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Hardy type spaces
on certain noncompact manifolds
and applications

G. Mauceri, S. Meda and M. Vallarino

ABSTRACT

In this paper we consider a complete connected noncompact Riemannian manifold M with Ricci
curvature bounded from below, positive injectivity radius and spectral gap b. We introduce a
sequence X' (M), X2(M), ... of new Hardy spaces on M, the sequence Y (M), Y2(M), ... of their
dual spaces, and show that these spaces may be used to obtain endpoint estimates for purely
imaginary powers of the Laplace—Beltrami operator and for more general spectral multipliers
associated to the Laplace—Beltrami operator £ on M. Under the additional condition that the
volume of the geodesic balls of radius r is controlled by C r® VP for some real number o and
for all large r, we prove also an endpoint result for first order Riesz transforms V£ ™1/,
In particular, these results apply to Riemannian symmetric spaces of the noncompact type.

1. Introduction

The Riesz transform V(—A)~1/2 and the purely imaginary powers (—A)™, u in R, of the
Laplacian A are prototypes of singular integral operators on R™. They are bounded on LP(R™)
for all p in (1,00), and unbounded on L!'(R™) and on L°°(R™) [38]. Classical results (see
the seminal papers [24] [18]) state that singular integral operators satysfying the so called
Hérmander integral condition are of weak type 1 and bounded from the Hardy space H!(R")
to L*(R™) and from L>®°(R") to BMO(R"). These results apply, in particular, to V(—A)~1/2
and (—A)™. One reason to choose (—A)™ as an example of singular integral operators is that
it plays a fundamental role in the functional calculus for —A, for functions of the Laplacian
may, at least formally, be reconstructed from (—A)™ via a subordination formula involving
the Mellin transform (see the fundamental works (37 [14]).

Now suppose that M is a Riemannian manifold with Riemannian measure u, and denote
by —L£ and V the associated Laplace-Beltrami operator and covariant derivative respectively.
It is natural to speculate whether the analogues of the aforementioned results hold for the
operators VL~ /2 and £™. The multiplier result for generators of semigroups proved in |37,
14] applies to £ and gives the LP(M) boundedness of these operators for p in (1,00). The
L?(M) boundedness of VL Y2 for p in (1,2), and without additional assumptions on M,
seems to be a challenging problem, and it is the object of a very active line of research (see,
for instance, |13} 4] and the references therein).

As far as endpoint estimates for V£~1/2 and £ are concerned, interesting results have
been obtained in the case where p is doubling and M satisfies some extra assumptions, such as
appropriate on-diagonal estimate for the heat kernel [13], or scaled Poincaré inequality [36),/29)

2000 Mathematics Subject Classification 30H10, 42B20, 42B35, 58C99.
Work partially supported by PRIN 2007 “Analisi Armonica”.



Page 2 of [27] G. MAUCERI, S. MEDA AND M. VALLARINO

5). Note that when p is doubling, M is a space of homogeneous type in the sense of Coifman
and Weiss, and a well known theory of atomic Hardy spaces is available [12].

In this paper we consider a complete connected noncompact Riemannian manifold M with
Ricci curvature bounded from below, positive injectivity radius and strictly positive bottom b
of the spectrum of L. It may be worth observing that under these assumptions the Riemannian
measure is nondoubling and that the volume of geodesic balls in M grow exponentially with
the radius. Recall that for a Riemannian manifold satisfying the above assumptions there are
positive constants «,  and C such that

w(B(p,r)) < Cr*e?fr Vre[l,0) Vpe M, (1.1)

where /,L(B(]L r)) denotes the Riemannian volume of the geodesic ball with centre p and
radius r. Notable examples of such manifolds are nonamenable connected unimodular Lie
groups equipped with a left invariant Riemannian distance, and symmetric spaces of the
noncompact type with the Killing metric.

In this setting, weak type 1 estimates for VL£~1/2 and £™ are known only when M is a
Riemannian symmetric space of the noncompact type [1} 2} 26} [27] |35].

Manifolds satisfying the above assumptions fall into the class of measured metric spaces X
considered in [7], where the authors, following up earlier works of A.D. Ionescu [25] and of
E. Russ [36], defined an atomic Hardy space H'(X) and a space of functions of bounded mean
oscillation BMO(X). Both H'(X) and BMO(X) are defined much as in the classical case of
spaces of homogeneous type, the only difference being that atoms in the definition of H*(X)
are supported in balls with radius at most 1, and that in the definition of BMO(X) averages
are taken only on balls of radius at most 1. As a consequence, they proved that if 7 is bounded
on L?(X) and its kernel kr satisfies the following local Hérmander’s type condition

sup supj Ik (. y) — bz (2 c5)| du(x) < oo, (12)
BeB; yeB J(2B)c

where B; denotes the collection of all balls in X of radius at most 1, then 7 is bounded on
LP(X) for all p in (1,2] and from the atomic Hardy space H(X) to L'(X).

The starting point of our work is the perhaps surprising fact that when £ is the Laplace—
Beltrami operator associated to the Killing metric on Riemannian symmetric spaces of the
noncompact type the operators VL~/2 and £, u # 0, are unbounded operators from H L)
to LY(M). The proof of this fact hinges on quite delicate estimates of the inverse spherical
Fourier transform of the associated multiplier, and will appear in [31]. Note that, as a
consequence, their Schwartz kernels £k iv and ky,-1/2 do not satisfy .

The purpose of this paper is to introduce a sequence X!(M), X2(M),... of new spaces of
Hardy type on M, and the sequence Y!(M),Y?2(M),... of their dual spaces, and show that
these spaces may be used to obtain endpoint estimates for VL~1/2, £% and for more general
spectral multipliers of £. The space X*(M) is defined as follows. Denote by Ug= the operator
L (BT + £)~1. Tt is straightforward to check that Up2 is a bounded injective operator on
L*(M) + L*(M). Denote by X*(M) the range of the restriction of U}, to H'(M), endowed
with the norm

1F e = Idg" F L

By definition, each arrow of the following commutative diagram is an isometric isomorphism
of Banach spaces.



HARDY SPACES ON NONCOMPACT MANIFOLDS Page 3 of 27]

HY(M)
Use Uz, U, U
X' (M X*(M X3(M

Thus, X*(M) is an isometric copy of H'(M) for each positive integer k. Furthermore, we shall
prove (see Section [f) that

HY(M)> X' (M)> X*(M)> ---,

with proper inclusions. These spaces have nice interpolation properties; for each positive integer
k, and for every p in (1,2), LP(M) is an interpolation space between X*(M) and L%(M) by
the complex method (see Section .

