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Cubic characters over QQ

Let C be the set of primitive cubic characters over Q of conductor
co-prime to 3, and C(X) be the subset of those with conductor
smaller or equal to X.

The cubic characters are given by the cubic residue symbols.
For every prime p =1 mod 3, we define

Xp(a) = (a) =aP~ 13 mod p.
P/3

The cubic characters xp, X, take values in uz € C* by fixing an
isomorphism between the cube roots of unity in (Z/pZ)* with ps.

Extending by multiplicativity, we get the cubic characters over Q.



Cubic characters over QQ

Let a(n) is the number of primitive characters of conductor n
co-prime to 3. Then,
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Cubic characters over QQ

Let a(n) is the number of primitive characters of conductor n
co-prime to 3. Then,

G(S):dzla’(’g): I1 <1+2s>,

p=1(mod 3) P

and
#C(X) ~ C3X

where

a

_11V3 I (p+2)(p—1)

207 p=1 (mod 3) P(P + 1)



Cubic Dirichlet twists

For a primitive cubic character y of conductor h, let

L(s,x) =Y x(n)n~*
n=1

be the Dirichlet L-function. It has analytic continuation for all
s € C, and functional equation
G(x)

A(Sa X) = WA(]' - S,X),

where
s

Ms.) = (7)) ris/2)10s.%)

and G(x) is the Gauss sum



Moments of cubic Dirichlet twists
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Moments of cubic Dirichlet twists

Let k, ¢ be non-negative integers. We define

Z L(1/2,)¥L(1/2, %)

XGC(X)

(La2 002X ) = 5

All (k, £)-moments are real since L(1/2,%) = L(1/2, x).



Moments of cubic Dirichlet twists

Let k,/ be non-negative integers. We define

ST L1200 (12"

X€C(X)

<L(1/2,X)km€>x . #CI(X)

All (k,¢)-moments are real since L(1/2,%) = L(1/2, x).

It follows from the conjectures of Keating and Snaith that
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Moments of cubic Dirichlet twists

Let k, ¢ be non-negative integers. We define

<L(1/2,X)km€>x . #CI(X)

ST L1200 (12"

X€C(X)
All (k, £)-moments are real since L(1/2,%) = L(1/2, ).

It follows from the conjectures of Keating and Snaith that

T ¢ 8k, eak0
(L2200 LA2,0)") | ~ B (log X),

k 4
= k0! Hh:lkifﬂhzl "
Hh:l h!

The family of cubic Dirichlet twists is a unitary family.

where gy ¢



Moments of cubic Dirichlet twists

Using the “recipe” of Conrey, Farmer, Keating, Rubinstein and
Snaith, one can obtain the more precise conjecture

— a
(La/20FLA2X)) | ~ BT Pe(log X),

where Py ¢(X) is a monic polynomial of degree k¢, and the
arithmetic factor ax , depends on the family.



Moments of cubic Dirichlet twists

Using the “recipe” of Conrey, Farmer, Keating, Rubinstein and
Snaith, one can obtain the more precise conjecture

174 ¢ 8k, 0ak ¢
(L(1/2,0%L(1/2,) >X~ P (log X),

where Py ¢(X) is a monic polynomial of degree k¢, and the
arithmetic factor ax  depends on the family.

See “Conjectures for moments of cubic twists of elliptic curves
L-functions” by David, Lalin and Nam, where we also give a
formula for the coefficient of (log X)*“~*.



First moment of cubic Dirichlet twists

Theorem
(Baier and Young, 2010)

Let w: (0,00) — R be a smooth compactly supported function.
Then

ST L/2, 0w ( ) v“v(O)X+(X37/38+5).

x€C(X)

for some explicit constant ¢ > 0.



First moment of cubic Dirichlet twists

Theorem

(Baier and Young, 2010)

Let w : (0,00) — R be a smooth compactly supported function.
Then

S L1/2.0w ( ) W(O)X+(X37/38+€).

x€C(X)

for some explicit constant ¢ > 0.

