H! AND BMO FOR CERTAIN LOCALLY DOUBLING
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ABSTRACT. In a previous paper the authors developed a H* — BM O theory for
unbounded metric measure spaces (M, p, 1) of infinite measure that are locally
doubling and satisfy two geometric properties, called “approximate midpoint”
property and “isoperimetric” property. In this paper we develop a similar
theory for spaces of finite measure. We prove that all the results that hold in
the infinite measure case have their counterparts in the finite measure case.
Finally, we show that the theory applies to a class of unbounded, complete
Riemannian manifolds of finite measure and to a class of metric measure spaces
of the form (R%, py, ue), where du, = e~ ¥ dx and p, is the Riemannian
metric corresponding to the length element ds? = (1+|V¢|)2(dz?+- - -+ da?).
This generalizes previous work of the last two authors for the Gauss space.

1. INTRODUCTION

In [CMM] the authors developed a H! — BMO theory on unbounded metric
measure spaces (M, p, u) that are locally doubling and satisfy two additional “geo-
metric” properties, called approzimate midpoint (AM) property and isoperimetric
(I) property. Roughly speaking, a space satisfies (AM) if its points do not become
too sparse at infinity and satisfies (I) if a fixed ratio of the measure of any bounded
set is concentrated near the boundary.

For each scale parameter b in RT, we defined the spaces H}! (1) and BMOy(p)
much as in the classical case of spaces of homogeneous type, in the sense of Coif-
man and Weiss [CW], the only difference being that the balls involved have at most
radius b. Then we showed that these spaces do not depend on the scale b, at least
if b is sufficiently large, and that all the classical results that hold on spaces of
homogeneous type, such as a John-Nirenberg inequality, the H! (1) — BMO(p) du-
ality, complex interpolation, hold for these spaces. Moreover these spaces provide
end-point estimates for some interesting singular integrals which arise in various
settings. We also showed that the theory applies to noncompact complete Rie-
mannian manifolds with Ricci curvature bounded from below and strictly positive
spectrum, e.g. to noncompact Riemannian symmetric spaces.

In [CMM]| we focused on the case where (M) = oo. In this paper we tackle
the case where pu(M) < oo. In this case we must modify slightly the isoperimet-
ric property, by assuming that, instead of of (I), M satisfies the complementary
isoperimetric property (I5 ). Roughly speaking, M satisfies property (I ) if there
exists a ball By such that a fixed ratio of the measure of any open set contained in
M \ By is concentrated near the boundary of the set.
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When u(M) is finite, the definitions of the atomic Hardy space H!(u) and the
space BMO(u) of functions of bounded mean oscillation are quite similar to those
of the corresponding spaces in the infinite measure case considered in [CMM].

To be specific, for each b in RT denote by B, the collection of balls of radius
at most b. The constant b may be thought of as a “scale parameter”, and the
balls in B, are called admissible balls at the scale b. An atom a is either the
exceptional atom 1/u(M) or a function in L'(u) supported in a ball B which
satisfies an appropriate “size” and cancellation condition. Fix a sufficiently large
“scale parameter” b in RT (how large depends on the constants that appear in
the definition of the (AM) property). Then H'(u) is the space of all functions in
L'(u) that admit a decomposition of the form >_j Aj aj, where the a;’s are atoms
supported in balls in B, or the exceptional atom, and the sequence of complex
numbers {\;} is summable.

A locally integrable function f is in BMO(y) if it is in L' (x) and

1
sgp@/BIf—fBldu<oo,

where the supremum is taken over all balls B in By, and fp denotes the average of
f over B. This definition of BMO(u) is inspired by previous work of A. Ionescu
[[], who defined a similar space on rank one noncompact symmetic spaces.

We prove that these spaces indeed do not depend on the parameter b, that the
topological dual of H!(u) is isomorphic to BMO(u) and an inequality of John—
Nirenberg type holds for functions in BMO(u). Furthermore, the spaces LP(u) are
intermediate spaces between H1(u) and BMO(u) for the complex interpolation
methods. It is worth observing that some important operators, which are bounded
on LP(u) for all p in (1,00), but otherwise unbounded on L!(x) and on L*(u),
turn out to be bounded from H'(u) to L'(p) and from L (i) to BMO(p).

Some of the proofs of these results require only simple adaptations of the proofs
of the analogous results in [CMM]|. In these cases we shall briefly indicate the
variations needed. Other proofs, like those of the duality and the interpolation
results, require more substantial changes, and we give full details.

In Section[7] we show that our theory applies to unbounded complete Riemannian
manifolds M of finite volume with Ricci curvature bounded from below such that
Cheeger’s isoperimetric constant h(M) is strictly positive. It is well known that,
on such manifolds, Cheeger’s constant is strictly positive if and only if the Laplace—
Beltrami operator £ on M has spectral gap, i.e. if and only if 0 is an isolated
eigenvalue of £ on L?(p).

In [MM] G. Mauceri and S. Meda defined an atomic Hardy space H!(y) and a
space BMO() of functions of bounded mean oscillation associated to the Gauss
measure dy(z) = ¢ 171 dz on R?. We recall briefly the definitions of these spaces.
For each scale parameter b we denote by B] the set of all Euclidean balls B in R?
such that

rg <b min(l, 1/ |cB|),

where cp and rp denote the centre and the radius of B respectively. Now, H!(v) is
defined as H'(p) above, but with the family of admissible balls B replaced by By,
and similarly for BMO(«). In [MM] the authors proved that H'(y) and BMO(~)
possess the analogues of the properties enumerated above for H*(u) and BMO(p).
They also showed that some important operators related to the Ornstein—Uhlenbeck
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operator on R? that are bounded on LP(v) for all p in (1,00), but otherwise un-
bounded on L'(v) and on L>(v), are be bounded from H'(v) to L!(vy) and from
L*>(v) to BMO(7).

It may be worth observing that the measured metric space (R%, p,~v), where p
denotes the Euclidean distance, has finite measure and is not locally doubling.

The definition of the class B) of admissible balls in [MM] suggests that on the
Gauss space (R4, p, ) the Euclidean metric p should be replaced by the Riemannian
metric associated to the length element ds? = (1 + |z[)?(dz? +--- + dz?).

In Section [8| we exploit and generalize this idea, by considering metric measure
spaces of the form (R?, P 1) Where ¢ is a function in C? (RY), p, is the Riemann-
ian metric on R? defined by the length element ds? = (1+|V|)? (da?+---+ dz?)
and dp, = e¥d), where X is the Lebesgue measure on R?. We prove that, if the
function ¢ satisfies appropriate conditions, the space (R?, p,,, p1,,) is locally doubling
and satisfies properties (AM) and (I ).

Finally, we recall that Hardy spaces and spaces of functions of bounded mean
oscillation have recently been studied on various nondoubling metric measure spaces
IMMNOI INTVL [Tol, [V]. We point out that our spaces are different and that they
provide end-point estimates for singular integrals which do not satisfy the standard
Calderon-Zygmund estimates at infinity, still mantaining the important property
that the complex interpolation spaces between H!(u) and BMO(p) are the spaces
LP(p).