The main results of this paper are contained in Section and justify, a posteriori, the
introduction of the spaces X*(M ). In particular, Theorem tates that if m is a holomorphic
function in the strip Sg = {¢ € C: Im({) € (=5, )} that satisfies

[DIm(Q)] < C max(|¢* + #2777, [CI77)  VCeSs Vie{0,1,.... ]}, (1.3)

for some nonnegative 7 and for a sufficiently large integer J, then m( L— b) is bounded from
H(M) to L*(M) and from L> (M) to BMO(M) in the case where b < 32 and from X*(M) to
H'(M) and from BMO(M) to Y*(M) in the case where b = 32 and k > 7 + J. This provides,
in the case where b = 32, endpoint estimates for operators of the form £ (when 7 = 0), but
also for “more singular operators”, such as L~7 (I + £)7, whose kernels have a comparatively
slow decay at infinity. We shall call strongly singular all the multipliers satisfying . Strongly
singular spectral multipliers were first introduced in [35], where the authors showed that they
satisfy weak type 1 estimates when M is a Riemannian noncompact symmetric spaces. We
remark that the methods of [35] hinge on quite precise estimates of the kernel of these operators,
obtained by using the inversion formula for the spherical Fourier transform. Weak type 1
estimates for such operators seem out of reach in the more general setting of this paper. Note
that strongly singular multipliers may have a rather singular behaviour near the points +is,
and still satisfy an endpoint result for p = 1. We emphasise that this is in sharp constrast with
the Euclidean case, where such a phenomenon cannot occur.

We give applications also to first order Riesz transforms. It follows from work of T. Coulhon
and X.T. Duong [13| that, in our setting, the first order Riesz transform V£~'/2 is bounded
on LP(M) for all p in (1,2] and that the translated Riesz transform V(Z + £)~/2 is of weak
type 1. Russ complemented this result by showing that V(Z + £)~/2 map H'(M) into L'(M).
Observe that if we consider the part off the diagonal of the kernel of V(Z + £)~'/2, then the
corresponding integral operator is bounded on L!(M). This is no longer true for the kernel
of the Riesz transform V£~/2, which decays much slower at infinity. Despite this, we prove
that if b = 82, then VL2 is bounded from X*(M) to L*(M) for large k. Applications of
these spaces to higher order Riesz transforms associated to the Laplace—Beltrami operator on
noncompact symmetric spaces and to multipliers for the spherical Fourier transform will be
considered in a forthcoming paper [31].

The space X¥(M) admits an interesting characterisation in terms of atoms in H'(M) that
satisfy infinitely many cancellation conditions. Its proof, which is rather long, is deferred to a
forthcoming paper [32].
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We now briefly outline the content of the paper. In the next section we define the new
Hardy spaces X*(M) and their duals Y*(M) in the fairly general framework of the measured
metric spaces considered in [7] and show that they have natural interpolation properties. In
Section |3| we specialise to Riemannian manifolds with Ricci curvature bounded from below,
positive injectivity radius and strictly positive bottom of the spectrum and we prove some
further properties of the new Hardy spaces in this setting. We also state a theorem on the
boundedness on H(M) of functions of the Laplacian (Theorem , which is of independent
interest and plays a crucial role in the proof of the main results of this paper. The proof of this
theorem is deferred to Section b} The main results of the paper, i.e. the endpoint estimates for
strongly singular multipliers and for the Riesz transform are stated and proved in Section [4

We will use the “variable constant convention”, and denote by C, possibly with sub-
or superscripts, a constant that may vary from place to place and may depend on any
factor quantified (implicitly or explicitly) before its occurrence, but not on factors quantified
afterwards. If 7 is a bounded linear operator from the Banach space A to the Banach space B,
we shall denote by |HTH{A;B its norm. If A = B we shall simply write |”’TH|A instead of |||’T|||A;A.

2. New Hardy spaces on metric spaces and interpolation

Suppose that (M,d, ) is a measured metric space, and denote by B the family of all balls
on M. We assume that p(M) > 0 and that every ball has finite measure. For each B in B we
denote by cp and rp the centre and the radius of B respectively. Furthermore, we denote by
¢ B the ball with centre cg and radius crp. For each scale parameter s in Rt we denote by
B the family of all balls B in B such that rg < s.

BAsIC ASSUMPTIONS 2.1.  We assume throughout that M is unbounded and possesses the
following properties:
(i) local doubling property (LD): for every s in RT there exists a constant Dy such that

1(2B) < Dspu(B) VB e B; (2.1)

(ii) isoperimetric property (I): there exist ko and C' in RT such that for every bounded
open set A

u({:z: € A:d(zx, A% < /@}) > Cru(A) Vi € (0, kol;

(iii) approximate midpoint property (AM): there exist Ry in [0,00) and + in (1/2,1) such
that for every pair of points x and y in M with d(z,y) > Ry there exists a point z in
M such that d(x,z) < vd(z,y) and d(y, z) < yd(z,y);
(iv) there is a semigroup of linear operators {H'} acting on L'(M) + L?*(M) such that
(a) the restriction of {H'} to L'(M) is a strongly continuous semigroup of contractions;
(b) the restriction of {H!} to L?(M) is strongly continuous, and has spectral gap b > 0,
ie.

IH flle < e P || fle Vf €L2(M) VteR',

(c) {H!} is ultracontractive, i.e. for every t in RT the operator H! maps L'(M)
into L>(M).

REMARK 2.2. Assumption (ii) forces u(M) = co. In fact, it forces M to have exponential
volume growth (see 7, Proposition 2.5 (i)] for details).
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REMARK 2.3. Assumption (iv) has the following straightforward consequences:
(i) {H!} is a strongly continuous semigroup of contractions on L(M) + L?(M);
(i) since for each p in [1,2] the space LP(M) is continuously embedded in L(M) + L?(M),
we may consider the restriction )}, of the operator H* to LP(M). Then {H}} is strongly
continuous on LP(M), and satisfies the estimate

IHLfllp < e 2 CZVPfll,  Vf e LP(M) Vit e R (2.2)

(iii) by (iv) (a) and (iv) (c) above, for each t in R the operator H' maps L'(M) into
LY(M) N L*(M). Hence H! maps L'(M) into LP(M) for each p in [1,2].

Denote by —G the infinitesimal generator of {H'} on L'(M)+ L?(M). Since {H'} is
contractive on L*(M) + L?(M), the spectrum of G is contained in the right half plane. Then,
for every o in RT we may consider the resolvent operator (¢Z + G)~! of {H!}, that we denote
by R,. We denote by R, the restriction of R, to LP(M), and by —G, the generator of {H}.
Obviously R, is the resolvent of {H}} and —G,, is the restriction of —G to Dom(G,), which
coincides with R, (LP(M)).

For every o in R* denote by U, the operator GR,. Observe that

U, =7 -0 R,,

so that U, is bounded on L'(M) + L?(M), and its restriction U, , to LP(M) is bounded on
LP(M) for every p € [1,2]. Moreover U, and H' commute for every ¢ in RT.

PROPOSITION 2.4. For each positive integer k the following hold:
(i) if p is in (1,2], then the operator Z/{ip is an isomorphism of LP(M);
(ii) the operator UF is injective on L*(M) + L?(M).

Proof. First we prove (i). Clearly, it suffices to show that U, , is an isomorphism of L?(M).
By (2.2) the bottom of the spectrum of G, is positive. Thus G, Land o G, L 4+ 7 are bounded.
Since Uy}, = G, (0L +Gp) and G, (6L +G,) =0 G, ' +Z, (i) is proved.