This is the case k =1, £ =0, and k¢ = 0, which gives a
polynomial of degree 0 when dividing by #C(X).



Moments of quadratic Dirichlet twists

For the case of quadratic characters over QQ, the first moment was
computed by Jutila, the second and third moments by
Soundararajan, and the fourth moment by Shen under GRH (July
2, 2019).



Moments of quadratic Dirichlet twists

For the case of quadratic characters over QQ, the first moment was
computed by Jutila, the second and third moments by
Soundararajan, and the fourth moment by Shen under GRH (July
2, 2019).

Over function fields, the first fourth moments were computed by
Florea, and the results over function fields improve the number
fields results (better error terms, a secondary term for the first
moment, and more terms of the polynomial P4(log X) for the
fourth moment.
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Cubic characters over Q(+/—3)

Let Ck be the set of primitive cubic characters over K = Q(v/—3)
of conductor prime to 3, and Ck(X) be the subset of those with
conductor smaller or equal to X.

The cubic characters are given by the cubic residue symbols. For
every prime m € O, we define

a _
(@) = (2), =M DE mod

There are 2 primitive cubic characters of conductor 7, x and
X» = X2 = X2, and this choice is canonical.

Extending by multiplicativity, we get all character modulo d € Ok.



Moments of cubic Dirichlet twists over Q(+/—3)

Let ak(d) be the number of primitive characters of conductor d
defined over K. Then,

_ ax(d) _ 2
= 2 vy~ L (“N(w)s)’
dEl(mc})(d3)

and
#Ck(X) ~ a1 X log X + apX.



Moments of cubic Dirichlet twists over Q(+/—3)

Let ax(d) be the number of primitive characters of conductor d
defined over K. Then,

ak(d 2
Gk(s)= > /\/K(E/)zz 11 <1+N(7T)5>’

deOk 7=1 (mod 3)
d=1(mod 3)
and
#Ck(X) ~ a1 X log X + apX.
Theorem

(Luo, 2004) As X — oo and for some explicit A > 0,

Y L(1/2,xe)e(~N(c)/X) = AX + O (x21/22+€) .

ceOk
c square-free
c=1(mod9)



Moments of cubic Dirichlet twists over Q(+/—3)

#Cr(X) ~ a1 X log X + apX.

Theorem
(Luo, 2004) As X — oo and for some explicit A > 0,

Y L(1/2.xc)e (—N(c)/X) = AX + O (x21/22+€) .

ceOgk
c square-free
c=1(mod9)

This give a polynomial of degree zero when dividing by
#L(X) ~ cX, which is density zero sub-family of Cx(X).



Number fields and function fields

Let g power of a prime, I, finite field with g elements.

Number Fields
Q
7
p positive prime
|n| = |Z/nZ| = n € Z>g

)=

n=1

Riemann Hypothesis 777

<~

<~

Function Fields
Fq(T)

Fq[T]

P(T) monic irreducible polynomial

[F(T)| = [Eq[T1/(F(T))| = g®&F

Cq(s)

= 2
FEFRg[T]

F monic

Riemann Hypothesis !!!

1 e
= (1-aa) '



Moments of cubic Dirichlet twists over function fields

Let Fy be a finite field with g elements, and let x be a primitive
cubic Dirichlet character over [Fy[ T] with conductor h. Let L(s, x)
be the L-function

L(s,x) = Z x(f)

qs deg(f)



Moments of cubic Dirichlet twists over function fields

Let FFy be a finite field with g elements, and let x be a primitive
cubic Dirichlet character over Fq[T] with conductor h. Let L(s, x)
be the L-function
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by the orthogonality relations.



Moments of cubic Dirichlet twists over function fields

Let Fy be a finite field with g elements, and let x be a primitive
cubic Dirichlet character over [Fy[ T] with conductor h. Let L(s, x)
be the L-function

deg(h)—1

3 x(f) 3 1 T
L(S’X) - qsdeg(f) - qu X(f)
fEFG[T] d=0 fEFR[T]
deg(F)=d

by the orthogonality relations.

