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Thedescriptionoffractionalfactorialdesignsusingthepolynomial
representationsoftheirindicatorfunctionshasbeenintroducedfor
binarydesignsin

Fontana,R.,Pistone,G.andRogantin,M.P.(2000).Classificationoftwo-level

factorialfractions,J.Statist.Plann.Inference87(1),149–172.

andgeneralizedtoreplicatesby

Ye,K.Q.(2003).Indicatorfunctionanditsapplicationintwo-levelfactorialdesigns,

TheAnnalsofStatistics.Inpress.

Forasimilarapproachseealso:

Tang,B.andDeng,L.Y.(1999).MinimumG2-aberrationfornonregularfractinal

factorialdesigns,TheAnnalsofStatistics27(6),1914–1926.

Herewegeneralizetomultilevelfactorialdesigns,representingthe
levelsofafactorastheelementsofthemultiplicativegroupofcomplex

rootsofunity,generalizingallthepropertiesalreadyknownforbinary
designstothecasewherethenumbersoflevelsareprimenumbers.
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Complexcodingforfullfactorialdesigns

Notations:

-mthenumberoffactors

-njthenumberoflevelsofeachfactor,j=1,...,m,
withnjaprimenumber.

WecodethenlevelsofafactorAwiththecomplexsolutions
oftheequationζn=1:

ωk=exp

(

i
2π

n
k

)

fork=0,...,n−1

-[k]ntheresidueofkmodn;expecially,forintegerh,(ωk)h=ω[hk]n

ThemappingZn3k↔exp
(

i
2π
nk

)

isagroupisomorphismonthe
multiplicativegroupofC.
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ThefullfactorialdesignD,asasubsetofCmwithN=
∏

m
j=1nj

points,isdefinedbythesystemofequations

ζ
nj

j−1=0forj=1,...,m

AfractionisasubsetF⊆D;allthefractionsareobtainedbyadding

equations(generatingequations)torestrictthesetofsolutions.
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Theclassical3
4−2
IIIregularfractionisdefinedby

ζ
3
j−1=0forj=1,...,4

togetherwiththegeneratingequations

ζ1ζ2ζ3−1=0andζ1ζ
2
2ζ4−1=0

Sucharepresentationisclassicallytermed“multi-

plicative”notation.Inourapproachtheequations

aredefinedonthecomplexfieldC.Therecoding

mapsbetweentheresidueclassgroupZ3andthe

fieldC.
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Responses

AcomplexresponsefonthedesignDisaC-valuedfunctiondefined

onD.ItisarestrictiontoDofacomplexpolynomial.

-L=
{

α=(α1,...,αm):αj=0,...,nj−1,j=1,...,m
}

-Xithei-thcomponentfunction,mappingadesignpoint(ζ1,...,ζm)

intoitsi-thcomponentζi.Frequentlycalledfactor.

-InteractiontermsormonomialresponsesXα

withα=(α1,...,αm),α∈L:Xα:=X
α1
1···Xαm

m

X
α

:D3(ζ1,...,ζm)7→ζ
α1
1···ζ

αm
m

-ThetermXαhasorderkifinthem-tupleαthereareknon-null

values:Xαisaninteractionoforderk

(inthebinarycasetheorderisequaltothedegree)
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Responsesonthedesign

-Eachresponsefisrepresentedasanuniquelinearcombinationof

constant,effects,interactions:f=
∑

α∈LθαXα,θα∈C

-MeanvalueoffonD,ED(f):ED(f)=
1
N

∑

ζ∈Df(ζ)

-AcontrastisaresponsefsuchthatED(f)=0.

-TworesponsesfandgareorthogonalonDifED(fg)=0.
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ThesetofallresponsesisacomplexHilbertspacewithscalarproduct

<f,g>=ED(fg)

BasicpropertiesconnectingthealgebrawiththeHilbertstructure:

1.XαXβ=X[α−β],where[·]denotesthemodulooperationextended

toL;

2.ED(X0)=1,andED(Xα)=0forα6=0;

3.ED(XαXβ)=ED(X[α−β])=







1ifα=β

0ifα6=β
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Responsesonthefraction

Algebraicmethodsallowtofindbasesofthevectorialspaceofre-

sponsesonF.

