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Central values of L-functions, non-vanishing

Some reasons for studying central values of L-functions:
» Lindelof hypothesis: |¢(1/2 4+ it)| < 14 |t|¢? (..., Kolesnik,
Huxley, Bourgain 2015, t13/87+¢),
» Chowla conjecture: is L(x,1/2) # 0 for x primitive? quadratic?
Results on average over x (Balasubramanian-Murty, lwaniec-Sarnak,
Soundararajan, ...)

» Birch, Swinnerton-Dyer conjecture: E/Q elliptic curve. Count points
mod p, and build L(E,s). Then L(E,1/2) should vanish at order
given by the rank of E.
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Lindelof hypothesis: |¢(1/2 4+ it)| < 1+ |t|¢? (..., Kolesnik,
Huxley, Bourgain 2015, t13/87+¢),

Chowla conjecture: is L(x,1/2) # 0 for x primitive? quadratic?
Results on average over x (Balasubramanian-Murty, lwaniec-Sarnak,
Soundararajan, ...)

Birch, Swinnerton-Dyer conjecture: E/Q elliptic curve. Count points
mod p, and build L(E,s). Then L(E,1/2) should vanish at order
given by the rank of E.

Mazur-Rubin, Stein: fix E/Q. How large does rank(E/K) get as K
varies among abelian extensions of Q?



Central values of L-functions, distribution

We wish to understand these values. What is their size as complex
numbers?

> Selberg: (%)te[tﬂ] converges to a Gaussian,
meaning VR C C rectangle, as T — oo,

Peeirom (“EAH2) € R) - P(VE(0,1) € R).

Not much is yet proved in other families. Conjectures of
Keating-Snaith. Radziwitt-Soundararajan '17: one-sided bounds.



Central values of L-functions, distribution

We wish to understand these values. What is their size as complex
numbers?
> Selberg: (%)teﬁ 27] converges to a Gaussian,
meaning VR C C rectangle, as T — oo,

Pte[r,zr](7‘03%%;/02;”) € R) — P(Nc(0,1) € R).

Not much is yet proved in other families. Conjectures of
Keating-Snaith. Radziwitt-Soundararajan '17: one-sided bounds.

» Distribution happens in the log-scale, because of multiplicativity:
—it
log ((1/2 + it) Z P_ 4 [zeroes].
p<<to( )

Sum of terms behaving independently.



Additive twists - cuspidal case

For f a holomorphic eigen-cusp form, f(z) = 3" . ar(n)e(nz).
Define the twisted L-function -

Lr(s, ) = 32 20D gy <1 9)

ns
n>1

analytically continued to C. The value L¢(1/2,x) is one incarnation of
modular symbols (useful e.g. to compute with modular forms).



Additive twists - cuspidal case

For f a holomorphic eigen-cusp form, f(z) = 3" . ar(n)e(nz).
Define the twisted L-function -

Le(s,x) = 30 200 iy 19

ns
n>1

analytically continued to C. The value L¢(1/2,x) is one incarnation of
modular symbols (useful e.g. to compute with modular forms).

Conjecture (Mazur-Rubin, Stein 2015)

The values L¢(1/2,x) become Gaussian distributed: for some o¢ 4 > 0,
as g — oo, when x is picked at random among rationals in (0, 1] with
denominator = q,

Le(1/2,x)
p( =22 R) & P(NE(0,1) € R
(% g € R) 2 BAG(0,1) € R)
where R C C is any fixed rectangle.

First and second moment is known
(Blomer-Fouvry-Kowalski-Michel-Mili¢evié-Sawin)
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nl/2
n>1
What about on average over g7
1

Qq :={xe€ Qe (0,1],denom(x) < Q},  Eq(f(x)) = o] > ).
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ar(n)e(nx
Le(1/2,x) =) % (R(s) > 0).
n>1
What about on average over g7
1

Qq :={xe€ Qe (0,1],denom(x) < Q},  Eq(f(x)) = o] > ).
x€Qq
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Is it true that for any rectangle R C C, as Q — oo,
p (L,c(l/Z,x)

o\ Jesg © R) — P(NVc(0,1) € R)?

Theorem (Petridis-Risager '17, Nordentoft)

Yes, in general, by automorphic methods (twisted Eisenstein series,
Goldfeld '97)
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Additive twists - cuspidal case

L(1/2,5) = 3 240D gy < o)

nl/2
n>1

What about on average over g7

1
Qo = {x € Qe (0,1],denom(x) < Q},  Eg(f(x)) = ol > f(x).
Q XEQqQ
Is it true that for any rectangle R C C, as Q — oo,
p (Lf(1/2,x)

o\ Jesg © R) — P(NVc(0,1) € R)?