We also use the notation

Llux)= > x(Fu'el),

fEFG[T]

such that £(q°, x) = L(s, x)-



Moments of cubic Dirichlet twists

Let C4 be the set of primitive cubic Dirichlet characters over Fq[T],
and Cq4(d) the subset of characters with conductor of degree d.



Moments of cubic Dirichlet twists

Let C4 be the set of primitive cubic Dirichlet characters over Fq[T],
and Cq(d) the subset of characters with conductor of degree d.

The first moment is

Z L(1/2,x) = #q Z Lg%, x

# al XGCq(d) XECq(d)

Again, the sum is real even if L(1/2,x) € C.



Kummer case: g =1 mod 3

Kummer case: Then p3 C Fg.

There are 2 characters modulo P for each irreducible polynomial
P € Fy[T] given by the cubic residue symbol

xp(a) = 2@ DB (mod P),  aeFy[T], (a,P) =1,

and
#Cq(d) ~ a1q°d + apq”.



Theorem
(D, Florea, Lalin, 2019)

> L1/2x) = > >, L1/2xAXR)

X€Cq(d) di+do=d deg F1=d,deg Fo=d>
Xlpx=x3 di+2d=1(mod 3)  Fy,F> square-free
q (F1,F2)=1

1+V7
= cakdg?+corq’+0 (q (2 +€)> :

where 157 ~ 0.9114378 - - > 0.875 = L.



Theorem
(D, Florea, Lalin, 2019)

> L1/2x) = > >, L1/2xAXR)

X€Cq(d) di+dr=d deg F1=d,deg Fo=d>
Xlpx=x3 di+2d=1(mod 3)  Fy,F> square-free
q (F1,FR2)=1

d 1+7
= cl,qud+CO,qu+O<q (2 +5)>-

where 157 ~ 0.9114378 - - > 0.875 = L.

Since x restricts to a fixed non-trivial character of IFg, the
characters are odd, and the finite field L-function is the function
field L-function. For odd characters, d = g + 1.



Non-Kummer case: ¢ =2 mod 3

Non-Kummer case: Then uz € Fy.

There are 2 characters modulo P for each irreducible polynomial
P € F4[T] of even degree given by the cubic residue symbol

xp(a) = ala*=”-1)/3 (mod P), ae€F4T],(a,P)=1.
from the work of Bary-Soroker and Meisner, and

#Cq(d) ~ aoqd.



Families of non-Kummer cubic twists

Lemma
Suppose g = 2 (mod 3). Then, for d even,

Z L(1/2,x) = Z Z L(1/2,XF1X7/:2)

xX€Cq(d) di+dr=d F1,F€F,[T]
F1,F> square-free, coprime
P|deg(F;)=-deg(P) even
deg(F1)=d1,deg(F2)=d>



Families of non-Kummer cubic twists

Lemma
Suppose g = 2 (mod 3). Then, for d even,

Z L(1/2,x) = Z Z L(]./2,XF1X7/:2)

xX€Cq(d) di+dr=d F1,F€F,[T]
F1,F> square-free, coprime
P|deg(F;)=-deg(P) even
deg(F1)=d1,deg(F2)=d>

= > L(1/2, xF)

FEF 2[T] square-free
P|F=P¢F4[T]
deg(F)=d/2

Key: We count the primitive cubic characters over IF »[ T'| which
restrict to a primitive cubic characters over Fq[T].



Approximate functional equation
Let x be a primitive cubic character of modulus h. Then

L(u,x)= E X(f)udeg(f) = g X(f)udeg(f).
feR,[T] feF,[T]
deg(f)<deg(h)—1



Approximate functional equation
Let x be a primitive cubic character of modulus h. Then

L) = Y e = 3 (s,
FEF,[T] FEFG[T]
deg(f)<deg(h)—1
Proposition (Approximate Functional Equation)

Let x be a primitive even cubic character of modulus h.Then,

1 x(f) x(f)
ﬁ(’x>_ Z dearz T () Z deg(F)/2
va e 4 et A
deg(f)<A deg(f)<deg(h)—1—A

as principal sum + dual sum.




