. The images of the indeterminates
X=X X2, Xn4 15+ -y Xt —1
are a homogeneous system of parameters for A/P, = R/ p<k>. Set
J =P+ (x)A.
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Using, for example, [BH, Corollary 4.7.11], one has

(3.5.1) 0(AL]) = e(x,R/pM) > e(R/p%) = k(,nz)-

We claim that
n
VAT < k .
(4/7) (t_z)

Assuming the claim, all the terms in (3.3.1)) are equal, but then R/ p®) is Cohen-Macaulay
by the same corollary from [BH].
To prove the claim, consider the degrevlex order on A induced by

X1 >X2 > > Xpygy—1-
Then the initial ideal of J contains the ideal
—1
(x) + (xt—lw"a-xnkarl)t + (xt7"'7xn)ta

so it suffices to verify that the length of

Flxe—1,.- %]
1y oy Xntr ) (g ey X0
is at most
n
k .
(%)
This is immediate from the following lemma. (]

Lemma 3.6. Let F be a field, and consider integerst > 2 and 1 <r < s. Then

(ormrrosy) = e (750)

Proof. When r = 1, the length in question is that of

[yl] ]F[yz, ays]
O 0 Gy

() )

so the asserted formula holds. Assume for the rest that » > 2.
The case when ¢ = 2 is readily checked as well; we proceed by induction on 7 and 5. Set

Vi=F[y1,...,ys] and I:=(yi,....y,)" "+ 2.0,y
and consider the exact sequence

0—V/(I:y)) —V/I—V/(I+y:V) — 0.

which equals

Since (1:y2) = (y1,...,y7) "2+ (¥2,...,¥s)' "\, the inductive hypothesis gives
VD) = LV /(T:32) +L(V/(I+12V))

= (s=r+ (Htil )+((sl)(r1)+1)<(s—:)_+2t—2)
= (s—r+1) (H’ > .
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Proof of Theorem[3.1] By Lemma the ring R, is a localization of a polynomial ring,
and hence a UFD. Nagata’s theorem, e.g., [BH| page 315], then implies that CI(R) is
generated by the height 1 prime ideals of R that contain A, namely by the ideal p.

Fix k with 1 <k <n—t+2. Then p<k> has radical p, and is unmixed by Lemma
Thus, the primary decomposition of p<k> has the form p<i> for some i. The integer i can be
computed after localization at p, but then Lemma implies that p<k> = p(k) as claimed.
Note that the ideal p<k> is principal precisely when k = n —t 4 2. Lastly, each p<k> is a
maximal Cohen-Macaulay module by Lemma[3.5] O

Remark 3.7. Let Y be a ¢ X n matrix of indeterminates over a field IF, and consider the
generic determinantal ring

B:=F[Y]/L(Y).
Set P to be the prime ideal of B generated by the size ¢t — 1 minors of the first # — 1 rows

of Y, and Q to be the prime generated by the size # — 1 minors of the first # — 1 columns.
By [BV| Example 9.27(d)], the following are maximal Cohen-Macaulay B-modules:

B,PQ Q% ..., 0"

and, in fact, the only rank one maximal Cohen-Macaulay B-modules up to isomorphism.
The canonical module of B is isomorphic to 0", see [BV] Theorem 8.8].

Since the Hankel determinantal ring R may be obtained as the specialization of B mod-
ulo a regular sequence, it follows that the images in R of the modules displayed above are
Cohen-Macaulay R-modules. Note that p = PR, and set q := QR, in which case

R p q, ... qn—t+l

are Cohen-Macaulay R-modules. Due to the symmetry in a Hankel matrix, one has

q = p<n7t+1> _ p(}’[71+1)

Fixiwith 1 <i<n-—t+1. Since qi is a maximal Cohen-Macaulay R-module, and hence
a divisorial ideal, it follows that

qi — (p(nflJrl))i — p(i(nfﬂrl)) ~ p(nflJeri)-

In particular, " ~*! 2 p, and the n — ¢ + 3 rank one maximal Cohen-Macaulay B-modules
specialize to the n — ¢ + 2 elements of the divisor class group of R.
The canonical module Q" of B specializes to the canonical module

q}’l—l‘ o~ p(2)

of R. Since the a-invariant of the ring R is 1 —¢, and p(®) is generated in degree 7 — 1, it
follows that the graded canonical module of R is

wg :=p?.
Note that the number of generators of wg as an R-module is
(=)
r—1
Since g is a reflexive R-module of rank one, it corresponds to an element [@g] of CI(R).