Next we prove (ii). It suffices to prove the result in the case where k = 1, since the general
case follows by induction. Suppose that f is a function in L'(M) + L?(M) such that U, f = 0.
Then U, (H'f) = H' (U, f) = 0 for all ¢ in RT. By the ultracontractivity of H’, and the fact
that the restriction of H® to L2(M) is bounded on L?(M), the function H!f is in L2(M) for
all ¢ in RT. Thus U, (Htf) =Uyp2 (Htf) = 0. Hence H'f = 0, because U, o is an isomorphism.
Since {H'} is strongly continuous on L!'(M) + L?(M) by Remark (i), H'f tends to f in
LY(M) + L%*(M) as t tends to 0, and (ii) follows. O

We recall the definitions of the atomic Hardy space H'(M) and its dual space BMO(M)
given in [7].

DEFINITION 2.5.

An H'-atom a is a function in L'(M) supported in a ball B with the following properties:
(i) J‘B adp = 0;

(i) [lall2 < w(B)~/2.
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DEFINITION 2.6. Suppose that s is in RT. The Hardy space H!(M) is the space of all
functions g in L*(M) that admit a decomposition of the form

9= Ara, (2.3)
k=1

where aj, is a H'-atom supported in a ball B of Bs, and Y777 | |Ax| < co. The norm |[|g||g1 of
g is the infimum of >"77, |\x| over all decompositions ([2.3)) of g.

The vector space H} (M) is independent of s in (Ro/(1 — ), 00), where Ry and  are as in Basic
assumptions|2.1|(iii) (see |7, Proposition 5.1]). Furthermore, given s; and s3 in (Ro/(1 — ), 00),
the norms ||- m1, and II]I 1, are equivalent.

NOTATION. We shall denote the space H!(M) simply by H'(M), and we endow H*(M)
with the norm H} (M), where so = max(Ro/(1—~),1). We note explicitly that if Ry =0,
then sy = 1.

The Banach dual of H'(M) is isomorphic |7, Thm 5.1] to the space BMO(M), which we now
define.

DEFINITION 2.7. The space BMO(M) is the space of all locally integrable functions f such
that N(f) < oo, where

1
N(f)= BSEUBIZO @JB |f — fBldu,

and fp denotes the average of f over B. We endow BMO(M) with the “norm”
1fllBro = N(f).

REMARK 2.8. It is straightforward to check that f is in BMO(M) if and only if its sharp
maximal function f%, defined by

1
fia)= sup ——
BeB., (z) H(B)

is in L>°(M). Here B, (z) denotes the family of all balls in B,, that contain the point .

| 1r-talan vaen
B

In the last part of this section we define the new spaces X (M) of Hardy type and their dual
spaces Y*(M), and prove an interpolation result, which is relevant for later developments.

DEFINITION 2.9. For each positive integer k and for each o in R* we denote by X%(M)
the Banach space of all L*(M) functions f such that U;*f is in H*(M), endowed with the
norm

1Fllxe = leds* fllarn.

Note that U;* is, by definition, an isometric isomorphism between X*(M) and H'(M). In
Section we shall see that X* (M) may be characterised as the image of H!(M) under a wide
class of maps V.
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REMARK 2.10. Note that the space X¥(M) is continuously included in L'(M). Indeed,
suppose that f is in X¥(M). Then

171l = ettt * 1y < ezl fled "1l < etz 112t 1L
= ezl 11711

as required. Note that the last inequality is a consequence of the fact that H'(M) is
continuously included in L!(M).

DEFINITION 2.11. For each positive integer k, and for each o in R we denote by Y*(M)
the Banach dual of X%(M).

REMARK 2.12. Since U;* is an isometric isomorphism between X*(M) and H!(M), its
adjoint map (U k)* is an isometric isomorphism between BMO(M) and Y.*(M). Hence

@) fllys = 1/llzaro-

Given a compatible couple of Banach spaces X and X; we denote by (Xo, X1)[g its complex
interpolation space, also denoted by Xj.

PROPOSITION 2.13. Suppose that (X%, X*') and (Y, Y1) are interpolation pairs of Banach
spaces. Suppose further that T is a bounded linear map from X° + X' to Y% +Y!, such that
the restrictions 7 : X° — Y? and 7 : X! — Y'! are isomorphisms. Then for every 6 in (0,1)
the restriction T : X9 — Yy is an isomorphism.

Proof. For every 6 in [0, 1] denote by 7y the restriction of 7 to Xy. Define S : Yy + Y7 —
Xo + X, by setting

Slyo+y1) =T 'yo + T 'y

It is straightforward to check that the operator S is well defined, bounded and linear. Moreover
ST is the identity on X+ X; and 7S is the identity on Yy +Y;. Thus S =7 ~!. Hence
Sy = ’];9_1. Finally, Sy : Y9 — Xy is bounded by interpolation. This concludes the proof of the
proposition. |

THEOREM 2.14. Suppose that o is in RT, k is a positive integer, and 6 is in (0,1). The
following hold:
(i) if 1/p=1—0/2, then (X*(M), L2(M))[6] = LP(M) with equivalent norms;
(i) if1/q = (1 —6)/2, then (L*(M), Yk(M))[Q] = L9(M) with equivalent norms.

o

Proof. To prove (i), we first observe that U is an isomorphism of H'(M) + L?(M) onto
XE(M) + L*(M). Then we may apply Proposition with ¥ in place of 7, X° = H*(M),
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YO = X¥(M), X! = L*(M) = Y. By (7, Thm 7.4]

(H'(M), L*(M)),, = LP(M).

(0]
By Proposition the restriction of U to LP(M) is an isomorphism between LP(M) and
(XE(M), L2 (M) 9 But the restriction of U¥ to LP(M) is just U¥ | which is an isomorphism

o,p?
of LP(M) by Proposition Hence (XF(M),L?(M)) ! and LP(M) are isomorphic Banach
spaces, as required.

Now (ii) follows from (i) by the duality theorem. O

(6

3. New Hardy spaces on manifolds

Suppose that M is a connected n-dimensional Riemannian manifold of infinite volume with
Riemannian measure .

BASIC ASSUMPTIONS 3.1. We make the following assumptions on M:
(i) b> 0;
(i) Ric > —x?2 for some positive x and the injectivity radius is positive.

REMARK 3.2. It is well known that manifolds with properties (i)-(ii) above satisfy the
uniform ball size condition, i.e.,

inf{ﬂ(B(pm)) :péM} >0 and sup{u(B(p,r)) :pGM} < 00.

See, for instance, [17], where complete references are given.

Note that manifolds satisfying the assumptions above also satisfy the Basic assumptions
Indeed, every length metric space satisfies the approximate midpoint property (AM), and, by
standard comparison theorems |9, Thm 3.10], the measure u is locally doubling. Furthermore,
it is known |7, Section 8] that for manifolds with Ricci curvature bounded from below the
assumption b > 0 is equivalent to the isoperimetric property (I). Finally, the heat semigroup
{H'} possesses the properties (iv) (a)—(c) of the Basic Assumptions [19].