Approximate functional equation
Let x be a primitive cubic character of modulus h. Then

L) = Y e = 3 (s,
FEF,[T] FER,[T]
deg(f)<deg(h)—1
Proposition (Approximate Functional Equation)

Let x be a primitive even cubic character of modulus h.Then,

1 (f) /)
£ (\/E’X> = 2 qdfg(f)/z tetd 2 qdfg(")/2

feFG[T] fERG[T]
deg(f)<A deg(f)<deg(h)—1—A
1 x(f) w(x) x(f)
+ D, giewp T Y.
1-VG Lo @02 1o g  2e i)
deg(f)=A+1 deg(F)<deg(h)—A

as principal sum + dual sum.



Approximate functional equation

The sign of the functional equation relating £ (u, x) to £(1/qu,X)
is given by
w(x) = g~ *EM2G(y),

where G(x) is the cubic Gauss sum of the primitive character y,

6= Y x@e(l) ec

a(mod h)

of size |G(x)| = gd&(h)/2,



Gauss sums

The exponential function e; was introduced by Carlitz and Hayes.
For any a € Fq((1/T)), we define

27 trFq/FP(al)

eq(a) = exp ( ;

>€,up§(C*,

with aj the coefficient of 1/T in the Laurent expansion of a.



Gauss sums

The exponential function e; was introduced by Carlitz and Hayes.
For any a € Fq((1/T)), we define

27 trFq/FP(al)

eq(a) = exp ( ;

> € pp CC*,
with aj the coefficient of 1/T in the Laurent expansion of a.

We then have that
* egla+b) = eg(a)ey(b)
® egq(a) =1foracFq[T]
® e4(a/h) = eq(b/h) for a, b, h € Fq[T] with a = b(mod h).



Generalized cubic Gauss sums
Recall that we are considering the characters over F2[T], sieving
out those which are not defined over Fy[T], and those which are
not primitive.
Notice that g*> = 1 (mod 3).
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above for any F € F4[T]. This is a character of modulus F, but
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sum by
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u(mod F)



Generalized cubic Gauss sums
Recall that we are considering the characters over F2[T], sieving
out those which are not defined over Fy[T], and those which are
not primitive.
Notice that g*> = 1 (mod 3).

Let g =1 mod 3. Let xg be the cubic residue symbol defined
above for any F € F4[T]. This is a character of modulus F, but
not necessarily primitive. We define the generalized cubic Gauss
sum by

GV = Y xr(u) e (“X) .

u(mod F)

If (a, F) =1, we have

Gg(aV, F) =xF(a)Gq(V, F).



Generalized cubic Gauss sums

Suppose that g = 1 (mod 3).
(I) If (Fl, F2) =1, then

Gy(V,FiF) = \r(F) Gy(V, F1)Ge(V, F)
= Gq(VFz,Fl)Gq(V,Fz).



Generalized cubic Gauss sums

Suppose that g = 1 (mod 3).
(I) If (Fl7 F2) =1, then

Go(V,FiF2) = £ (F2)*Ge(V, F1)Gy(V, F2)
= Gyo(VFR, F1)Gy(V, F).

(ii) If V = V1P where P { Vi, then

0 if i <aandi#0(mod3),
(P if i <« andi=0(mod3),
—|Pli7t ifi=a+1andi=0(mod3),
.1
e(xp)w(xp)xpi(Vi VIPlg 2
if i=a+1andi#0(mod3),
0 ifi>a+2,

Gq(V7 'DI) =




Main term of the principal sum

When f is a cube

1 (F,f)=1
XF(f)—{O (F.H)#£1°



Main term of the principal sum

When f is a cube

1 (F,f)=1
XF(f)—{O (F.H)#£1°

and this gives the main term of the principal sum

1 w
Scube = Z m Z 2 (F).

deg(f)<A/3 FEF4[T] square-free
(F.f)=1
deg F=d
P|F=2|deg(P)