2. GEOMETRIC ASSUMPTIONS

Suppose that (M, p, 1) is a metric measure space and denote by B the family of
all balls in M. We assume that 0 < u(M) < oo. For each B in B we denote by cp
and rp the centre and the radius of B respectively. Furthermore, for each x > 0,
we denote by x B the ball with centre cp and radius krp. For each b in RT, we
denote by By the family of all balls B in B such that rg < b. For any subset A of
M and each k in R* we denote by A, and A" the sets

{xeA:p(x,A%) <k} and {xeA:p(z,A%) >k}

respectively.
In this paper we assume that (M, p, 1) is an unbounded measured metric space
of finite measure, which possesses the following properties:
(i) local doubling property (LD): for every b in R there exists a constant Dy
such that
M(QB) < D, ,u(B) VB € By;
This property is often called local doubling condition in the literature, and
we adhere to this terminology. Note that if (LD) holds and M is bounded,
then p is doubling.
(ii) property (AM) (approximate midpoint property): there exist Ry in [0, 00)
and # in (1/2,1) such that for every pair of points x and y in M with
p(x,y) > Ry there exists a point z in M such that p(x,z) < §p(x,y) and
py, z) < Bp(x,y).
(i) complementary isoperimetric property (15 ): there exist a ball By in M, ko
and C in R* such that for every open set A contained in M \ By

(2.1) p(Ag) > Cru(A) Ve € (0, kgl
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Suppose that M has property (I3 ). For each ¢ in (0, ro] we denote by C;
the supremum over all constants C' for which (2.1)) holds for all £ in (0, ¢].
Then we define If, p by

Iy g, = sup{Cy : t € (0, ko) }.
Note that the function ¢ — C; is decreasing on (0, ko], so that

(22) I]C\/[,Bo = tl_i)%’l_*_ Ct~

Remark 2.1. The first two geometric assumptions (LD) and (AM) coincide with
the corresponding assumptions made in [CMM] for spaces of infinite measure. The
isoperimetric property is sligthly different from the isoperimetric property (I) in
[CMM], because in the infinite measure case we assumed that inequality holds
for all bounded open set in M.

Remark 2.2. The local doubling property implies that for each 7 > 2 and for each
b in R* there exists a constant C such that

(23) u(B) < Cu(B)

for each pair of balls B and B’, with B € B’, B in By, and rg: < 7rg. We shall
denote by D, the smallest constant for which holds. In particular, if
holds (with the same constant) for all balls B in B, then u is doubling and we shall
denote by D, o the smallest constant for which holds.

Remark 2.3. Loosely speaking, the approximate midpoint property means that the
points of M “do not become to sparse at infinity”. The properties is obviously
satisfied on all length metric spaces.

Remark 2.4. In Section[7] we shall see that, on complete Riemannian manifolds, the
complementary isoperimetric property is equivalent to the positivity of Cheeger’s
isoperimetric costant

where the infimum runs over all bounded open sets A with p(A) < p(M)/2 and
with smooth boundary 9(A). Here o denotes the induced Riemannian measure on
0A. Moreover, if the Ricci curvature of M is bounded from below, both properties
are equivalent to the existence of a spectral gap for the Laplacian.

Remark 2.5. The local doubling property is needed for all the results in this paper,
but many results in Sections depend only on some but not all the properties
(i)-(ili). In particular, all the results in Sections (3| and 4| require property (AM)
but not property (15, ); Lemma [5.4| and Theorem which are key in proving the
interpolation result Theorem require property IJCBO)’ but not property (AM).
Finally, all the properties (i)-(iii) above are needed for the interpolation results and
the theory of singular integral operators in Section [5

Proposition 2.6. Suppose that M possesses property (If;o). The following hold:
(i) for every open set A contained in M \ By

w(Ay) > (1 - e_IKLBot) p(A) vt € RT;
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(ii) For every point x in M there exists a constant C, which depends on x,
Iy B, and Bo, such that

w(B(z,7)°) < Ce tinnyr Vr > 0.

Proof. The proof of (i) is almost verbatim the same as the proof of [CMM] Propo-
sition 3.1], and is omitted.

Now we prove (ii). Denote by V,. the measure of B(z,r)°. Since u(B(z,r)¢) <
u(M) for every r > 0, it is clearly enough to prove the inequality for r sufficiently
large, say r > rp, + d(x,cp,) + 1. Then B(z,r — 1) C M \ By and B(z,r —1)¢\
B(xz,r)° 2 (B(z,r — 1)6)1. Thus, by (i)

Vier = Ve 2p (B, r —1)%)1)
2(1 _ e_I]CW,BO ) V,_1.
Hence
Ve <efinmo Vg,
By iteration, if rg, + d(x,cp,) +n <r <rp, +d(x,cp,) + n + 1 we obtain that
V, <e Tt v, < O e finnT

where C' = exp ((rp, + d(z, cp,) + 1)1, g, ) n(M). O

3. H' AND BMO

In this section we define the Hardy space H'(u) and the space BMO(p). The
definitions are very similar to those given in [CMM] for metric spaces of infinite

measure. The only differences are the existence of the “exceptional atom” in H!(u)
and the fact that BMO(p) is defined as a subspace of L!(u).

Definition 3.1. Suppose that r is in (1,00]. A (1,r)-standard atom a is a function
in L'(u) supported in a ball B in B with the following properties:

(i) |lalleo < pw(B)~1 if r is equal to co and

(ﬁ /B Jal” du)w <wB)!

if r is in (1, 00);

(ii) /Baduzo.

The constant function 1/u(M) is referred to as the exceptional atom.

Definition 3.2. Suppose that b is in RT and that r is in (1,00]. The Hardy space
H;’T(u) is the space of all functions ¢ in L' (1) that admit a decomposition of the
form

(31) g:Z)\kCLk,
k=1

where ay, is either a (1, 7)-atom supported in a ball B of By or the exceptional atom,
and > po; [Ax| < co. The norm 9]l 2.7,y Of g is the infimum of > e [Ak] over all
b

decompositions (3.1)) of g.
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Definition 3.3. Suppose that b is in RT and that ¢ is in [1,00). For each locally
integrable function f we define NJ/(f) by

1 1/q

N = swp (oo [ 17 = gal” an) "
v () BeB, \W(B) Bl |

where fp denotes the average of f over B. We denote by BMO{(u) the space of

all functions f in L'(u) such that NJ(f) is finite, endowed with the norm

||f||BMOg(,u) = |Iflly + NJ(f)-

Note that only balls of radius at most b enter in the definitions of H; () and
BMO}(1).

It is a nontrivial fact that H, bl () and BMO{ () are independent of the param-
eter b, provided b is large enough. Recall that Ry and § are the constants which
appear in the definition of the (AM) property.

Proposition 3.4. Suppose that v is in (1,00], q is in [1,00), and b and ¢ are in
R* and satisfy Ro/(1 — ) < ¢ < b. The following hold:

(i) the identity is a Banach space isomorphism between H" (i) and Hbl’r(u)
and between BM O} (1) and BMOZ(p);

(ii) (John-Nirenberg type inequality) there exist positive constants ¢ and C such
that for all f € BMO}(u) and all B in By

n({z € B:|f() = fo] > s}) < Ce /N y(B);
(iii) for each q in (1,00) there exists a constant C such that
Ny (f) S NJ(f) <CNy(f)  VfeBMOj(n).