In this section we complement the theory developed in Section [2] by proving that the spaces
XE(M) and Y} (M), in fact, do not depend on o as long as o > 3% — b (see Theorem. Our
main tool for proving this is a H'(M) boundedness result, of independent interest, for functions
of the Laplace-Beltrami operator on M (Theorem , which will also play an important role
in the proof of Theorem [£.3]

Recall that —L£, b and [ denote the Laplace-Beltrami operator on M, the bottom of the
L?(M) spectrum of £, and the exponential rate of growth of the volume of geodesic balls (see
(1.1))) respectively. By a result of Brooks |6] b < 3%. Further, denote by § a nonnegative number
such that the following ultracontractive estimate |19} Section 7.5] holds

I#H ., < Ce P e/t 1+ 4)"/4752 vt e RT. (3.1)

First we define an appropriate function space of holomorphic functions which will be needed
in the statement of Theorem [3.41

1.2

DEFINITION 3.3. Suppose that J is a positive integer and that W is in R™. Denote by Sy
the strip {¢ € C: Im(¢) € (—W, W)} and by H*(Sy; J) the vector space of all bounded even
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holomorphic functions f in Sy, for which there exists a positive constant C such that
IDIFOI<CA+Ih™  YCeSw Vie{01,....J} (32)
We denote by || fllsy ;s the infimum of all constants C' for which (3.2)) holds.

NOTATION. For the sake of notational simplicity, we denote by D the operator /L — b.

THEOREM 3.4. Assume that o and (3 are as in (1.1)), and 0 as in (3.1)). Denote by N the
integer [n/2 + 1] 4+ 1. Suppose that J is an integer > max (N +2+4+a/2-6N+ 1/2). Then
there exists a constant C' such that

ImD)llm < Clmlsys  Ym e H*(Sg: ).

We emphasise that the width of the strip in Theorem [3.4] is best possible as the case of
symmetric spaces of the noncompact type shows [11]. Note that if M is a symmetric space of
the noncompact type with rank r and H? denotes the semigroup associated to the Killing metric,
then § is equal to the sum of r/2 and the cardinality of the positive indivisible restricted roots
|15, Thm 3.2 (iii)], and & = (r — 1)/2. Thus, in this case, we need only to assume J > N 4+ 1/2
in Theorem [3.41

Our result may be compared with |40l Corollary B.3], where the author proved, under much
stronger curvature assumptions on M, that if m is in the symbol class ng, then m(D) maps
the Goldberg type space h!(M) to L' (M) and L°>°(M) into bmo(M).

The proof of Theorem is fairly technical and will be given in Section [5| An important
consequence of Theorem is that, for fixed k, the spaces X¥(M) do not depend on the
parameter o, as o varies in (3% — b, c0).

THEOREM 3.5. The following hold:
(i) if oy and o5 are in (32 — b, 00), then X¥ (M) and X% (M) agree as vector spaces, and
their norms are equivalent;
(ii) if o is in (8% — b,00), then H*(M) D X2(M) D X2(M) D --- with continuous inclu-
sions;
(iii) the inclusions in (ii) are proper.

Proof. First we prove (i). Consider the operator 7, »,, defined on L?(M) by
Toron = Uy Uy,

Since both Uy, and Uy, are isomorphisms on L*(M), so are Ty, 5, and 7,.', . Observe that
the operators 7, o, and 71 are bounded on H'(M). Indeed,

Toron = (01 T+ L) (02T + L) = (01 —09) (02T + L)' +T.

Hence the boundedness of 7, ,, on H'(M) is equivalent to that of (02Z + £)~!. To prove
that (02Z + £)~! is bounded on H'(M), it suffices to check that the associated spectral
multiplier ¢ — (o + b+ ¢?)~! satisfies the hypotheses of Theorem We omit the details
of this calculation. A similar argument shows that 7,-L is bounded on H!(M).

01,02



Page 10 of 27] G. MAUCERI, S. MEDA AND M. VALLARINO

Thus, 75, ,, is an isomorphism of H'(M). Since Uy, 75, .U, =Z, the identity is an
isomorphism between X1 (M) and X7} (M), as required to conclude the proof of (i) in the
case where k = 1. The proof in the case where k > 2 is similar, and is omitted.

Note that (i) is equivalent to the boundedness of U, on H*(M). Sincely =T — o (6Z + L)1,
it suffices to prove that the resolvent operator (¢Z + £)~! is bounded on H'(M). This has
already been done in the proof of (i), and (ii) follows.

Finally we prove (iii). Choose a function ¢ in C¢°(M) with nonvanishing integral. Observe
that £1 is a multiple of a H!-atom, hence it is in H*(M).
We shall prove that £¥+14) is in X*(M)\ X *+1(M). Indeed, on the one hand

U P (L) = (0T + L) (Ly),
which again is a multiple of an H!-atom, hence is in H'(M). On the other hand
u;(kJrl) (£k+1,¢) — (O'Z + E)k+1(¢)7

which may be written as a linear combination of 1 and of terms of the form £7¢ with j in
{1,...,k+ 1}. Therefore the integral of U, kY (Lkﬂz/)) does not vanish, hence it is not in
HY(M) and L1 is not in X T1(M), as required. O

DEFINITION 3.6. Suppose that k is a positive integer. The space X%, (M) will be denoted
simply by X*(M).

By Theorem for any o in (3% — b, 00) and each positive integer k& we have that X*(M) =
XE(M) as vector spaces, and their norms are equivalent.

REMARK 3.7. The space X*(M) may be characterised as the image of H'(M) under a
wider class of maps. This is done in [33] Subection 4.6]. We briefly describe the result.

For each positive e there exists a function n in C.(R) such that the only zeroes of 1 — 7 in
Sp.- are the points +iv/b (here 7 denotes the Fourier transform of 7). Suppose that k is a
positive integer. Denote by V), the operator Z — 7j(D). The following hold:

(i) the map V} is injective on L*(M);
(ii) VEH'(M) = X*(M) as vector spaces, and the norm on X*(M), defined by

£l = V" Flln - VF € XF(M),
is equivalent to the norm of X*(M).

4. Main results

In this section we state and prove boundedness results for strongly singular spectral
multipliers and first order Riesz transform associated to the Laplace—Beltrami operator on
complete connected Riemannian manifolds M satisfying the Basic assumptions

We recall that in Definition we introduced the space H>(Sy;J) of functions that are
holomorphic and bounded, together with their derivatives up to the order J, in the strip Sy,
and satisfy a Mihlin-type condition at infinity. Here, to deal with a wider class of operators,
we define a larger space of functions that may be singular also at the points +:W.
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DEFINITION 4.1. Suppose that .J is a positive integer, that 7 is in [0, 00), and that W is
in RT. The space H(Sw;J,7) is the vector space of all holomorphic even functions f in the
strip Syy for which there exists a positive constant C' such that

ID7f(Q)] < Cmax(|C+ W77, |¢]77) V¢eSw Vie{o,l,....J}  (41)
We denote by || fllsy ;- the infimum of all constants C' for which (4.1 holds.

