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INTRODUCTION

Let (M, g) globally hyperbolic spacetime. Quantum fields:

(g —m)(x) =0, [h(x),9(y)] = iG(x.y),

where G = P! — P~! — difference of adv./ret. propagator.
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INTRODUCTION

Let (M, g) globally hyperbolic spacetime. Quantum fields:

~

(g =m))d(x) =0, [(x),d(y)] =iG(x.y),
where G = P! — P=! — difference of adv./ret. propagator.

To construct and study (x) one needs:

» Symplectic space of solutions of ({; — m?)u(x) = 0, typically
Sol(0, — m?) = GC(M).

» Splitting of solution space into particles / anti-particles:
» Choice of quasi-free state <= AT : C*(M) — C=(M) s.t.

At —AT =iG, AT >0

» Hadamard states: WF'(A*) c N* x N+
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INTRODUCTION

Distinguished Hadamard states possible if asymptotic symmetries.
E.g., on asymptotically de Sitter spacetimes one expects
‘asymptotically Bunch-Davies’ Hadamard state.
+ Conformal scattering
conformal wave eq., asymptotically flat [Moretti *08]
generalization to cosmological spacetimes, Schwarzschild

[Dappiaggi, Moretti, Pinamonti *09-’11], Schwarzschild-de Sitter
[Brum, Joras ’14]

# proof of purity of states very recent [Gérard, W. ’16]

+ Standard scattering
asymptotically static spacetimes, massive case [Gérard, W. *16]
stability of Hadamard condition under adiabatic limits
[Dappiaggi, Drago; Drago, Gérard, *16]

+ Geometric scattering
asymptotically Minkowski, massless [Vasy, W. *16]
asymptotically de Sitter (global chart), massive [Vasy, W. *16]

#° method: extend Sol(CJ, — m?) across the conformal horizon!

(this talk)
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HyPERBOLIC SPACE
In Minkowski space RY, g = dz3 — (d22 + - - - + dz2),

H. = {Z— (Z+ - +2) =1, 2 >0}

K/
Plane waves ¢Hd = |£ . Z|iu—(d—1)/2r d (for — Hd +o2 4+ (d — 1)2/4)
» Spectral projection: E(x,y) f ngd (;SHd (y)du(§)
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HyPERBOLIC SPACE
In Minkowski space RY, g = dz3 — (d22 + - - - + dz2),

H = {3~ (A + - +7) =1, 2 <0}

Plane waves ¢Hd = |£ . Z|iu—(d—1)/2r d (for — Hd +o2 4+ (d — 1)2/4)
» Spectral projection: E(x,y) f ngd (;SHd (y)du(§)
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DE SITTER SPACE
In Minkowski space RY, g = dz3 — (d22 + - - - + dz2),
dS={4 - (A+- +75)=-1}

» Plane waves: gbfsé =&zt iO)iV*(”l*U/2 s
» Bunch-Davies two- point functions:

Ai x y f¢d5§ ¢dS g( )dﬂ(f)
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DE SITTER SPACE
In Minkowski space RY, g = dz3 — (d22 + - - - + dz2),

dS={4 - (A+-+75) =1}

» Plane waves: gbfs,g =(&-z+x iO)iV*(dfl)/2 s

? How to distinguish ¢ ¢ VS G ¢ asymptotically?
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EXTENDED DE SITTER SPACE
Now in radially compactified Minkowski space:
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EXTENDED DE SITTER SPACE
B—(F447) |2

: : d. — —
» Identification dS C S*: coord. ys = fygs, f = e

{f =0} = ads
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EXTENDED DE SITTER SPACE
B—(F447) |2

: : d. — —
» Identification dS C S*: coord. ys = fygs, f = e

» Identification Hi C S%: coord. Ys = fym

S¢ = HY udSUH?

{f =0} = ads
= OH4 U 9H%
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EXTENDED DE SITTER SPACE
zé—(zf—l—m—l—zﬁ) %

: : d. — _
» Identification dS C S%: coord. ys = fygs, f = e —.

Identification HY C S?: coord. ys = fym
S =HY UdSUHY; {f =0} = 8dS = IH< U IHY

Plane waves

v

v

v

) w—(d—1)/2 4+ ds
£ (e o miv—(d—1)/2r  _ f Pgs,e O

= z+10 = .
% = ) s {fw—(d—l)/2¢IHLE on HY

Setting v := —f2 on dS, v := f2 on HY, d% ~ (v 4i0)~¥!
These are solutions of Pp = 0, P = 4002 + . .. € Diff(S%)

v

p fiuf(dfl)/zfz(mds _ (dz;l>2 _ Vz)f—iwr(d—l)/z on dS,
]riuf(dfl)/sz(_AHi + (%)2 + Vz)ffiwr(dq)/z on Hzi’ ’
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EXTENDED ASYMPTOTICALLY DE SITTER SPACETIMES

» Same structure extending even asymptotically de Sitter
spacetimes (M, g):
» g =df* — h(f%y,dy) in v < 0 (f? times as. dS metric) ,
g =df* + hi(f?y,dy) in v > 0 (f? times as. H% metric)
(close to conformal horizon {v =0} = {f =0} =: S, US_).
» Non-trapping assumption.

» The Vasy operator

o fiu—(d—l)/z—z(mfz — (4 1)2 V2)f~iv+d=1/2 on {v < 0},
- fiu—(d—l)/z—Z( ( 1 24y f“”‘*‘ d=1)/2 on {v > 0},

» Solutions in Sol(P) := {Pu =0, WF(») C N*{v = 0}} can be
written as:
u=(v+i0)"at + (v —i0)"Va~ +a, at,a",acCM).