Proof. The proof of (i) is almost verbatim the same as the proofs of [CMM] Prop. 4.3]
and [CMM| Prop. 5.1] respectively, and is omitted. The proof of (ii) is the same as
the proof of [CMM, Thm 5.4], and the proof of (iii) follows the lines of the proof
of [CMM,, Corollary 5.5]. O

Suppose that b and ¢ are in RT and satisfy Ro/(1 — 3) < ¢ < b. In view of
Proposition (ii)-(iv), if ¢ and 7 are in [1, 00), then the identity is a Banach space
isomorphism between BMO{ (1) and BMO, (). We denote simply by BMO(u)
the Banach space BMO}(p) endowed with any of the equivalent norms N}

Similarly, in view of Proposition (i), if r is in (1,00), and then H;’T(u)
and Ro/(1— ) < ¢ < b, then H"(p) are isomorphic Banach spaces, and they will
simply be denoted by H>"(u). In Section [4| we shall prove that the topological dual
of H'" (1) may be identified with BMO" (1), where r’ denotes the index conjugate
to 7. Suppose that 1 < r < s < co. Then (H'"(u))" = (H"*(1))", because
we have proved that BMO" (1) = BMO® (). Observe that the identity is a
continuous injection of HY*(y) into H>"(u), and that H*(u) is a dense subspace
of HY"(u). Then we may conclude that H'*(u) = HY"(11). Then we shall denote
H"(p) simply by H' ().

4. DUALITY

In this section, we prove the analogue of the duality result [CMM, Thm 6.1].
The proof in the finite measure case is more difficult because we must show that
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for every linear functional ¢ in the dual of H'(u) the function f¢ that represents
the functional on H'(u) N L2(u), constructed in [CMM], Thm 6.1], is also in L ().
We need more notation and some preliminary observation. Suppose that b >
Ry/(1—7), where Ry and 3 are the constants in the approximate midpoint property
(AM) (see Section[2). A ball B in B, is said to be mazimal if rp = b.
We shall make use of the analogues in our setting of the so-called dyadic cubes
QF introduced by G. David and M. Christ [DL [Ch] on spaces of homogeneous type.

Theorem 4.1. There exists a collection of open subsets {QX : k € Z,a € I;} and
constants 6 in (0,1), ag, C1 in RY such that
(i) U, QF is a set of full measure in M for each k in Z;
(ii) if £ > k, then either Qf; c QF or Qg Nk =0;
(iii) for each (k,a) and each ¢ < k there is a unique 3 such that QX C Q%;
(iv) diam(QF) < Cy 6%;
(v) each QF contains some ball B(zF, ag 6%).

It may help to think of Q¥ as being essentially a cube of diameter 6% with
“centre” zF. Note that (iv) and (v) imply that for every integer k and each « in Iy,

B(zk, a0 6%) c QF ¢ B(zk, 01 6%/2).

Remark 4.2. When we use dyadic cubes, we implicitly assume that for each k in Z

the set M\ U, I QF has been permanently deleted from the space.

We shall denote by QF the class of all dyadic cubes of “resolution” k, i.e., the
family of cubes {QF : o € I}, and by Q the set of all dyadic cubes. We denote by
3¥ the set {z% : « € I}, i.e. the set of “centres” of all dyadic cubes of “resolution”
v. We recall that, in Christ’s construction of the family O of dyadic cubes, the set
3% is a maximal collection of points in M such that

p(2as 25) = 07

for all v, 8 in I,,, with « # .
We shall need the following additional properties of dyadic cubes.

Lemma 4.3. Choose an integer v such that 8 min(1,2ag) > Ry and b in R such
that b > 40" max(1/(1 — B), ao). For each 2% in 3" denote by B, the ball B(z4,b).
The following hold:
(i) the balls {By} form a locally uniformly finite covering of M, i.e. there
exists an integer Ny such that

1< Z 1p, < Ny;
JjEN
(ii) for every pair o, z of distinct points in 3", there exists a chain of N points
25 sy Zay 3 such that o = 2y, z = 2},
2d\ 1/[1-log,(1+5)]
21 o
b
where d denotes the distance p(o, z%). Furthermore, for j € {1,...,N — 1}
the intersection By, N By, , contains the ball B(zqa, ,,a00"), and

p(Bay)
w(B(2% ., agd”

aj+1?

N < 4( and  p(zh. 20 ) <b/2,

Gy TAGt1

(4.1)

) < Dy/(agsv),ao 6
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Proof. First we prove (i). By the maximaliy of the collection 3¥, for each z in M
there exists 2% in 3" such that p(z%, ) < ¢¥. This implies the left inequality in (i).
A simple variation of the proof of [CMM], Prop. 3.4 (iv)] shows that there exists
an integer Ny, which depends on b, v, ag and C7, such that a ball of radius 2b
intersects at most Ny cubes in Q”. Let A(x) = {By : © € B, }. Since 2% € B, and
Up.ea@) Ba C B(x,2b), the cubes Q%,, Bo € A(z), intersect B(z,2b). Thus the
cardinality of A(x) is at most Ny. This proves the right inequality in (i).

Next we prove (ii). Recall that d denotes the distance between o and z. Denote
by B° and B? the balls with radius b centred at o and z respectively.

First suppose that d < b/2. Then the chain reduces to the two points o and z.
Moreover B° N B* contains the ball B(z,agd”). Indeed, B* contains B(z,ag ")
(recall that b > 4ap §¥), and B° contains B(z, ag d”), because B° has radius b and
b>b/2+ agd” is equivalent to b > 2ag ¥, which we assume.

Next suppose that d > b/2. Since b/2 > Ry, there exists a point z; in M such
that

max(p(z1,0), pl21, 2)) < Ad
by the (AM) property. In general z; need not be in 3”. However, by the maximality

of 3”, there exists 2}, in 3" such that p(z% ,21) < 0”. We observe that
v v 1+
max(p(zala 0)7 p(zala Z)) < T d.

Indeed, by the triangle inequality

p(ZZl,O) < p(zglvzl) + p(zl,o)
<6+ fd.

Now, note that the conditions d > b/2 and b > 46" /(1 — 3) imply 6" < (1 — ) d/2,
and we may conclude that
1-p 1+p

p(24,,0) < (T—i-ﬁ)d: Td'

Similarly, we may show that p(z% ,2) < (14 §)d/2.

We have now a chain consisting of three ordered points o, z;,, and z. The distance
of two subsequent points is < (1 + ) d/2.

Now consider the first two points o and 2, of the chain. If their distance is
< b/2, then B° N B,, contains the ball B(z}, ,aqd”). If, instead, their distance is
> b/2, then we may repeat the argument above, and find zZm in 3" such that

1

ET0H
2
Next we consider the two points 2z, and z of the chain and argue similarly. Either
their distance is < b/2, and B*N B,,, contains the ball B(z, ag "), or their distance
is > b/2, and we may find z(’;(z) in 3% such that

2

max (p(22 1, 0), P2, 24,)) < (
1 1

1 2
1+h ) d
2

By iterating the procedure described above n times, we find a chain of points

max(p(=a), 24, ). (=00, 2)) <

2o+ Zan, such that o = 2, 2z = 2f , such that
L+ B\" ,
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If n is the least integer > log,(2d/b)/log,[2/(1 + 3)], then
1+ 8y"
(T) d<b/2,

and for all j in {1,...,N — 1} the intersection By, N B, , contains the ball
B(2a,,,,a00"). Furthermore, the number N of points of the chain is at most
2d\ 1/[1-logy (148)]
()

)

and
1(Bayys)
,u(B(z(’;jJrl ,ag 0v))
for all j in {1,..., N — 1}, by the locally doubling property.
This concludes the proof of (ii). O

< Db /(agsv),a0 67

We need more notation and some preliminary observations. Let b > 0. For each
ball B in By let L3(B) denote the Hilbert space of all functions f in L?(p) such that
the support of f is contained in B and [ [ dp =0. We remark that a function f
in L3(B) is a multiple of a (1,2)-atom, and that, for all ¢ > b,