Note that, for each fixed j, the right-hand side of is infinite of order —7 — j at +iW,
and vanishes of order j at infinity. Thus, if 7 =0, and f is in H(Sw;J,7), then f satisfies
Mihlin-type conditions both near the points +£iW and at infinity. In particular, the derivatives
of f may be unbounded in any neighbourhood of iW, and of —iW. Finally, if 7 is in R*, and
fisin H(Sw;J,7), then both f and its derivatives up to the order J may be unbounded in
any neighbourhood of iWW, and of —iW.

REMARK 4.2. An interesting example of a function in H(Sg; J,7) is
m(¢) = (¢*+B%) T (P + A1+ 1),
where 7 is in [0, 00). Note that if b = 82, then m(D) = L=~ 7 (L + Z)". It is worth observing
that there are no endpoint results at p = 1 for this operator in the literature when 7 > 1. In
the case where M is a symmetric space of the noncompact type, it is known |1, 3|, |35] that
m(D) is of weak type 1 if and only if 7 < 1, but the proof of this fact uses the spherical Fourier

transform and very specific information on the structure of the symmetric space, and it is
hardly extendable.

THEOREM 4.3. Assume that « and ( are as in , and § as in , Suppose that T is
in [0, 0), that J and k are integers, with k > 7 + J and J > max (N +2+a/2-6N+ 1/2),
where N denotes the integer [n/2 + 1] + 1. The following hold:

(i) if b < (3%, then there exists a constant C' such that

ImD)mr,r < Cllmls,,,  Vme H(Sg; J,7)
and
Im(D) .m0 < Cllmlls,,. — Vm e H(Sg;J,7),

where m(D)! denotes the transpose operator of m(D);
(ii) if b= %, then there exists a constant C' such that

ImD)l|xr.m < Clmls,,,,  Vme H(Sg;J,7)
and
Im(D) Il srroy < Clmlls,,. — Yme H(Sg;J, 1),

where m(D)" denotes the transpose operator of m(D).

Proof. First we prove (i). Consider the map U, defined by
U=[L+(F-I](BT+L) "

Observe that U =T — b (3% + £)~* extends to a bounded operator on L!(M), because the
L'(M)-spectrum of £ is contained in the right half-plane. Similarly, the operator Z + b [(3? —
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b)Z + L]~* extends to a bounded operator on L'(M); it is straightforward to check that this
operator is the inverse of ¢ on L*(M). Thus, U is an isomorphism of L' (M), and so is U*.
Consequently, m(D) is bounded from H'(M) to L*(M) if and only if U*m(D) is
bounded from H'(M) to L*(M). Observe that U*m(D) = uy(D), where
B <-2 _|_52 )k

It is straightforward to check that there exists a constant C' such that
|Dug(Q)| < Climllsgsr (L+¢))7  VCeSs Vie{0,1,...,J}

Here we use the fact that k > 7 + J. Thus, ux (D) is bounded on H'(M) by Theorem hence
from HY(M) to L*(M), as required to prove the first estimate.
The second follows from the first by a duality argument.

Next we prove (ii). Observe that m(D) = m(D)U~, Z/lﬁ_zk. Since Z/lﬁ_f is an isometric isomor-
phism between X*(M) and H'(M), to prove that m(D) is bounded from X*(M) to H'(M) it
suffices to show that the operator m(D) Ligz extends to a bounded operator on H'(M). Note
that m(D)UE, = vi(D), where

w0 = () i)

It is straightforward to check that there exists a constant C' such that
IDIvp ()| < Cmllsyur (L+1[C))7 V¢CeSz Vjie{o,1,...,J}

Here we use the fact that k > 7 + J. Thus, vx(D) is bounded on H'(M) by Theorem as
required to prove the first estimate. The second follows from the first by a duality argument.
The proof of the theorem is complete. ]

REMARK 4.4. Assume that M has C* bounded geometry. By proceeding as in the proof
of Theorem and using |7, Thm 10.2] instead Theorem [3.4] we may prove Theorem (i)
with J > max(a + 1,n/2 4 1) in place of J > max (N + 2+ «/2 — 6, N +1/2).

COROLLARY 4.5. Suppose that M is a symmetric space of the noncompact type and that
—L is the Laplace—Beltrami operator with respect to the Killing metric. If k > n/2 + 3, then
L™ is bounded from X*(M) to H*(M).

Proof. Indeed, it is well known that oo = (r — 1)/2, where r is the rank of the symmetric
space, and 0 = v + /2, where v denotes the cardinality of the indivisible positive restricted
roots. Notice that 3/2+ a/2 — 3§ <0, so that the hypotheses of Theorem are satisfied
whenever J > n/2+ 2 and k > J, and the required conclusion follows. U

We conclude this section with the following endpoint result for the first order Riesz transform.
Our method hinges on the fact that if b = 32 and k is large enough, then the operator £* (32T +
£)~* is bounded on H'(M) by Theorem
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THEOREM 4.6. Assume that o and 3 are as in , and 0 as in (3.1). Suppose that
b = (? and that k is an integer > max (N + 2 + a/2 — 6, N + 1/2), where N denotes the integer
[n/2 + 1] + 1. Then the first order Riesz transform VL~'/2 is bounded from X*(M) to L*(M).

Proof. Since L£F(B%Z + £)7% is an isometry between H'(M) and X¥(M), it suffices to
prove that V.L¥~1/2 (82T + £)~* is bounded from H'(M) to L'(M). Observe that

V£k71/2 (621'4»‘6)716 — V(621+£)71/2 Ek*l/? (621'4»‘6)1/2716'

The right hand side is the composition of the operators £F~1/2 (32T + £)Y/2~F, which is
bounded on H'(M) by Theorem and of the translated Riesz transform V(3% + £)~'/2,
which is bounded from H!(M) to L'(M) by [36]. The required result follows. O

5. Operators bounded on H*(M)

This section is devoted to the proof of Theorem 3.5 and is divided in the following subsections:
Subsection [5.1] which contains few preliminary results in one dimensional Fourier analysis;
Subsection where we explain the role of the wave propagator in the decomposition into
atoms of the image 7a of an H'-atom a by an operator 7; Subsection [5.3] where we prove
an economical decomposition of H'-atoms with “big” support into H'-atoms with support in
balls in B;; Subsection where we prove Theorem

5.1. Some lemmata

This subsection contains a few technical lemmata concerning one-dimensional Fourier
analysis. Some related material may be found in [30, Subsection 2.3], which we shall sometimes
refer to, for a discussion of the motivations behind this rather technical development.

For every f in L!(R) define its Fourier transform f by

) = J f(s)etds  VteR.
Suppose that f is a function on R, and that \ is in R*. We denote by f* and fy the M\-dilates
of f, defined by

) = fOx) and @) =271 f(z/N) Vz € R. (5.1)

For each v > —1/2, denote by 7, : R\ {0} — C the modified Bessel function of order v, defined
by

tl/

where J,, denotes the standard Bessel function of the first kind and order v (see, for instance,
[28] formula (5.10.2), p. 114] for the definition). Recall that

2 2 sint
T_1)2(t) = \/; cost and that Tijo(t) =1/ = smt

T ot

For each positive integer ¢, we denote by O° the differential operator t* D¢ on the real line.
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LEMMA 5.1. For every positive integer k there exists a polynomial Pjy1 of degree k + 1
without constant term, such that

(o)

Joo £ cos(vt)dt:J Pes1(O)F(t) Torys(tv) dt, (5.2)

— 00 — 00

for all functions f such that O'f € L'(R) N Cy(R) for all £ in {0,1,...,k+ 1}.