» P fits into Fredholm framework of Vasy
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INVERSES OF P

The Vasy operator

p_ [P T — (g2 D2 on (o < 0,
VA A (L 2D on (o 0,

» Solutions in Sol(P) := {Pu =0, WF(x) C N*{v = 0}} can be
written near S as:

u=(v+i0)"Ya" + (v—10)"a" +a, a*,a",a € COM).

» P fits into Fredholm framework of Vasy [Vasy *12-16]
= P has inverses P1' (as meromorphic functions in v € C)

» P! conformally related related to ret./ady. propagators and
meromorphic continuations of resolvent
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INVERSES OF P
» Support properties of P;l [Baskin, Vasy, Wunsch *12]
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INVERSES OF P
» Support properties of P;l [Baskin, Vasy, Wunsch *12]
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INVERSES OF P

» Solutions in Sol(P) := {Pu =0, WF(u) C N*{v = 0}} can be

written near S as:
nw=(v+10)"Va" + (v—i0)"Ya" +a, at,a",a e C®WM).

» P fits into Fredholm framework of Vasy
= P has inverses P;' (as meromorphic functions in v € C)

» PL! conformally related related to ret./adv. propagators and
meromorphic continuations of resolvent

» Asymptotic data of u: g, #:= (a™,a7)[s,

Poisson/Mgller operator 95;1 constructed using Py
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MaIN ResuULT [

Set G := P_' — P!,
Theorem ([Vasy,W.])
For v not a pole of P+ (v) ™1, isomorphisms:

o firtd=1)/2

C*M) G <0

PC= (1) > Sol(P)

Sol( — m?).

= solutions of (O — m?)u = 0 on asymptotically dS region have
canonical weighted extensions to M.

= same conclusion for guantum fields.
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MAIN rEsuLT 11
Set G := P! — P~'. Recall g5, # — asymptotic data of # at S.

Theorem ([Vasy,W.])

Hadamard two-point functions induced from data at conformal
boundary S:

« 5 (10 — cx (00
A+o<GQS+ (O O> 05, G, AT Grgg, (O 1) 05, G,

in particular AT — A~ =iG

» gives Bunch-Davies two-point functions in exact dS case
» extends spectral projection from as. hyperbolic region

» Hadamard condition by propagation of singularities (inc. radial
sets version)

» AT — A7 = iG from “pairing formula”
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MORE 1SOMORPHISMS

Let H be one of the two as. hyperbolic regions.

Theorem ([Vasy,W.])

For v not a pole of P+ (v) ™!, isomorphisms:

((—A fo;(zlféro)cv(H+))®2 (SOI(_A + mz))®2 — Sol(P).

= (Linear) fields on as. dS +— pair of fields on as. H<.
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SUMMARY & OUTLOOK

The new:
Canonical Hadamard states from asymptotic Sy or S_ data

¥ Closely related to Calderdn projectors
# Similar results for wave equation on asymptotically Minkowski
spacetimes.

Extension of non-interacting QFT across the conformal
horizon

Some questions:
? Consequences for Strominger’s dS/CFT correspondence?

? Extension across the boundary for non-interacting (non-linear)
theories?

Thank you for your attention!
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ADVERTISEMENT

Making Everything Easier!™

Novelty Edition

» Advantageous even
purely from
perspective of as.
hyperbolic spaces,
see [Vasy *13] and:

_— H X ;A
_ Sven ) H g 1 (X even
o> —s —3/2, |Reo| sufficiently larg
s, (m—2k— 1321 a
Learn to: —ax+e+ () ) ey
—m—ik—l\r‘l—!,’H”‘” N

= meromorphically continue '”"’M Lgyay
resolvents on asymptotically ix(—A 2 n—2k - .
hyperbolic manifolds "‘( Xt ( 2 ) ) f”"\'a\f"-"

- 9%k +3

= avoid 0- and b-calculi S 2(‘1‘”‘]‘1—““(’ Ax 4ot + (” ) )
« avoid semiclassical methods! \F"’_m_u"“i'sznl'n"’,,-(Tq.m + || From(nm2ket
+ Conjectures on Ix8x = Ax. combining (26)-(2.7) gives the mer
- . o+ (222=2) ) tself, but with another
Vasy’s Operator by Ma:le] Zworski i.e. the meromorphic continuation is not merely t}

R
se function of A \/A — (23=L)", rather the

M
[Lebeau, Zworski ’16] —
. \/}\— ('H;“) . Further, what one actua
i
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APPENDIX — RADIAL ESTIMATES

A toy example:
» M = R?, coordinates (x,y) € R?, dual coordinates (£, 7)
» Pu = xu — multiplication operator
» characteristic set N = {x = 0}, Hamiltonian v. field —0
» radial set N*{x = 0} = {x = 0, = 0} with components

RYTUR :={x=0,7=0,{>0tU{x=0,7=0,£ <0}
» near R change of coordinates on T*M \o, § =1/, p = +£7!
gives Hamiltonian v. field proportional to
pOs + 009 + x0s.

Bicharacteristics flow from source at R~ to sink at RT!

» Two inverses (x +i0) ~! correspond to high regularity at R¥
and low regularity at R*.
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APPENDIX — RADIAL ESTIMATES

Theorem
Let (M, g) be a Lorentzian scattering space. Let P be the rescaled wave
operator, let us denote by R ; any of the components of the radial sets, and let

ue Hy M),
1. Ifm < % — l and m is nonincreasing along the bicharacteristic flow in
the direction approaching R, then
WE () NR; = 0 if WEP " (Pu) 'R, = 0
and provided that (U \ R;) N WFT}”’Z(%) = () for some neighborhood
UcCXnbS*Mof R,
2. If mo > % — I, m > mq and m is nonincreasing along the bicharacteristic

fow in the direction going out from R; then

WE ) 1R, = 0 if (WEZ! (1) U WEY™(Pa) N R; =,
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