(4.2) £l g2y < (B2 f 2 )

Let ¢ be a bounded linear functional on H'2(y). Then, for each B in B the
restriction of ¢ to L3(B) is a bounded linear functional on L3(B). Therefore, by
the Riesz representation theorem there exists a unique function ¢# in LZ(B) which
represents the restriction of ¢ to L3(B). Note that for every constant 1 the function
(B + 5 represents the same functional, though it is not in LZ(B) unless 7 is equal

to 0. Denote by [|€||1.2(4)- the norm of £. Then, by (4.2), we have

(4.3) 1651 L2 my < 1(B) 211 2 -

For every f in BMO™ (1) and every finite linear combination g of (1,7)-atoms
the integral [5, fgdu is convergent. Let Hﬁl;lr(u) denote the subspace of H" (1)
consisting of all finite linear combinations of (1,r)-atoms. Then g — [, fgdp
defines a linear functional on Hé;lr(,u). We observe that Hé;f(ﬂ) is dense in H" (u).
Theorem 4.4. Suppose that r is in (1,00). The following hold

(i) for every f in BMO™ (1) the functional ¢, initially defined on Hfli;:(u) by
the rule

tg) = / fgdu,
Rd
extends to a bounded functional on HY"(u). Furthermore,

1l ey < N flBaror )

(ii) there exists a constant C' such that for every continuous linear functional £
on H" (1) there exists a function f in BMO™ () such that HfZHBMor'(u) <
C ||€||H1,7‘(M)* and

l(g) = /Rd ffgdp  Vge Hgl(w).
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Proof. The proof of (i) follows the line of the proof of [CW]| which is based on the
classical result of C. Fefferman [Fl [FS]. We omit the details.

Now we prove (ii) in the case where r is equal to 2. The proof for 7 in (1, c0)\ {2}
is similar and is omitted.

Let ¢ be a bounded linear functional on H'2?(u). Fix v € Z and b € Rt as
in Lemma such that b is also greater than Ry/(1 — (3), where Ry and 3 are
the constants of assumption (AM). Recall that for all b > b the space H'?(u) is
isomorphic to Hl,’2(/l) with norm ”'HH;’Q(M)’ by Proposition . Thus, we may

interpret £ as a continuous linear functional on H,;?(u) for all & > b. Fix a point o
in 3”. For each b > b there exists a function ¢5(?) in L2(B(o,V')) that represents
¢ as functional on L2 (B(o, b’)). Since both £B(°?) and the restriction of £5() to
B(0,b) represent the same functional on Lg(B(o,b)), there exists a constant B0
such that

¢B(ob) _ yB(ob) _ pB(0V)

=1
on B(o,b). By integrating both sides of this equality on B(o,b) we see that

/ 1

BOWY) _ _ / (Blob) g

n .
1(B(0,)) JB (o)

Note that, since ¢5(:¥) € L3(B(o,b)),
(4.4) nPOd = 0.
Define
Fix) = PO (2) £ 9B wr e Bo,b') Wb >b.

It is straightforward to check that this is a good definition.
We claim that the function f* is in BMO(u) and there exists a constant C' such
that

14 Barogey < C 1 mr 2 - Ve e HY?(p)*.

First we show that N2(f*) < [[€]|zr1.2¢,)-. Indeed, choose a ball B in B,. Then
there exists a function ¢Z in L2(B) that represents the restriction of ¢ to L3(B)
and a constant ¥ such that

(4.5) £y =107 +n".

By integrating both sides on B, we see that n? = (fZ)B. Thus, by 1) and 1 ,

(M(lB)/BUg (fg)B|2du)1/2 _ (lu(lB)/BVB}ZdM)I/Q
< 2 -

so that NZ(f*) < [|€]lp1.2(u» as required.

Next we show that f is in L'(n) and that || f[l1 < C||€]|gr2(u)+- Let {Ba} be
the covering described in Lemma [£.3] For each integer h > 2 let Aj, denote the
annulus B(o, hb) \ B(o, (h — 1)b). For the sake of brevity denote B(o,b) by B°.
Observe that M = B°J (Uj—, An). The left inequality in Lemma (i) implies
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that

70 = 15 oy + D21 M
h=2

= 4 PR DU DI [l PAYRe

h=2 {Bn:BaNA,£0}
By , the triangle inequality, the Schwarz inequality and
||f€||L1(Ba) < p(Ba)'? ||€BQHL3(Ba) +u(Ba) [0

< p(Ba) 1€l g2y + 1(Ba) 0P|
Now, we claim that if B, N Ay, # (), then

2d\ 1/[1—log, (145)]
(4.8) [P <8(3) ’

(4.6)

(4.7)

VD ||| 1.2 0y »

where D = Dy /(a45v),a0 5+ 18 the doubling constant corresponding to the parameters
b/(apd”) and ag 6" (see Remark2.2), and d denotes the distance of o from the centre
2k of B,.

By Lemma [4.3] (ii) there exists a chain of points 24 ,..., 24, such that o = 2,
2y = 24, With

2d\ 1/[1—1ogy (1+p)]
a2y

and such that for all j in {1,...,N — 1} the intersection B,; N By, , contains
the ball B(zf ,,,a06"). Denote by By, the ball B(zg ,a96"). Since, by (4.5),
¢Bej_1 4 nBajfl =B 4 nB"J' on By, , N By, hence on ng,

)

N e e PN (G

1 Ba. . |2 1/2 Ba. 1 Ba. |2 1/2
S(MB;ZJ.)/B/&,’E o)l ““(u(B;j)/B&’” o)

by the triangle inequality and Schwarz’s inequality. Now we use (4.3 to estimate
the first and the third summand and obtain that

Baj| < M(Baj—l)
—\ w(BL)

< 2\/5”6”1{1,2(“)* —+ |’qB°‘J’*1 |

Note that we have used (4.1) in Lemma (ii) in the last inequality. Hence,
iterating this inequality, we obtain

P | = [P~ | < 2N = )VD ||l 22y + 0]
2d\ 1/[1-logy (1+5)]
8(5) VD [l g2

because 750 = 0. This proves the claim (4.8)).
Now (4.7) and (4.8)) imply that for all the balls of the covering {B,}

2 1/[1-loga (146)]
(4.10) 1 sy < [1+8(F) ©VD) (B ¥l

where d denotes the distance p(zY,0). Note that if B, N Ay # 0 then d < (h+1)b.

#(Ba,)

||€||H1,2 « + nB"‘jfl —+
(k) ’ | M(B/a]-)

|n ||£||H1'2(M)*

(4.9)
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We estimate the first summand in (4.6)) by Schwarz’s inequality and (4.3)), while
we use (4.10) to estimate the other summands, and obtain that

HfZH1 < ||€||H1,2(u)* ,u(BO) +C Z(h+ 1)1/[1—10g2(1+ﬁ)] Z N(Ba)
h=2 {Ba:BaNAL#£D}

Since the balls {B,,} have the finite intersection property by Lemma (i) and
each such ball intersects at most three annuli A;, we have that

[e%) h+2
£, < n(BO) [l zrr2ay- + C N1l mrag- D (h+ 1)/ E1oR0HAT ™ (4,),
h=2 j=h—2

By Proposition[2.6|(ii) there exist constants 7 in (0, 1) and C' > 0 such that p(A;) <
Cn?. Thus

[e%) h+2
Z(h + 1)1/ [1-logz(1+5)] Z 11(4;) < oo,
h=2 Jj=h—2

and we may conclude that
£y < C 1l 2y,
thereby proving that f¢is in L'(u). O

Remark 4.5. Note that the proof of Theorem [4.4] does not apply, strictly speaking,
to the case where r is equal to co. However, a straightforward, though tedious,
adaptation to the case where p is only locally doubling of a classical result [CW],
show that H'>°(u) and H>?(u) agree, with equivalence of norms. Consequently,
the dual space of H1*°(u) is BMO(p).