WedenotesuchbasesbyEstτ(F),whereτisanorderingontheterms,

andbyC(F)thesetofall(complex)functionsidentifiedonF:

Estτ(F)=
{

X
β

:β∈M
}

andC(F)=







∑

β∈M

θβX
β
,θβ∈C







ThevectorspaceC(D)oftheresponsesonDcanbedecomposed

intotwoorthogonalsub-spaces:thespaceC(F)oftheidentifiable

responsesonFandthespaceofthenullresponsesonF,see

GalettoF.,PistoneG.andRogantinM.P.(2003).Confoundingrevisitedwith

commutativecomputationalalgebra,J.Statist.Plann.InferenceInpress.
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Indicatorfunction

TheindicatorfunctionFofFisaparticularresponsesuchthat

F(ζ)=







1ifζ∈F

0ifζ∈DrF

ApolynomialFisanindicatorfunctionofsomefractionFifandonly

ifF2−F=0onD.Itisrepresentedas

F=
∑

α∈L

bαX
α

Notethatbα=b[−α]becauseFisrealvalued.
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MeanvalueofaresponsefonF

EF(f)=
1

#F

∑

ζ∈F

f(ζ)=
1

#F

∑

ζ∈D

F(ζ)f(ζ)=
N

#F
ED(Ff).

IfXαandXβaresimpleorinteractiontermsthen:

1.EF(Xα)=
N

#Fbα

2.EF(XαXβ)=EF(X[β−α])=
N

#Fb[β−α]

ContrastsandorhogonalitiesonF

-AcontrastonFisaresponsefsuchthatEF(f)=0.

-TworesponsesfandgareorthogonalonFifEF(fg)=0.
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Mainresults:Orthogonalities

GeneralizationofFontana,Pistone,Rogantin(2000)tothecaseof

mixedfractionalfactorialdesigns.

Importantstatisticalfeaturesofthefractioncanbereadoutfromthe

formofthepolynomialrepresentationoftheindicatorfunction.

1.AsimpletermoraninteractiontermXαisacontrastonFifand

onlyifbα=b[−α]=0.

2.TwosimpleorinteractiontermsXαandXβareorthogonalonF

ifandonlyifb[α−β]=b[β−α]=0;

3.IfXαisacontrastthen,foranyβandγsuchthatα=[β−γ]or

α=[γ−β],XβisorthogonaltoXγ.
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Mainresults:Typesoffractions

1.IfFandF′arecomplementaryfractionsandbαandb′
αarethe

coefficientsoftherespectiveindicatorfunctions,thenb∅=1−b′
∅

andbα=−b′
α

2.LetLbethesetofindicesα∈Lsuchthatbα6=0andletl=#L.

ThenFisregularifandonlyifthenon-zerocoefficientsareofthe

form:bα=
ωk
l.
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Regularfractions(proof)

LetHbeasub-groupofLand#H=h.

LetΩnbethesetoftherootsoftheunit:Ωn={ω1,...,ωn−1}.

Lete:H→Ωnbeahomomorphism:e([α+β])=e(α)e(β)

LetX
α
−e(α),α∈H,bethesystemofdefiningequationsofaregularfraction

F.

ThenX
α
(A)=e(α)forallα∈HifandonlyifA∈F.Thatis:

∑

α∈H

(X
α
(A)−e(α))(Xα(A)−e(α))=2

(

h−
∑

α∈H

e(α)X
α
(A)

)

=0,

1

h

∑

α∈H

e(α)X
α
(A)−1=0ifandonlyifA∈F

ThefunctionG=
1
h

∑

α∈He(α)X
α

isanindicatorfunction,becauseG=G
2

onD.

Infacteisahomomorphismand:

G
2
=

1

h2

∑

α∈H

∑

β∈H

e(α)e(β)X
[α+β]

=
1

h2

∑

α∈H

∑

β∈H

e([α+β])X
[α+β]

=
1

h2

∑

γ∈H

he(γ)X
γ
=G.

ThenGistheindicatorfunctionofF,HequalstoLandbα=
e(α)

l,forallα∈H.
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Viceversa,let

F=
1

l

∑

α∈L

e(α)X
α

betheindicatorfunctionofF.Wehave

∑

α∈L

(X
α
−e(α))(Xα−e(α))=2l

(

1−
1

l

∑

α∈L

e(α)X
α

)

=

{

0onF
2lonDrF

.

InconclusionX
α
=e(α),α∈L,isthesetofthedefiningequationsofF.

ThesetLisclosedfor[.]n;infactifα,β∈L,thenX
[α+β]

=e(α)e(β)=e([α+β])
andthecorrespondentcoefficientb[α+β]mustbeequalto

1
le([α+β]).



Example

Weconsiderasexampletheclassical3
4−2
IIIfraction,consideredbefore.

Itsindicatorfunctionis:

F=
1

9

(

1+X2X3X4+X
2
2X

2
3X

2
4+X1X2X

2
3+X

2
X

2
2X3

+X1X
2
2X4+X

2
X2X

2
4+X1X3X

2
4+X

2
X

2
3X4

)

Wecheckthatitisaregularfraction.
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Generationoffractions

Thefollowingresultshowshowtoderivealgebraicequationsdescribing

theindicatorfunctionofafractionwithagivenstatisticalproperties.

ThecoefficientsbαoftheindicatorfunctionofFarerelatedaccording

to:

bα=
∑

[β+γ]=α

bβbγ
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