Proof. The proof uses the definition and some properties of the generalised Riesz means
R, introduced in [16, Section 1]. We refer the reader to [30| Section 2] for all the prerequisites
needed here. In particular, recall that Rsior,0 = Rsyor,—xRs3 .k by [30, Lemma 2.3 (i)]. Now,
by integrating by parts and using |30, Lemma 2.3 (i) and (ii)],

| s costoa =~ or0) 0

— 00 — 00

s

—-5 |08 (Raaagi) ) i

_ \/Z [" Riyon, 1 (OF) () (RsxT10) (1) dt

for all v in R. Furthermore, the definitions of Rz and of J;,2 and an integration by parts
show that

(R3,k~71/2)(u) = % % J s(1— st \/z sin(su) ds

0

1
= \/z ﬁ L (1 —s*)* cos(su)ds
=2k Tit1/2(w).

By |30, Lemma 2.4 (i)] there exist constants ¢, such that R3 o, . (Of)= S OFLf 5o
that

o0 k oo
J f(t) cos(vt)dt = ZCZJ O (OF) () Tpot12(tv) dt,
and the required formula, with Pyq(s) = Z?:o ¢, 8“1, follows. O

REMARK 5.2.  We shall denote by Pyy1(O)* the formal adjoint of the operator Pj11(0),
i.e. the operator defined by

o0

jm f(t)PkH(org(t)dt:j Pen(O)f (D g()dt  Vf.ge CR(R).

Note that Pr41(O)* is still a polynomial of degree k+1 in O and that
Pi11(0)* Ti11/2(vt) = cos(vt), by (5.2)).

Denote by w an even function in C°(R) which is supported in [-3/4,3/4], is equal to 1 in
[—1/4,1/4], and satisfies

dwlt-j)=1 VteR.

JEZ
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Denote by ¢ the function w'/* — w, where w'/4 denotes the 1/4-dilate of w. Then ¢ is smooth,
even and vanishes in the complement of the set {¢t € R:1/4 < |t| < 4}. For a fixed R in (0, 1]
and for each positive integer i, denote by E; the set {t € R:4"1R < |t| < 4T R}. Clearly
@Y/ 'R s supported in E;, and Y00, ¢/ ) = 1 in R\ (=R, R). Denote by d the integer
[log,(3/R)] + 1. To avoid cumbersome notation, we write p; instead of 1/(4°R). Then

d
WO+ ¢ =1 on [-3,3]. (5.3)
=1

DEFINITION 5.3. We say that a function g : R — C satisfies a Mihlin condition |24] of order
J at infinity on the real line if there exists a constant C' such that

|ID'g(t)| <C(1+t)~* VteR We{o,...,J}. (5.4)
We denote by ||g|min(s) the infimum of all constants C' for which (5.4) holds.

LEMMA 5.4. Suppose that k is a nonnegative integer, and that K is an even tempered
distribution on R such that || K ||nin(k+2) is finite. The following hold:
(i) for each £ in {0,...,k} the function t O°K is in L>(R), and there exists a constant C
such that

[tO°K oo < ClIK Mingrs2y V£ €40, k)

(i) if k > 1 and the support of K is contained in [—1,1], then K = Z?:o S;, where the
functions S; : R — C are defined by

k 00
SN = @ <RIV + Y i | KO O%(put) 0111 p 000t (55
=1 —o0
for suitable constants c;,, and, for i in {1,...,d},
1>
S0 =52 | 0O PLa(O)K (@) T pO) (5.6)

(iii) if the support of K is contained in [—1,1], then there exists a constant C' such that
[So0lloc < C' || K| min(2)-

Proof. First we prove (i) in the case where k = 0. Since K satisfies a Mihlin condition of
order 2 at infinity, D?K is in L'(R) (see ), and we may define F': R — C by

o0
F(t) = J D?K(¢) et d¢.
— 00
By elementary Fourier analysis tK (t) = —t~1 F'(t). Observe that F(0) = 0, because
A
F(0) = lim J D?*K(¢)d¢
—A

A—oo
=2 lim DE(A)
= O7
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where we have used the fact that K is even and DK vanishes at infinity, because ||I? [ Min(2) is
finite. Furthermore

F(t) = F(t) — F(0)
N J T DR (@ - 1)dC.

—0o0

Suppose that ¢ is positive. Then we write the last integral as the sum of the integrals over the
sets {C eR:|¢] <1/t} and {¢ € R: || > 1/t}, and estimate them separately.
To treat the first we integrate by parts, and obtain

JC|<1/t D*K () (' — 1) d¢
= DR(1/t)(e' = 1) = DE(—1/t) (™" — 1) — itj DR(C) et dc.
cI<1/t

Since DK is odd, its integral over [—1/t,1/t] vanishes, so that the last integral may be rewritten
as

| pROE@ -1
[¢I<1/t

Hence

HC<1/t DQIA{(O (eia B d(’

7 2] .
< C||K|lmin(2) T + C't? e |¢ DK(¢)|d¢
< C|K | t| VYt e R

To estimate the second, write

Y . ~ 1
| DROE -0 <ClR e |
o1t lcl>1/e 1+ €

<C ”I?”Mih(Q) 2] YVt e RT.

Finally, since K is even,

F(t
4K loo < sup 21
ter [t
< C || K Imin2),

as required to conclude the proof of (i) in the case where k = 0.
Next we assume that k& > 1. By the case k = 0 applied to O‘K, we see that

[t O°K o < COK Inin2)-

Since O'K = Zf:o Qg OIK for suitable constants a0,

/4

IO* K |nin2) < C ) 107 Kl|inga)
j=0

<C ||K||Mih(2+£)7

which is clearly dominated by C ||I?||Mih(k+2), as required to conclude the proof of (i).
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Now we prove (ii). Suppose that ¢ is in (0,1). Clearly K()) is the limit of (&° K)()\) as €
tends to 0. By Fourier inversion formula and Lemma [5.1

T o

@ R)() = = f w. + K () cos(M) dt

1 oo
“or J Pp1(0)(we x K) (1) Tpr12(A)dt VA ER.

— 00

We write the right-hand side as Zg:o Si(A;€), where

So(Xe) = % Joo WO () Pyyr (O)(we * K)(£) Tep1 p(M)dt VAER, (5.7)

—00

and, for each i in {1,...,d},

o0

Sihe) = 5 | 00 P (O s KO JiapM) e YACR

Observe that

So(hie) = = ro (we # K1) Pos1 (O) (@0 TPy 12)(1) .