5. INTERPOLATION

In this section we prove, for the finite measure case, the analogues of the interpo-
lation theorems proved in [CMM] when u(M) = co. Because of the close similarity
with the infinite measure case, we shall be rather sketchy in our exposition and we
shall only indicate the necessary modifications to the statements and the proofs.

The first technical ingredient in the proof of the interpolation theorems in [CMM]
is a covering lemma (see [CMM]| Prop. 5.3]). To prove the analogous result for
spaces that satisfy the complementary isoperimetric property we need a lemma.
We recall that By is the ball in the complementary isoperimetric property (Ifgo)
(see Section [2).

Lemma 5.1. Suppose that A is a open subset of M such that AN By is contained
in A; for some t in RY. Then

p(Ag) > (1— e hnmot/2) 1y (A4) /2.

Proof. First we prove that (A N Bg)t is contained in As;.

Indeed, suppose that  is in (AN BG),. Then either 2 is in Ay, hence in Ay, or z
is in (AﬁBS)t \ A;. In the latter case x is in AN B§, and p(z, A°) > t. Furthermore
p(x, Bg) < t, for otherwise the ball B(z,t) would be contained in A N B, i.e.,
p(x, A°U By) > t, contradicting the fact that z is in (A N Bg)t.
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Therefore the ball B(z,t) is contained in A and there exists a point y in AN By
such that p(x,y) < t. By assumption y is in A;, whence

px, A%) < p(z,y) + p(y, A%) < 2t,

as required.
Now,

1(A) = u(AN By) + n(An Bf)

(A + (1—e Tmet) ™ (AN BY),)
< p(Any) + (1= e M) T p(Ay)

9 _ oI5yt

=T —Ic 1t p(Aat),

1 — o TirB,

IN

from which the desired estimate follows directly. ]

Lemma 5.2. Suppoge that v is an integer. For every k in R, every open subset A
of M such that AN By C A, and every collection C is of dyadic cubes of resolution
at least v such that UQeC Q = A, there exist mutually disjoint cubes Q1, ..., Qk in
C such that
. k —I K

(1) S5y m(@y) > (1 —e finmo "2 1y A) /4;

(i) p(Qj,A%) <k for every j in {1,...,k}.
Proof. The proof is almost verbatim the same as the proof of [CMM| Proposi-
tion 3.5]. The only difference is that we use Lemma[5.1]in the proof of (i). O

Remark 5.3. Observe that in Remark we may substitute By with any ball
containing By. Therefore we may assume that rp, > C; 62.

The second technical ingredient is a relative distributional inequality for the
noncentred dyadic maximal function

1
(5.1) Ma f(z) = ey

where the supremum is taken over all dyadic cubes of resolution > 2 that contain
x, and the local sharp function

[isan e
Q

B0 () — R / _
[0 () o WB) \f = fldp  Vze M.

Observe that f is in BMO(p) if and only if f € L*(u) and || f*?|| is finite for
some (hence for all) b > Ry/(1 — 3).

Note that the maximal operator My is of weak type 1. We denote by [|Maz]l1.1,00
its weak type 1 quasi norm.

For every @ > 0 denote by A(a) and S(«) the level sets {Maof > a} and
{f*Y" > a} respectively. Thus, for a and € > 0

{Maof >0, ¥ <ea} = A(a) N S(ea)

The following lemma is the analogue of [CMM| Lemma 7.2] for spaces of finite
measure that satisfy the complementary isoperimetric property.
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Lemma 5.4. Let By be as in Remark with rg, > C} 0%, Define constants b/,
o and D by

b =2C + Cy, o= (1 — e hmg 0152/2)/4 and D = Dy jay,a5

where ag, C1 and & are as in Theorem[{.1, and Dy 4, a, s defined in Remark (2.7,
Denote by w the number

inf{,u(Q) Q€ Q*QNBy# 0}7

and by M a constant > || Mall1.1,00/w. Then for every n' in (0,1), for all positive
e < (1—-1')/(2D), and for every f in L*(p)

p(A@) NS(Ea)) < na(AG/) Yoz Tl

where

2¢e D
o(l—mn)
Proof. First we prove that w is strictly positive. Indeed, suppose that Q2 is a dyadic
cube of resolution 2 with nonempty intersection with By; the cube Q% contains the
ball B(22,ag 6%) by Theorem (v) and is contained in the ball 2Bq by the triangle
inequality.

Denote by D the doubling constant Da052/(27.30)7a052. By the local doubling
property

(5.2) n=1-o0+

(2Bo) < D u(B(22, a0 %))
< Du(Q2).

Therefore w > D~ 1(2By) > 0, as required.
For the rest of this proof we shall write x instead of C; 62. Suppose that o >
M| fll 21/~ Since fis in L' (p),

IMz2l11,00
wA(n'a)) < e [Falv2Y
(5.3) < IMafl11 00
- m
< w.

We claim that (A(n’oz))'€ = {z € A('a) : p(z, A(n'a)¢) > K} is contained in B§.
Indeed, if x is in (A(n’a))m, and @ is the dyadic cube of resolution 2 that contains
x, then @ is contained in A(n’a) by the triangle inequality. Therefore p(Q) <
M(A(n’oz)) < w by . Hence x is not in By by the definition of w. The claim
proved above implies that A(n'a) N By C (A(n’a))n.

The rest of the proof is the same as that of [CMM| Lemma 7.2]. The only
difference is that we use Lemma [5.2] instead of [CMM]| Prop. 5.3]. O

Next, we prove the analogue of [CMM]| Theorem 7.3].

Theorem 5.5. For each p is in (1,00) there exists a positive constant C' such that

Il 2wy + ||fﬁ’b,\|Lp(u) > O\ fllzee Ve LP(u).
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Proof. Observe that it suffices to show that

(5.4) £ 21 + 175 2oy = C 1M F Lo

because My f > |f| by the differentiation theorem of the integral.
Let ¢ and 9 be as in the statement of Lemma Fix ' = (1 — ¢/4)'/? and
let n be as in (5.2)). Denote by & the number || f||z1(¢,)/n'. Then

[Mafll," = P/OOO ™! N(A(a)) do
- p/:o a? ! [u(A(a) N S(e0)°) + p(A(a) N S(za))] da

13
+p/0 aP~t p(A(a)) de,

so that, by Lemma [5.4]
IMafl,? <o [ ot u(Ata)) dap [0 u(S(ea)) da

3
—|—p,u(M)/ o da
0

=p7777"p/0007”‘1u(A(7)) dv+ps‘p/0 VT (S()) dy + (M) €

P

_ _ 1P

< TP [ Maf[p” eI+ p(M) ) Mo fl2"-
Now we choose € small enough so that n < 1— /2. Therefore nn’~? < 1 and (5.4)
follows. O

If X and Y are Banach spaces and ¢ is in (0,1), we denote by (X,Y )}y the
complex interpolation space between X and Y with parameter 6.