Theorem (Petridis-Risager '17, Nordentoft)

Yes, in general, by automorphic methods (twisted Eisenstein series,
Goldfeld '97)

Theorem (Lee-Sun, Bettin-D.)
Yes, by dynamical systems methods, if f has weight 2, or if f has level 1.
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Additive twists - Estermann function

Non-cuspidal analogue: for R(s) > 1, 7 divisor function, let

D(s,x) := Z M.

nS
n>1
Meromorphically continued to C if x € Q. The value D(1/2, x) is linked
(via orthogonality) to twisted moments of Dirichlet L-functions.
Theorem (Bettin-D.)

For all rectangle R C C, as Q — oo,

D(]./va)
IPQ(\/U(log Q)(loglog Q)° R) — P(Ne(0,1) € R).

All moments are known by Bettin '18 (with single average!), but don't
tell about the limit law, because of few bad terms, e.g.

D(1/2,1/q) < q*/?logg.



Symmetries

Abbreviate L¢(x) := Le(1/2,x), Ly (x) := D(1/2,x).

Claim (Bettin '17)

Both functions above satisfy symmetries of the following kind
L1+x)=L(x),  Lx)=L1/x)+ ¢«(x)

where ¢¢ and ¢, are analytically nice, meaning that they can be
continued to R, with some regularity.
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examples came from quantum algebra).



Symmetries

Abbreviate L¢(x) := Le(1/2,x), Ly (x) := D(1/2,x).

Claim (Bettin '17)

Both functions above satisfy symmetries of the following kind
L1+x)=L(x),  Lx)=L1/x)+ ¢«(x)

where ¢¢ and ¢, are analytically nice, meaning that they can be
continued to R, with some regularity.
This is what Zagier calls "quantum modular forms” (some exotic

examples came from quantum algebra).
The symmetries above are all one needs to get a limit law.
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Let T(x) = {1/x} be the Gauss map.



Heuristics and continued fractions

Let T(x) = {1/x} be the Gauss map.
L(x) = L(T(x)) + ¢(x)
= L(T?(x)) + o(x) + &(T(x))

= L(0) + S4(x),
where
So(x) = d(x) + ¢(T(x)) + -+ &(T"(x)),
and N = N(x) is minimal with TN(x) =0 (N(a/q) < log q).
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The map T is ergodic, exponentially mixing: terms far apart in the sum
behave independently.
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Heuristics and continued fractions

So(x) = ¢(x) + 6(T(x)) + -+ &(TV ()
where N = N(x) minimal with TN(x) =0 (N(a/q) < log q).
The map T is ergodic, exponentially mixing: terms far apart in the sum
behave independently.
Pick x € Qg randomly, then we expect

Se(x) = d(X1) + - + d(Xn)

» X; iid according to 0 (Gauss, Khintchine, Wirsing,

1+x Iog2
Kuzmin...)
» N is distributed according to a normal, mean N, := 12:32@;2 log @ and
variance < log Q (Heilbronn, ..., Hensley 1994).

Eo(e50()) £ (X)) — exp {NH log(1 + E(e’t#X) — 1))}

~ exp {N//E(e’w(x) - 1)}



Limit theorem for rational CF

Eq(e™S()) 2 exp {N/JE(e"td)(X) - 1)}



Limit theorem for rational CF
Eo(eitsd)(x)) ; exp {N“E(eiw(x) _ 1)}

Theorem (Bettin-D.)
Let o,k > 0. Suppose ¢ : [0,1] — C is k-Hélder on (nil, %) Vn>1,
and suppose f[o 1 |p|* < oo.
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Theorem (Bettin-D.)

Let o,k > 0. Suppose ¢ : [0,1] — C is k-Hélder on (
and suppose f[o 1 |p|* < oo.
For some § > 0 and small t € R,
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Limit theorem for rational CF
Eo(eit,‘sd)(x)) é exp {N“E(einb(x) _ 1)}

Theorem (Bettin-D.)