T J-x

Note that Pyy1(O)* (wro jk/\+1/2) may be written as

k
wPo Pk+1(0)*(~7k>\+1/2) + Z ok (O7w)re (Ok_jjk+1/2)/\’

j=1
for suitable constants ¢ ;, and that Pk+1(0)*(j,j‘+1/2)(t) = cos(tA), by Remark Hence
So(As€)

k 00
= B ¢ @ RN + Y i | (e K)O) (©) (1) (0" 1T ) 1) .

oo

Note that for each positive integer j the function OJw vanishes in [~1/4,1/4], and that
the restriction of K to [—1/4,1/4]° is a bounded function by (i) (with £ =0). Then it is
straightforward to check that So(\; ) tends to Sp(A) for all A in R.

To prove that S;(A;€) tends to S;(A) for all A in R and all ¢ in {1,...,d}, observe that

2 5% €) = (0% T/ Prst (O)(we  K) )
= (PLa(0) (8 Ty jo)soe + K ),

where (-,-) denotes the duality between test functions and distributions on R. Now we let €
tend to O and obtain

2 Si(Ai€) = (Pt (0) (6" T o) K )
= (6" Ty1yp P (O)K)

By (i) the distribution Pj11(O)K is a bounded function on the support of ¢*i, so that the
right hand side is exactly 27 S;(\), thereby concluding the proof of (ii).
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Finally, to prove (iii), observe that
k  roo
1So(M)] < [(@p, ¥ K)(N)] +C J K (8)] [(O7w) (t)] dt
j=197

k oo
<CYRlw+ e 3. | O]
j=17=%
<C HIA(HMih(z) VA €eR,

as required. We have used (i) (with k£ = 0) in the second inequality above. O

5.2. A remark on the wave propagator

We shall need to prove that certain operators map H!-atoms into H!(M). In particular, we
need to show that the image of an atom a has integral 0.

Notation. For notational convenience, we denote by D; the operator v £ — b + k2 (k is defined
in the Basic assumptions (3.1)).

Suppose that 7 is an operator bounded on L?(M). We denote by kr its Schwartz kernel
(with respect to the Riemannian density ).

PROPOSITION 5.5. Suppose that v is in [~1/2,00), that w is in L*(R), and that a is a
H'-atom. Define the operator W, (D) on L*(M) spectrally by

o0

W, (D) f = j w(t) (D) f At Vf € IA(M).

The following hold:
(i) J‘M WV(D)a dp = 0;
(ii) [, So(D)adp =0 (Sy is defined in )
The same conclusions hold if we replace the operator D by the operator D;.

Proof. 'We observe preliminarly that if a is a H'-atom, then
J cos(tD)adu =0 vt € RT. (5.8)
M

Indeed, cos(tD)a is in L?(M), because cos(tD) is bounded on L?(M), and is supported in a
ball of radius t + rp, where B is any ball that contains the support of a. Therefore, cos(tD)a
is in LY(M), and

J cos(tD)ady = lim J 1B(cp,n) cos(tD)adp.
M N—oo [y

Now, the last integral is the inner product (cos(sz)a7 1B(CB’N)) in L?(M), and is equal to
(a, cos(L‘D)1B(CB)N))7 because cos(tD) is self adjoint. Observe that cos(tD)1p(c,, Ny is equal to
cosh(vbt) on B(cp, N —t), because both functions are solutions of the wave equation 02u +
Lu =buin B(cp, N) x (0,00) and satisfy the same initial conditions u(z,0) = 1, dyu(x,0) =0
in B(cg, N). Hence, they coincide in {(z,t) : d(z,cg) < N — t}, by standard energy estimates.
If N is so big that B(cg, N —t) contains the support of a, then

(a,cos(tD)1p(cp.n)) = cosh(v/bt) J adp =0,
M
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and (5.8] . ) follows.

A straightforward consequence of ([5.8)) is that for any v in (—1/2, 00) and for every H!-atom
a

J Jo(D)adu=0  VieR*. (5.9)
M
Indeed,

1
J(tD)a vr2 ) J (1 — s%)Y~1/2 cos(stD)ads,

T VAL +1/2) ),
and the required conclusion follows from Fubini’s Theorem. It is straightforward to check that
similar considerations apply to the operator Dy, so that for each v in [—1/2, 00)

J J(tD1)adp =0 YVt e RT.
M

To prove (i) we just observe that

o0

JM W, (D)ady = JM dMJ w(t) T, (tD)a dt

_ r dt () J T (tD)adu = 0,
—00 M

where the change of the order of integration is justified by Fubini’s theorem.

Next we prove (ii). By (5.5)), the function So(D)a may be written as the sum of

—00

k 00
(Dpg * }A()(D)a and Z Cik J K (t) O?w(pot) Ok_jijrl/Q(tD)a dt,

where K is a compactly supported distribution on R such that K is bounded and tK is
in L*(R). It is a straightforward consequence of (i) that the integral of each summand of
the sum above is equal to 0. Thus, to prove that the integral of So(D)a is 0, it suffices to
show that the integral of (&p, * K)(D)a ‘makes sense and is equal to 0. Since K is bounded,
w® K tends pointwise and boundedly to K as ¢ tends to 0. Then & Wpy * (w® K ) tends pointwise
and boundedly to @, * K as ¢ tends to 0 by the Lebesgue dominated convergence theorem.
Therefore the operator @, * (w® K)(D) tends to the operator wpo * K(D) in the strong operator
topology of L?(M). Consequently &, * (w® K)(D)a tends to Wpy * K(D)a in L?(M) as € tends
to 0.
Suppose that the support of a is contained in the ball B. Since the function w? (&, * K) is
in LL(R),
. = (> ~
[@py * (W K)](D)a = Q—J' wPo (1) (W x K)(t) cos(tD)adt.
™ — 00
Since the support of w (@ * K) is contained in [—1,1], all the functions [@,, * (wsl?)] (D)a
are supported in the ball B(cg,rp + 1) by finite propagation speed, and

J [@po * (W K)](D)adp = 0
M

by (i). Thus, the function Wy, * K(D)a is also supported in B(cg,rp+1). Hence &,, *
(w® K)(D)a tends to &, * K(D)a in L' (M) as ¢ tends to 0, so that

J (Dpy * I?)(D)adu = hmJ Dpy * (W I?)(D)adu =0,
M M

e—0

as required to conclude the proof of (ii). O
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REMARK 5.6. Note that for every v in [—1/2, 00) the function A — J,(t)) is even and of
entire of exponential type ¢, so that kernel k7, ¢+p) of the operator 7, (tD) is supported in the
set {(z,y) € M x M : d(z,y) < t} by the finite propagation speed. A similar remark applies to
the kernel of the operator 7, (tD1).

5.3. Economical decomposition of atoms

The following lemma produces an economical decomposition of atoms supported in “big”
balls as finite linear combination of atoms supported in balls of radius at most 1, and is key to
prove Theorem below. The idea is “to transport charges along geodesics”.

LEMMA 5.7. There exists a constant C' such that for every H'-atom a supported in a ball
B of radius rg > 1

llallgr < Crp,

where ||a|| 1 is the atomic norm in H'(M) associated to the scale 1.

Proof. Denote by & a 1/3-discretisation of M, i.e. a set of points in M that is maximal
with respect to the property

min{d(z,w) : z,w € 6,z #w} >1/3, and d(6,z)<1/3 Vo € M.