Main term of the principal sum

Let Gf Z af deg H (1 + y?deg P) ,

deg P even
Ptf

where af(F) is the number of primitive cubic characters of
conductor F with (F,f) =



Main term of the principal sum

Let Gf Z af deg H (1 + y?deg P) ,

deg P even
Pif
where af(F) is the number of primitive cubic characters of
conductor F with (F,f) =

By Perron’s formula,

3 26 = Y () = L GZ(dU)du

FeFq[T] square-free deg F=d |ul=q~2
(F,f)=1
deg F=d
P|F=-2|deg(P)




Main term of the principal sum

Let Gf Z af deg H (1 + y?deg P) ,

deg P even
Pif
where af(F) is the number of primitive cubic characters of
conductor F with (F,f) =

By Perron’s formula,

3 26 = Y () = L GZ(dU)du

FeFq[T] square-free deg F=d |ul=q~2
(F,f)=1
deg F=d
P|F=-2|deg(P)

and move from small circle |u| = g~2 to large circle |u| = g~ /%7



Main term of the principal sum

Let Gf Z af deg H (1 + y?deg P) ,

deg P even
Pif
where af(F) is the number of primitive cubic characters of
conductor F with (F,f) =

By Perron’s formula,

Z ow(F) _ Z a(F) = 1. G,;(dU) d

FeFq[T] square-free deg F=d |ul=q~2
(F,f)=1
deg F=d
P|F=-2|deg(P)

and move from small circle |u| = g~2 to large circle |u| = g~ /%7

Since u = g~ *, it is moving from Re(s) =2 to Re(s) =1/2 +¢.



Perron’s formula

@
s=0 s=4/3




Main term of the principal sum




Main term of the principal sum

1 Gr(u) du
27 \u|:q—2 Ud u
i H2|deg P),Pif (1 + 2udeg(P)) @
2mi ud

lul=q—2



Main term of the principal sum

1 G
27 \u|:q—2 Ud u
_ 1 [Tojaeg(p).pir (1 +20%7) gy
270 Jiuj=g—2 ud
-1
_ [ajceg p.pyr (1 +20%7) " 24(u) F(u) du
27TI ud

lul=qg—2



Main term of the principal sum

1 Gr(u) du
27Ti ‘U|=q_2 ud u
i 1_[2|deg P),Ptf (1 + 2udeg(P)) @
270 Jjy)=q—2 ud
-1
_ [ojaeg p,pir (14 20%8)) ™ Zq(u)F(u) du
271 Jjuj=q 2 ud U
= F(l/Cl)qd H (1 + 2q—deg(P)) < (1/2+a)d>
2|deg P,P|f

where Z,(u) = (1 — qu)~! has a simple pole at u = g~! with
residue —1/q, and d is even.



Main term of the principal sum

Then, the contribution due to f cubes to principal sum is
asymptotic to

1 -1
_ d 2 : | | —deg(P
5Cube - F(]‘/q)q q3deg(f)/2 (1 + 2q eg( )) 9
deg(f)<A/3 2|deg P,P|f

where the number of characters is asymptotic to F(1/q)q.



Main term of the principal sum

Then, the contribution due to f cubes to principal sum is
asymptotic to

1 -1
_ d 2 : | | —deg(P
5Cube - F(]‘/q)q q3deg(f)/2 (1 + 2q eg( )) 9
deg(f)<A/3 2|deg P,P|f

where the number of characters is asymptotic to F(1/q)q.

Using Perron's formula

v ool 6w d
deg(f)<A/3 27 luj=q—2 UA/3(U _ 1) u ;
where
G(u) = Z # H <1+2 —deg(P))*l
0= g3 dee(F)/2 q .