Now that all the groundwork has been laid, we may proceed to state the in-
terpolation theorems without further ado. The proofs are adaptations of classical
results. We refer the reader to [CMM| Theor. 7.4 and Theor. 7.5] for more details.

Theorem 5.6. Suppose that 0 is in (0,1). The following hold:

() if po s 2/(1 - 6), then (L2(u), BMO()) , = L7 (1):

(i) if po is 2/(2 = 0), then (H' (1), L)) ) = L7 (1).
Theorem 5.7. Let S denote the strip {z € C:Rez € (0,1)}. Suppose that {7.},c3
is a family of uniformly bounded operators on L?(u) such that z — fRd T.fgdu is
holomorphic in S and continuous in S for all functions f and g in L*(u). Further,
assume that there exists a constant A such that

ITislz2y <A and [ Tiqisllooe (uyBro) < A

Then for every 6 in (0, 1) the operator Ty is bounded on LP? (1), where pg = 2/(1-0),
and

176l Lro () < Ao,

where Ay depends only on A and on 6.
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6. SINGULAR INTEGRALS

In this section we state the analogue of Theorem 8.2 in [CMM) Theor. 8.2].
Assume that 7 is a bounded linear operator on L?(u) with kernel k; i.e. k is a
function on M x M which is locally integrable off the diagonal in M x M and such
that for every function f with support of finite measure

Tf@ﬂzz/;k%%y)fﬁnduﬁn Ve ¢ supp f.

Theorem 6.1. Suppose that b is in R and b > Ro/(1—3), where Ry and (3 appear
in the definition of property (AM). Suppose that T is a bounded operator on L? (1)
and that its kernel k is locally integrable off the diagonal of M x M. Let vy and vy
be defined by

Up = Ssup sup / |k(z,y) — k(z',y)| du(y),
BeBy, z,2’€B J(2B)¢

and

Vp = sup sup / k(z,y) — k(z,y")] du(z).
BeBy y,y'eB J(2B)¢

The following hold:

(i) if vy is finite, then T extends to a bounded operator on LP(u) for all p in
(1,2] and from H'(u) to L*(w). Furthermore, there exists a constant C
such that

170 ez ey < € (vi + 1T N2u)):

(ii) if vy is finite, then T extends to a bounded operator on LP(u) for all p in
[2,00) and from L (u) to BMO(u). Furthermore, there exists a constant
C such that

170 2o uy:Brro(wy < C (v + 1T L2y

(iii) if T is self adjoint on L?(u) and vy is finite, then T extends to a bounded
operator on LP(p) for all p in (1,00), from H' (1) to L' (1) and from L> ()
to BMO(u).

Proof. The proof is almost verbatim the same as the proof of [CMM| Thm 8.2], and
is omitted. (I

Remark 6.2. Tt is worth observing that in the case where M is a Riemannian
manifold and the kernel k is “regular”, then the condition v < oo of Theorem (i)
may be replaced by the condition vj, < oo, where

(6.1) v = sup g sup/ |Vok(z,y)| du(y).
BeBy z€B J(2B)°

Similarly, the condition v} < 0o of Theorem (ii) may be replaced by the condi-
tion v}, < oo, where

(6.2) v = sup rmsup [ [9,k(e0)] due).
BeBy yEB J(2B)°
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7. RIEMANNIAN MANIFOLDS

Let (M, p, i) be a complete Riemannian manifold of dimension d, endowed with
the Riemannian metric p and the corresponding Riemannian measure p. Let (M)
be Cheeger’s isoperimetric costant, defined by

. .0(04)
h(M) = inf )

where the infimum runs over all bounded open sets A with smooth boundary 9A
such that p(A) < u(M)/2. Here o denotes the induced (d — 1)-dimensional Rie-
mannian measure on JA. Note that the condition p(A) < p(M)/2 is automatically
satisfied if u(M) = oco.

In [CMM| Section 9] we proved that, on Riemannian manifolds of infinite mea-
sure, the isoperimetric property (I) is equivalent to the positivity of h(M). More-
over, if the Ricci curvature is bounded from below, both properties are equivalent
to the positivity of the bottom of the spectrum of M

b(M) = inf{/M VA du: £ € CHAM), £l = 1}.

Here we shall prove that, when M has finite measure, an analogous characteri-
zation holds for the complementary isoperimetric property (I]°3’0)7 provided that we
replace b(M) by the spectral gap of the Laplacian

Al(M)={/MVf2 dji: f e XM | flls = 1 and /MfdMZO}-

Again, since the arguments coincide to a large extent with those used to prove
[CMM, Theor. 9.5], we point out only the differences, referring the reader to [CMM]
for details and unexplained terminology.

Given a measurable set E in M, we shall denote by P(F) its perimeter, i.e. the
total variation Var(1g, M) in M of the indicator function 15 of E. The following
lemma is the counterpart of [CMM), Prop. 9.2], in the finite measure case.

Lemma 7.1. Suppose that M is a complete unbounded Riemannian manifold of
finite volume. If h(M) > 0, then for every measurable set E with u(E) < u(M)/2

P(E) > h(M) u(E).

Proof. Let f be a real-valued function in C! (M), whose support has measure less
than p(M)/2. By the coarea formula [Chal,

/ IV f| dpe > h(M) / £l dp.
M M

By [MPPP., Prop. 1.4], there exists a sequence (f,,) of functions in C}(M), whose
support has measure less than u(M)/2, such that f, — 1g in L'(M) and

Jas IV ful dpp — Var(1g, M) = P(E). Hence, passing to the limit, we get P(E) >
h(M) u(E). O

Now we are ready to state the main result of this section. We recall that the
constant 5, p is defined in (2.2).

Theorem 7.2. Suppose that M is a complete unbounded Riemannian manifold
of finite volume and Ricci curvature bounded from below. Then the following are
equivalent:
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(i) h(M) > 0;
(ii) M possesses property (I5,) ;
(ifi) Ay (M) > 0;

Proof. To prove that (i) implies (ii) , we fix a ball By such that u(By) > u(M)/2
and we consider a open set A in M\ By. Fixt > 0 and let f be the function defined
by

t=Lp(x, A°) ifx e Ay
fl)y=4<1 ifee A\ A
0 if x € A“.

Then f is Lipschitz and |V f(z)| = t~! for almost every z in A, |Vf(z)] = 0
elsewhere. Thus, by the coarea formula for functions of bounded variation [EG], [M]

and Lemma [7.1]
1
Lu(A4y) = = =
1(Ay) /\Vf\du /OP({f s})ds

Thus
h(M)

WA = 77 h(M)t

Hence M satisfies property (I5 ) and by the constant I§, p is at least h(M).

Next, we prove that (ii) implies (iii). Let A be a bounded open set with regular

boundary, contained in M \ By. Then u(A;) > (1 —e 80" u(A) for all t > 0, by
Proposition 2.6} Since the boundary of A is regular,

tu(A) vt > 0.

o M(At)
O’((?A) = tl—l>%1+ T 2 IM,BO M(A)

Hence, by the coarea formula, for every real-valued function f in C°(M \ By)
(7.1) I, [l ans [ 1951 d
M M

By replacing f with f2 in , we obtain that
IM‘VJC‘ du > IJQ\/[,BO
fM |f| du B 4

where the infimum is taken over all real f in C>°(M\ By), such that || f||2 # 0. Hence
the bottom of the essential spectrum bess(M) of the Laplace—Beltrami operator on
M is positive, by the variational characterization of bess(M) [Br]. Thus 0 is an
isolated point in the spectrum and A\; (M) > 0.