The order of this element is

ordfg — {712 if n—1+2 is odd,
T Y(—t+2)/2  ifn—1+2iseven.
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4. F-PURITY AND THE F-PURE THRESHOLD

Following [HR| page 121], a ring R of positive prime characteristic is F-pure if the
Frobenius endomorphism F: R — R is pure. We prove:

Theorem 4.1. Let R be a Hankel determinantal ring over a field of positive characteristic.
Then R is F -pure.

The proof uses the graded version of Fedder’s criterion, [Fe, Theorem 1.12], and a result
from [[Col]; we record these below:

Theorem 4.2 (Fedder’s criterion). Let A be an N-graded polynomial ring, where Ay is a
field of characteristic p > 0. Let I be a homogeneous ideal of A, and set R := A/I. Let m
be the homogeneous maximal ideal of A. Then R is F-pure if and only if

) ¢ ml!
The following is a consequence of [Co, § 3]:

Lemma 4.3. Let A :=TF[xy,...,xs1,—1] be a polynomial ring over a field F, and let H be
the r x s Hankel matrix in the indeterminates xi,...,Xs1r—1. Set I := I,(H), where t is an
integer with 1 <t < min{r,s}. Let d be a positive integer, and let 0,. . ., 8y be minors of H
such that m < d and Y ;deg &; > td. Then

88y € 14

Proof of Theorem[d.1] Let F be a field of characteristic p > 0. Set A :=F[x,..., X111
and [ := I,(H). By Fedder’s criterion, it suffices to verify that

) ¢ ml?!
where m is the homogeneous maximal ideal of A. We construct a polynomial f with
(4.3.1) f e [t
such that, with respect to the lexicographic order x; > xo > --- > Xx,4;—1, one has
ingex () = x1x2+ Xnr—1.

Since the initial term of f is squarefree, it follows that f7~' ¢ mlPl. We claim that @3.1)
implies f7~! € (I[P} al), e,
Vi e (N

By the flatness of the Frobenius endomorphism of A, the set of associated primes of A/I [p]
equals that of A/I, so it suffices to verify that the containment displayed above holds after
localization at the prime ideal /. The ideal I has height n —¢ 4 1, so (A;,IA;) is a regular
local ring of dimension n — ¢ 4 1, and the pigeonhole principle gives

1(n—z+l)(p71)+1A1 C I[p]AI.
Using @.3.1)), it follows that
fp711A1 g I(n7t+1)(p71)+lAl,

which proves the claim. It remains to construct f with the properties asserted above; the
construction depends on whether n+¢ — 1 is odd or even:
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Suppose n+¢ — 1 is odd, set k := (n+1¢)/2. Then I also equals the ideal generated by
the size + minors of the k x k Hankel matrix

XrooX2 X3 e X
o X2 X3 X4t X
Xk Xkrl ottt Xpgad

Let f be the product of ; :=[1 ... k|1 ... k|grand & :=[1 ... k—1|2 ... k] Then
inex (f) = (X1X3 - X 1) (X2X4 - Xpyr—2) = X1X2 " Xnys—1
as claimed. Let 83,...,8, ;.1 be size t — 1 minors of H'. Then Lemmaimplies that
8- 8y € "L

Since I is a prime ideal generated in degree ¢, and each of 8, ...,8,_,4+1 has degree r — 1,
it follows that f = 8,8, belongs to the symbolic power I"~'*+1) as claimed in (@.3.1).
When n+1—1iseven, setk:= (n+¢—1)/2, and consider the k x (k+ 1) Hankel matrix

X X2 Xk Xk+1
Y X2 X3 e Xk+1 Xi4-2
X o0 Xppr—2 0 Xptr—1

Then / equals I;(H"). Take f to be the product of the minors &y :=[1 ... k|1 ... k]y»
and & :=[1 ... k|2 ... k+ 1]y, in which case
inex (f) = (X013 Xngr—2) (X0X4 -+ Xpgr—1) = XiX2- -+ Xpgr—1-
Choosing size # — 1 minors 8, ..., 8,41 of H”, Lemma4.3| gives
S8y € "

and hence f € 1"+ as in the previous case. O

The definition of F-pure thresholds is due to Takagi and Watanabe [TW], and provides
a positive characteristic analogue of the log canonical threshold. We focus here on the
F-pure threshold of a homogeneous ideal in standard graded F-pure ring:

Definition 4.4. Let A be a polynomial ring over an F-finite field of characteristic p > 0,
and let / be a homogeneous ideal such that R := A/I is F-pure. Let a be a homogeneous
ideal of R, and let J be its preimage in A. Given e € N, set

Ve(a) := max{r >0 (149400 ¢ m/[;z]}7
where g = p°. Then the F-pure threshold of a C R is
[ e
fpt(a) := ehll?wVE(a)/P :

Suppose, in addition, that R is normal; let wg be the graded canonical module of R.
Taking a to be mg in the above definition, [STVL Theorem 4.1] implies that —v,(mg)
equals the degree of a minimal generator of a)lg1 ) Using this, we obtain:

Theorem 4.5. Let R =Fxy,...,x,+1—1]/I(H), where F is a field of characteristic p > 0,
and H is a t X n Hankel matrix. Then the F-pure threshold of mg C R is

2(t—1)

fpt(mg) = L
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Proof. Recall from Remarkthat WR = p(z). For an integer ¢ = p°, one then has
wl(el_q) — p(z(lfq)).
Write
2(g—1)=i(n—t+2)+j, where 0<j<n—r+1.
In view of the graded isomorphism
pU ) = R(—(1 - 1)),
one then has
wl(el_q) — p(2<]*‘1)) — p(fi(”*”fz))p(*j) o~ p(fl) (l(l _ 1))

Since 0 < j < n—1t+ 1, the module p(’j) has minimal generators in degree 0, which then

implies that a)l(el_q) has minimal generators in degree —i(¢ — 1), and hence that

Ve(mg) = i(t—1) = (t—1) f(q_l)J.

n—t+2
The calculation of fpt(mg) follows immediately from this. O

Using the general theory developed in [HV]], one can also compute the F-pure threshold
of the ideal I; (H) in the polynomial ring F[xi,...,X—1]:

Theorem 4.6. Let H be a t x n Hankel matrix of indeterminates over a field F of positive
characteristic. Then the F-pure threshold of I,(H) C Fxy,..., Xy 1] is

n+t—2i+1
fpt(,(H)) = min{ —— |i=1,...,t ;.
b () = min{ EEA0EL o)
More precisely, if A € Ry, the generalized test ideal T(A oI, (H)) is
t
T(A .II(H)) _ ﬂIi(H)(M(tfiJrl)jfnflJrZi).
i=1
Proof. The powers of the ideal I;(H) are integrally closed by [[Co, Theorem 4.5], and
using [Co, Theorem 3.12] one has
UJAssE(H) € {IL(H), b(H), ..., L(H)}.
s>1
In the notation of [HV! § 3], by [[Col Theorem 3.12] we also infer that [, (H) satisfies con-
dition (©) and that
epmy(h(H)) = t—i+1 fori=1,....t
Recall that the polynomial f constructed in the proof of Theorem [.1] has a squarefree
initial term. By an argument similar to the one used there for i = ¢, one sees that

f e LH)M2H0 for i=1,.. 1.

Since height I;(H) = n+1t — 2i+ 1, the ideal I;(H) satisfies the condition (¢+), and the
assertion follows by [HV| Theorem 3.14]. O

Remark 4.7. A similar argument allows one to compute the F-pure threshold and the
generalized test ideals (in positive characteristic), as well as the log canonical threshold
and the multiplier ideals (in characteristic zero), of any product of ideals of minors of a
Hankel matrix in a polynomial ring.
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We conclude with the following question; we prove in [CMSV] that the answer is affir-
mative in a number of cases.

Question 4.8. Is every Hankel determinantal ring over a field of positive characteristic
an F-regular ring?

[Bo]
[BH]
[BV]
[Co]
[CMSV]
(EN]
(Ei]

[Fe]
[GP]

[HV]
[HE]
[HH]
[HR]
(K]
[ILL"]
[Ro]
[SS]
[STV]
[Sm]
(TW]
[Va]

[Ve]
[Wa]
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