S 2|deg P,P|f



Main term of the principal sum

Using Perron’s formula

> i Z4(u/q*%)H(u) du
7271'/ \u|:q—2 UA/3 U.

deg(f)<A/3




Main term of the principal sum

Using Perron’s formula

oL yé Z4(u/q*%)H(u) du
7271'/ |u|:q—2 UA/3 U.

deg(f)<A/3
Moving the integral from u = g2 to u = ¢3/?~¢, we encounter
the poles at and v = ¢*/?, and the contribution from f

a cube is

+q"2F(1/q)H(q"?)q?*® + ET



Main term of the principal sum

Using Perron’s formula

> i Z4(u/q*%)H(u) du
7271'/ \u|:q—2 UA/3 U.

deg(f)<A/3
Moving the integral from u = g2 to u = ¢3/?~¢, we encounter
the poles at and v = ¢'/?, and the contribution from f
a cube is

+q"2F(1/q)H(q"?)q?*® + ET

Key point: Since A < d, to get an error term of size ¢°¢/®, we

have to cancel the g9=/% with some other contribution. We
believe that there could be a secondary term of size g®?/6.



Dual sum

After Poisson summation and various reductions, we have to study

_d 1
Sdual = q 2 > —dea ()2 > G (f, F)+ OT
deg(f)<d—A-1 q FEF 2[T] square-free
deg(F)=d/2
(F,f)=1

P|F=P¢F4[T]



Dual sum

After Poisson summation and various reductions, we have to study

_d 1
Sdual = q 2 > —dea ()2 > G (f, F)+ OT
deg(f)<d—A-1 q FEF 2[T] square-free
deg(F)=d/2
(F,f)=1
P|F=P¢F4[T]

d 1
- g° > e > 1q(D)Gg(f, D) x

deg(f)<d—A-1 DEFL[T]
deg(D)<d/2

(D,f)=1
X > Gg2(fD,F) + OT.

FEF o[T]
deg(F)=d/2—deg(D)
(F,Df)=1



Dual sum: Evaluating sums of cubic Gauss sums

To study

> Gp(f,F) and > Gpalf,F),

deg F=d deg F=d
(F.f)=1

we need the analytic properties of the generating series

V(f,u) =Y Gp(f,F)u®eF and W(f,u)= > Gp(f, Flu's’.
F (F,f)=1

Recall that the Gauss sums are NOT multiplicative. By the work of
Kubota and Patterson, the generating series above correspond to
forms on the metaplectic group, and one can deduce a functional
equation from there.



Dual sum: Evaluating sums of cubic Gauss sums

Let g =1 mod 3. In the case of function fields, it follows from the
work of Kazhdan and Patterson [1984], Hoffstein [1992] and
Patterson [2007] that

u'P(f,i,u®)
1—qg*u3

W(f, i u) = > Gq(f, F)uteeP) =

deg(F)=i(mod 3)
where P(f,i,x) is a polynomial of x-degree < |(1+degf —1)/3].
It follows that

3

V(f,u)=(1- 1)) (f,i,u)

i=1

is analytic for all u, except for a simple pole at u = g~—*/3.



Dual sum: Evaluating sums of cubic Gauss sums

We are interested in the residue at u = q~*/3 i.e. s =4/3. Let

p(f.i)= lim (1—q*®)u"(f,i,u) = P(f.i,q*3).

u—q—4/3

Let 7 be a prime such that 7t f. Then,
* Periodicity Theorem p(f73,i) = p(f, ).
® p(fr,i) =0.
o p(fm,i) = Golf,m)|m|q B8P p(f, i — 2 deg(m)]s).



Computing the residues

Lemma
Let f = Af2f3 with fi, f, square-free and co-prime. Then,
p(f,i)=0iffh #1, and for f =1,

p(f,i) = Go(L, )|fi]q 2 q*/3—4/3—2dee(Nls (1 [i — 2 deg(m)]3).
Furthermore,

p(l,O) =1, p(]., 1) = T(X3)q, p(1,2) =0,

where 7(x3) is the Gauss sum of the cubic character x3 of Fy,.



Properties of the residues

Then, we can evaluate

1 V(f,u)du
Z Gq(f’F)_%ri/qlo ud u

= _q§(d+1)Resu:q_4/3\U(f, u) _|_/ \U(f(; U)@
luj=q—o U u

For the bounds on W(f, u) for |u| = g~ for o < 4/3, the best
that we can do is apply the Maximum Modulus Principle
(Phragmen-Lindelof) to get the convexity bound.