Let o,k > 0. Suppose ¢ : [0,1] — C is k-Hélder on (
and suppose f[o 1 |p|* < oo.
For some § > 0 and small t € R,

Eq(¢"909) = exp { 222 (log Q)l(1) + O((£ + %) log @ + @)}

n+1’;) Vn> 1

where 1,(t) = f (et — DW Moreover, if a > 1,

Eg(e509) = exp { %2 (log Q)(I(t) + Co2)+O((£*++) log @+Q )}

Previous work by Vallée '02 and Baladi-Vallée '05

(¢(x) = f(|1/x]) < |log1/x|, Gaussian).

In the continuous case: many works (..., Aaronson-Denker).

Limit law is not necessarily Gaussian: stable law (Levy, Cauchy, ...)
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Le(x) = Le(1/x) + ¢(x),
Here ¢ is (1 — )-Hélder on R and bounded.
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Applications to additive twists (cusp case)

Case when f is a cuspidal eigen-cusp form.
ar(n)e(nx
Le(x) = Z %
n>1
Le(x) = Le(1/x) + ¢(x),
Here ¢ is (1 — )-Hélder on R and bounded.
1
o(0) + Cot? = [ (€)= 1)du(x) + Cot?
0
= ipt — 20°t? + O(t?).
In fact =0 and o is related to the Petersson norm of f (not seen from

dynamics!).
This implies the Gaussian behaviour with variance o2 log Q.
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Case of the Estermann function.

L (x) = Z M_
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Case of the Estermann function.

7(n)e(nx
L (x):= Z 7(n)e(nx) ,7)1/(2 )
n>1
L-(x) = L+(1/x) + &(),
Now ¢ is (3 — €)-Holder on R \. Z and not bounded! By Bettin '16 :
B(x) ~ cx"2log x as x — 0.
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Applications to additive twists (Estermann case)

Case of the Estermann function.

L (x) = Z M_

nl/2
n>1

L-(x) = L+(1/x) + &(),
Now ¢ is (3 — €)-Holder on R \. Z and not bounded! By Bettin '16 :
B(x) ~ cx"2log x as x — 0.

I(t) = /0 (009 — 1) dpu(x)
= ipt — 30%t(log t)* + o(t?(log t)*)

In fact u =0 and o = 7.
This implies the Gaussian behaviour with variance o2 log Q(log log Q)3.
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Applications to sum of CF coefficients

The law is not in general Gaussian: stable laws.
Example: sum of continued fractions coefficients.

r - 1
Y(x):= Zaj(x) if x= po——

j=1 at

Theorem (Bettin-D.)
As Q = 00, Z(x) = (1 + o(1))12 log Qloglog Q a.s. for x € Qq.

(Proof: take ¢(x) = |1/x], then I4(t) ~ ctlogt)
This applies to a class of knot invariants, the Kashaev's invariants
(Zagier's modularity conjecture '08).

Theorem (Bettin-D.)
For x € Q, let J(x) := Y02 o TI/—; |1 — e*™™|2. Then for some y > 0,
log J(x) ~ pE(x) ~ pi3log Qloglog Q a.s. for x € Qq.
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Another application: Dedekind sums

Define the Dedekind sums:

a\ T /(ha h [ -12 (xe7),
(3) =2 (F)(E) = {o (otherwise).
Theorem (Vardi '93)

As Q — o0,
s(x) v 1 /M dy
IEDQ(IogQ = g) - ;/_OO 14 y?

Achieved by Vardi '93 using trace formulas, twisted Eisenstein series. . .




Another application: Dedekind sums

Define the Dedekind sums:

G-BENE) oo

h=1
Theorem (Vardi '93)

As Q@ — oo,
s(x) v 1/" dy
P P
Q(|ogc;> = 27r>—>7r 112

Achieved by Vardi '93 using trace formulas, twisted Eisenstein series. . .
Or: by Dedekind '53, s(x) = s(—1/x) + ¢(x) where ¢(x) ~ 1/x.




Glimpse of the proof

Following Vallée '02, Baladi-Vallée '05, express things in term of a
transfer operator. This means replacing the map T (which has T' > 1)
by its adjoint

HIFI(x i (n+ x)? (nJlrx)'

n=1

Which has much nicer properties.
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Glimpse of the proof

Following Vallée '02, Baladi-Vallée '05, express things in term of a
transfer operator. This means replacing the map T (which has T' > 1)
by its adjoint

HIF](x i (n+ x)? (nJlrx)'

n=1
Which has much nicer properties. More precisely, we need to study
(perturbations of)

H[F](x) = i n+x2+'T (nix)'

n=1

Methods of Dolgopyat '98. Main challenge is to adapt this when very
little is known on ¢.



Thanks for your attention!