Finally, to prove that (iii) implies (i), we use the fact that, if the Ricci curvature
is bounded below by —K for some K > 0, then

M (M) < C(VER(M) + h(M)?),

where C' is a constant which depends only on the dimension of M [Bul [Le]. O

(7.2)
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8. ANOTHER FAMILY OF METRIC SPACES

In this section we shall construct another family of metric measured spaces which
are locally doubling and satisfy the approximate midpoint property and the isoperi-
metric property. They may have either infinite or finite measure. In the first
case they satisfy property (I), in the latter case property (I5 ) (see Remark or
[CMM] for the definition of property (I)). The spaces we consider are of the form
(R4, po, 1) or (R, poyy i), where ¢ is a function in C?(R?) which satisfies certain
additional conditions specified later, p,, is the Riemannian metric on R? defined by
the length element ds? = (1+ |V¢|)? (dz? + -+ da?) and dus, = e*¥ d\. Note
that p4+, is not the Riemannian metric on (R, py). First we need some prelimi-
naries on Riemannian metrics of the form ds? = m? (daz? + - + da?), where m is
a continuous positive function on R? which tends to infinity at infinity.

We say that a positive function m € C°(R?) is tame if for every R > 0 there
exists a constant C'(R) > 1 such that

m(x)
m(y)

The following lemma provides a simple criterion for establishing tameness.

Lemma 8.1. Let m be a function in C'(R?) such that m > 1 and |Vm| < Cm®
for some a in [0,1] and some C > 0. Then m is tame.

< < T,y € such that |z —y| < R.
C(R)™! C(R) V¥ R? such th R

Proof. By the mean value theorem, for all z,y in R? such that |z —y| < R,

M| 1 e [V

m(y) R o

log

O

It is easy to see that the functions m(z) = 1 + |z|®, with « > 0, are tame. The
function el*!” is tame if and only if 0 <a < 1.

Proposition 8.2. Let m be a tame function such that lim,_,., m(xz) = co. De-
note by p the Riemannian metric on R? defined by the length element ds® =
m(z)? (dz? + --- + da2). Then the manifold (R%, p) is complete. Moreover, for
every R > 0, there ewists a constant C(R) > 1 such that for all x, y in R? with
plz,y) <R

(8.1) CR) ™ m(@) o —yl < pla,y) < CR)Ym(x) |2~y

Proof. The function m has a positive minimum on R¢, which we may assume to be
greater than or equal to one, by multiplying m by a positive constant if necessary. If
7 is a path in R? we shall denote by £(7) its length with respect to the Riemannian
metric p and by £.(7) its Euclidean length. Since the minimum of m on R? is at
least 1 we have that £(y) > £.() for all paths v. Hence
(8-2) plz.y) 2> le—y|  Vo,yeRL

Let = and y be two points in R? such that p(z,y) < R and denote by v be the
segment of line joining them. Since |z — y| < p(x,y) < R and m is tame,

(8.3) pz,y) < €(y) =/0 m(y(t)) W' ()] dt < C(R)m(z) |z —y].

This proves the second inequality in (8.1)).
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Together the two inequalities and imply that the manifold (R?, p) is
complete. In particular any two points in (R?, p) may be joined by a minimizing
geodesic by the Hopf-Rinow theorem.

It remains to prove the first inequality in . We observe that there exists a
constant A such that for all S > 0 there exists a compact set K (.S) in R? such that

m(x)
m(y)

Indeed, by the definition of tame function it suffices to choose A = C(1) and
K(S)={zeR%:m(z) < S}.

Fix R > 0 and let x,5 be in R? such that p(z,y) < R. Assume first that
r ¢ K(AR) and let v : [0, p(x,y)] — R? be a minimizing geodesic joining x and
y. We claim that |y(t) — x| < AR/m(z) for all t in [0, p(x, y)]. Indeed, suppose by
contradiction that there exists ¢ in [0, p(z,y)] such that |y(t) — z| = AR/m(z)
and |y(t) — x| < AR/m(z) for all ¢ in [0,%). Then, by

(84) A7'< <A Vz,y € R? such that z ¢ K(S), |z —y| < S/m(x).

plz,y) > / "m(y(t) ()] dt
0
> A~ m(z) [y(to) — 2
=R,

which contradicts the assumption p(x,y) < R. Thus the claim is proved. Hence by

E3)
P(w)y)
ple,y) = / m(x(®) ()] di

> A m(x) ly — 2.
Finally, if x € K(AR) by (8.2)

— < < .
m(x) [z —y| < m(z) p(z,y) < e m p(x,y)

This concludes the proof of the proposition. O

Proposition 8.3. Let ¢ be a function in C1(RY) such that lim, . |Vo(z)| =
and 1+|V| is tame. Then the metric measure spaces (R?, py, 1) and (R, py, pi—)
are locally doubling.

Proof. Write m(xz) = 1+ |Vp(z)| for the sake of brevity. Let Be(z,r) denote the
Euclidean ball of centre = and radius » in R%. We claim that for every R > 0 there
exists a constant D(R) such that

(8.5) D(R)™'ef@ < e#) < D(R)e?™®) Vy € Be(x, R/m(z)).
Indeed, by the mean value theorem and the fact that m is tame

lp(x) — @(y)| < max {|Vo(z)| |z —y|:z€ Be(z,R/m(x))}
< C(R)m(z) |z -y
< C(R)R,

A
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whence (8.5) follows with D(R) = ¢“) £ Thus for every R > 0
(8.6)

po (Bel,r/m(@)) )
)\(Be (z, r/m(az)))

Thus (Rd,pw,,ug,) is locally doubling, because by Proposition there exists a
constant C' (which depends on R but not on r) such that

B.(z,C~ "' r/m(z)) C B(z,r) C B(z,2r) C Be(z,2Cr/m(z)) Vr € [0, R]

D(R)™'e?®) < < D(R)e?®) VeeRY 0<r<R.

and the Lebesgue measure is doubling. The proof for (R, p,, pi_) is similar. O

Next, we look for sufficient conditions that guarantee that the spaces (R, Py )
and (RY, p,, ji—,) satisfy the isoperimetric property.
Definition 8.4. Let ¢ be function in C'(R%). We say that ¢ is admissible if
(i) there exists 7o > 0 such that ¢ is C? for |z| > 7o;
(ii) 1+ |Ve| is tame and

lim |Vy(z)] =00, lim Hess p(@)]

z—50 z—oo |Vo(x)[? ’
(iii) the radial derivative 0, = %‘ - Vi satisfies
lim inf Orp(x)
a=o0 |Vop(z)|

It is easy to see that the functions |z|®, with o > 1 are admissible. The function
el*” is not admissible if o > 1.

Lemma 8.5. Let 1) : [0,00) — R be a continuous function such that ¢ € C*([rg, 00))
for some 19 > 0. Assume that

1
lminfe/(r) >0, lim —2 00—
r—00 r—00 (w/(r»
Let h be a positive function in CO([O, oo)) such that
liminf A(r) ' (r) > 0.