Convexity Bound

The trivial bound is given by |G,4(f, F)| < q%¢&F/2 when
(f,F) =1, and the appropriate results in the other cases.

Lemma
If1/2 <o <3/2, and |u® — q7*|,|u® — q72| > 6, then

L2 _6)+e
W(F, u) <5 1207



Dual sum: From W(f, u) to U(f, u)

Recall that we defined

U(fu) = > Gp(f,Flu'eF
U(f,u) = > Gp(f, Fu®sF,
We know from the study of metaplectic forms that W(f, u) is

analytic for all u, except for a simple pole at u = g—*/3. We want
to deduce the analytic properties of W(f, u).



Dual sum: From W(f, u) to U(f, u)

Let f = f1f22f33 with f1, f, square-free and co-prime, and let f5° be
tNhe product of the primes dividing f3 but not dividing fif> Then,
V(f,u)

— H (1_( 3q2 deg(P ) ZM a)G f1f2, ) deg(a) «

P|fif alff
% H u3 2 deg P)) «
P|a
< 37 H(O(Pa) S OC L, T)xu(afi /)W (a2 /1, ).
l)afy

Then, we can compute the residue of U(f, u) at g—*/3.

Notice that contrary to W(f, u), U(f, u) has poles at u = g—2/3
(of high multiplicity).



Dual sum: Ready for Perron’s formula

Recall that we want to evaluate

_d 1
Sl = g Y G > Gp(f, F)+ OT
deg(f)<d—A-1 FE]qu[T] square-free
deg(F)=d/2
(F,f)=1

P|F=P¢F4[T]



Dual sum: Ready for Perron’s formula

Recall that we want to evaluate

_d 1
Sl = g Y G > Gp(f, F)+ OT
deg(f)<d—A-1 FE]qu[T] square-free
deg(F)=d/2
(F.f)=1
P|F=P¢F4[T]

_d 1
= g2 > w7 > 1q(D)Gp(f, D) x

deg(f)<d—A-1 DelFg[T]
deg(D)<d/2

(D,f)=1
% Z Gp(fD,F)+ OT.

FEF [T]
deg(F)=d/2—deg(D)
(F,Df)=1



Dual sum: After Perron’s formula

a5 H(g V%) Z,(g7Y/?)

S ual = —
dual ZqQ(qizl)
_q 1 7{ 1
d
A Y. i ”
2mi luj=q—2¢ deg(F)<d—A—1 q eg(f)/
VU o(fD,u)  du
q )
X Z #(D)Gg(f, D) yd/2+1—deg(D) o
DeF,[T]
deg(D)<d/2+1
(D,f)=1
+ET

for some function H(u) which is analytic at u = g~1/6.



Cancellation between principal sum and dual sum

Scu]oe + Sdual
= F(1/9)G(1)q"

d—A/6 1(q—1/6)Z (q—1/2
+ q1/2,_-(1/q)G(q1/2)qde/6 g (q )Z4q(q )

Zq2 (q74)

1 1
—d
+a 27ri}£ o > qdea(N/2
lul=q deg(f)<d—A-1
Voo(fD,u)  du
q M
X Z #(D)Ge(f, D)ud/2+1—deg(D) 4
DEF,[T]
deg(D)<d/2+1
(D,f)=1

+ET



Cancellation between principal sum and dual sum

Scu]oe + Sdual
= F(1/9)G(1)q”

1 1
—d
+a 27rij£: DY qdea(N/2
lul=q deg(f)<d—A-1
Vo(fD,u) du
q b
X Z “(D)Gq2(f’D)ud/2+1—deg(D) U
DEF,[T]
deg(D)<d/2+1
(D,f)=1

+ET



Final Result

Let g =2 mod 3 and let Cy(d) be the set of primitive cubic
characters over F[T] with conductor of degree d. Then,

Z L(1/2,x) = C3qd+o<q7d/8+5>
XECq(d)