Then for every d > 1 there exists a positive constant C' such that
T4a h(T) T+a h(T)
/ ?Mpd=1qr > Ca / e?Mpd=1 gy Vr e Ry Vae€l0,1].
T 0
Proof. 1t is clearly enough to prove that

74+a h(T) T
/ eV (Mpd=1 gy > Ca / eV pd=1 4y vr e Ry.
T 0
The integral in the right hand side is asymptotic to e?(")79=1 /4’ (1) as T tends to
infinity, by ’'Hopital’s rule and the assumptions on . Let 7 > 7y be such that

T d—1
(8.7) / e? () pd=1 qp < 2e¥(70) 7',7 VT >
0 (1)
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The assumptions on ¥ and h imply that if we choose 7 sufficiently large there
exists n > 0 such that

Y'(r)>n, h(n)Y(r)>n Vr>T1

Thus, if 7 > 71 the function v is increasing. Hence for 7 > 7y

T+a h(T)
/ eV (Mpd=1 qp > V(1) pd=1, h(T)
" -1
V(1)

> ﬂa/ eV () pd=1 gy,
2 Jo

Y

naet)

where in the last inequality we have used . It remains to prove the desired in-
equality for 7 in [0, 71]. Set mo = miny o) ¥, Mo = maxy ;1 ¥ and hg = minp ] h.
Then for 7 € [0, 71]

T Td
/ eV () pd=1qp < Mo
0 d
and
T+a h(T)
/ ¥ (M) pd=1 qp > gmo zd—1, h(T)
> Mo Tdaho/’]'l.
This implies that the desired inequality holds also for 7 in [0, 71]. ([

Lemma 8.6. Let ¢ and h two functions which satisfy the assumptions of Lemma

[8-5 Assume further that
lim (r — h(r)) = co.

T—00

Then for every d > 1 there exist positive constants C and T such that

- 00
/ e VMpd=lqr > Cq / e Vpd=lqr  Vr>T Vael0,1].
T—ah(T) T—ah(T)

Proof. 1t is clearly enough to prove that

/ e ¥pd=lqr > g / e Y(Mpd=1q, Vr>T Vae€]|0,1].
T—a h(T) T

The integral in the right hand side is asymptotic to e~ ¥(")7?=1 /4 (1) as 7 tends
to infinity, by I'Hopital’s rule and the assumptions on . Thus there exists 7 > 7
such that

oo d—1
(8.8) /T e ¥ pd=lqp < 9e7¥() % YT > 11,

The assumptions on ¥ and h imply that if we choose 7 sufficiently large there
exists n > 0 such that

(1) =n, h(r)Y'(r)=n, r(r)>d-1  Vr>m.
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Note that the last inequality implies that the function r — e~%(") r4=1 is decreasing
for r > 71. Choose T' > 7y such that 7 — h(7) > 71 for 7 > T. Then for 7 > T

/ eV dr > oV 7 ah(r)

—ah(T)
d—1
> nae*w(”')
P'(7)
> ga / e V) pd=1 gy
where in the last inequality we have used (8.8]). This concludes the proof of the
lemma. O

Theorem 8.7. Suppose that the function ¢ is admissible. Then

(i) the measured metric space (R%, py, p1,,) is locally doubling, p,(RY) = oo,
and satisfies property (I);

(ii) the space (RY, py,u_y) is locally doubling, p—,(R?) < oo, and satisfies
property (1§, ), for some ball By C R®.

Proof. Both spaces are locally doubling by Proposition [8:3] It easily follows from
the assumptions on ¢ that pu,(R%) = oo and p_,(R?) < oco. To prove that
(R%, py, ) satisfies also property (I) we must prove that there exists a constant
C such that for every bounded open set A and every « in [0, 1)

Nap(An) > C;“w(A)v
where we recall that A, = {z € A: p(x, A°) < k}.
Henceforth we shall write m = 1+ |V |, for the sake of brevity. Since m is tame
there exists a constant C; > 1 such that

m(z)
m(y)
Let d denote the Euclidean distance in R% and set
Al = Acd(e, A9 < —2 L
= {reasde )< g |
We observe that if z € AJ,, then there exists y in A° such that

crl <

< ¢ Va,y such that |z —y| < 1.

K
-y < —+— <1
[z =yl Cym(z) —

Thus, by (8.1), we get that p(x,y) < Cym(z) |v —y| < k. Hence A], C A,; and it
suffices to prove that there exists a constant C' such that
fp(Ay) = C pp(A).

For every w in the unit sphere S¢~! let p; denote the measure on R defined by

Mo (E) = /Ee“"(m) rd=1dr

for every measurable subset F of R, .

The functions ¢, (r) = ¢(rw) and h,(r) = 1/m(rw) satisfy the assumptions of
Lemma [8.5| uniformly with respect to w in S4~1. Thus for all a € [0, 1] there exists
a constant C' > 0 such that

(8.9) ‘LL:;((T,T+ahw(T)) > Cau:([O,TJrahw(T))) Vr e R+, VYwe S
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If F' is a measurable subset of R? let F'(w) denote the set {r € R, : rw € F}.
If the set (A \ A.)(w) is empty then obviously
g (AL (W) = w (Aw))-
Otherwise, set 7, = sup(4 \ A))(w). Observe that 7,w € A\ A/.. Indeed, by the
definition of 7, there exists a sequence s, — 7, such that s,w € A\ Al.. By the
continuity of m
K

d(ryw, A®) = limd(s,w, A°) > lim

n Cym(spw) R m(T,w) > 0.

This implies that 7,w € A\ AL.

The set (A \ A, )(w) is obviously contained in the interval [0,7,). We claim
that the set A (w) contains the interval (7,7, + C7 ' Khy(7,)). Indeed, if s €
(Tu, Tw+C1 ' K hy (7)), then d(Tuw, sw) < k/(Cy m(r,w)). Hence sw € A, because
otherwise 7,w would be in A/,. Since sw ¢ A\ A’ by the definition of 7,,, the claim
is proved.

Then, writing a = C| L for the sake of brevity, using the fact that for every
positive number § the function 2 +— x /(8 + z) is increasing and (8.9)), we see that

pe (AL (@) 1o (AL (W)
pe(Aw))  ps((A\ A W) + ue (AL (W)
Mi((Tw,Tw + ahw(Tw))
w2 ([0, 7)) + 1 (s T + a (7))
u;‘,’((Tw,Tw + ahy (1))
1(10, 7 4 a by (1))
> Ca=CCy k.

Thus, integrating in polar coordinates, one has
nel) = [ () dofe)

> Ck /Sdil u‘;(A(w)) do(w)

= Cky(A).

This concludes the proof of property (I) for (R%, py, f1,).
The proof of property (I ) for (R, p_y, pi—y) is similar. The main differences
are the following
(i) the set A is a open set contained in the complement of {x € R?: |z| > T}
for some T" > 0 which depends only on ¢;
(ii) the definition of 7,, now is inf (4 \ A.)(w);
(iii) the set (A \ Al )(w) is contained in the interval (7, 00) and the set A’ (w)
contains the interval (Tw — Cfl Khy(Tw)s Tws );
(iv) the use of Lemma [8.6|instead of Lemma
We omit the details. O

Remark 8.8. We point out that the H'—BMO theory for the Gaussian space (R, )
developed in [MM] is a particular case of the theory exposed in the present paper.
Indeed, v = p—, with p(z) = |z|*. Moreover, in [MM] the family of admissible balls
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is the set B} of all Euclidean balls B in R? such that rp < min(1,1/|cp|), where
cp and rp denote the centre and the radius of B respectively, while the family B,
of admissible balls in (R, p,,7) is the set of all balls of radius at most one, with
respect to the metric ds? = (1+ |z|)?(dz}+ -+ dz3). By Proposition every
ball in B is contained in a ball in By of comparable measure and viceversa. Thus
the spaces H'(y) and BMO(y) defined in [MM] coincide with those defined in the
present paper.
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