The family {B(z,1) : z € &} is a covering of M which is uniformly locally finite, by the uniform
ball size and the locally doubling properties. By the same token, the set B N & is finite and has
at most N points z1, ..., 2y, with N < C p(B), where C' is a constant which does not depend
on B. Denote by B; the ball with centre z; and radius 1, and by {¢; : j =1,..., N} a partition
of unity on B subordinated to the covering {B; :j =1,...,N}.

Fix jin {1,..., N} and denote by z?, R szj points on a minimizing geodesic joining z; and
cp, with the property that ZJQ = zj, zjl-vj = cp, and al(z;»‘7 Z?H) is approximately equal to 1/3.
Note that N; < 4rp. Denote by B;L the ball B(zgl, 1/12), for j=1,...,N and h=0,...,N;.
Then the balls B} are disjoint, B} C B(z}},1) N B(Z;-H'l, 1) and B;Vj = B(cp,1/12).

Denote by (b? a nonnegative function in C2° (th) that has integral 1. By the uniform ball size
property we may choose the functions ¢! so that there exists a constant A such that [|¢[]; < A
for all A and j.

Now, denote by a(; the function a ;. Clearly

Next, define
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Then, for every h in {1,...,N;}, the support of a? is contained in B(z?_l, 1), the integral of

a? vanishes and

a2 < 2AJ 10%] dp
M
< Ca]ly (B2
< C a2 p(BY) 2.

In the last two inequalities we have used the fact that for each r in R* the supremum of p(B)
over all balls B of radius r is finite by the uniform ball size property. Hence there exists a
constant C, independent of j and h, such that

la} |l < Cllaf]2. (5.10)
Moreover
Nj+1
Nv
=Y dro) | e
h=1 M
Thus
N N]‘Jrl
=Y
j=1 h=1

because Y, [, addp = [,;adp=0 and all the functions d);»v", j=1,...,N; coincide, for
Bij = B(cp,1/12). Now we use 1) and the fact that N; < C'rp, and conclude that

N Nj+1

lallm <C Y7 > lafll2

j=1 h=1
N
<Crp Y |laf|l2-
j=1

Then we use Schwarz’s inequality and the fact that N < C u(B), and obtain that
N

oN 1/2
lallws < Cra N2 (37 )

j=1
< Crpu(B)/? ||z
S C’I“B.

The last inequality follows because a is a H'-atom supported in the ball B.
This completes the proof of the lemma. |

5.4. Proof of Theorem

For the reader’s convenience, we recall one of the properties of functions in H* (Syy; J) (see
Definition 7 which will be key in the proof of Theorem |3.4

LEMMA 5.8 |21}, Lemma 5.4]. Suppose that J is an integer > 2, and that W is in RT. Then
there exists a positive constant C such that for every function f in H*> (SW; J), and for every
positive integer h < J — 2

0" F(1)] < C||fllsyss [t eI vt e R\ {0}.
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We restate Theorem [B.4] for the reader’s convenience.

THEOREM. 3.5 Assume that o and [ are as in (|1.1), and § as in . Denote by N the
integer [n/2 + 1]+ 1. Suppose that J is an integer > max (N + 2+ /2 — 6, N +1/2). Then
there exists a constant C' such that

(D)l < Clmlsys  Ym € H*(Sg;J).

Proof.  For notational convenience, in this proof we shall write J instead of Jn_1/2.

Step I: reduction of the problem. We claim that it suffices to prove that for each H'-atom a
the function m (D) a may be written as the sum of atoms with supports contained in balls of
By, with ¢! norm of the coefficients controlled by C |m/|s ;.-

Indeed, by arguing as in [34, Thm 4.1], we may then show that m(D) extends to a bounded
operator from H'(M) to L'(M), with norm dominated by C'[|m||s,,;s. Note that [34, Thm 4.1]
is stated for spaces of homogeneous type. However, its proof extends to the present setting.
Now, suppose that f is a function in H'(M) and that f = >_. ), a; is an atomic decomposition
of f with [[f[lm = 32;[Aj| —e. Then m(D)f = 3_; Aj m(D)a;, where the series is convergent
in L*(M), because m(D) extends to a bounded operator from H*(M) to L'(M). But the
partial sums of the series } . A; m(D)a; is a Cauchy sequence in H'(M), hence the series is
convergent in H*(M), and the sum must be the function m(D)f. Then

lm(D)f Nl <Y~ Al m(D)asl|
J

<C mllsger Y 1N
J
< Cmliss (1flar +¢),
and the required conclusion follows by taking the infimum of both sides with respect to all
admissible decompositions of f.

Step II: splitting of the operator. Let w be the cut-off function defined in Section 3. Clearly
@ *m and m — @ * m are bounded functions. Define the operators S and 7 spectrally by

S = (@x*m)(D) and T =(m—oxm)(D).
Then m(D) = S + 7. We analyse the operators S and 7 in Step IIT and Step IV respectively.
Suppose that a is a H'-atom supported in B(p, R) for some p in M and R < 1.

Step III: analysis of S. In the following, we shall need to estimate the L?(M) norm of the
differential of the kernel of certain operators related to S. To this end, and to be able to apply
[30L Proposition 2.2 (iii)], we write the operator S as a function of the operator D;, rather
than of D. Recall that Dy = vD? + k2.

Since @ * m is an even entire function of exponential type 1, the function S, defined by

S(Q) = @+m)(V/¢*—r?)  V(EC,

is well defined, and is of exponential type 1. Hence its Fourier transform has support in [—1, 1].
It is straightforward to check that

S =5(Dy),
and that

[SIviny < C 1@ * m|min),
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where the constant C' does not depend on m. By arguing much as in the proof of |21}
Proposition 5.3], we may show that [|&* m|vincry < C[|m||lmincs), where C' is independent
of m. Clearly

”mHMih(J) < |mllsg.s Vm € H>(Sg; J).
Hence there exists a constant C' such that
HS”Mih(J) <Clmllsys  Vme H*(Sgp; J). (5.11)

Define the functions S; as in and ( . but with NV — 1 in place of k and the Fourler
transform of S in place of K. We further decompose S as Z S;(D1), where d is as in
The function Sy is bounded by Lemma |5.4] (iii), hence Sy (Dl) is bounded on L?(M) by the
spectral theorem, and

1So(D1)ll2 < [10lloe < C[|S]Imin2) < C llmllss;s-

Observe that the support of the kernel of the operator S;(D;) is contained in {(z,y) : d(z,y) <
41 R} by the finite propagation speed. Thus the support of S;(D;)a is contained in the ball
with centre p and radius (4! + 1) R, which henceforth we denote by B;. In particular So(D;)a
is supported in By = B(p,5R), and

1So(D1)allz < CISo(PV) Iz llalls < C RT2 |m]s 0.

Furthermore, the integral of So(D;)a vanishes by Proposition (ii), so that So(D1)a is a
constant multiple of a H'-atom.
Denote by kg, (p,) the integral kernel of the operator S;(D;). Observe that

S:(D) alx) = jB( 20 B () = s ) 0] )

By Minkowski’s integral inequality and the fact that the support of S;(D;)a is contained in
B;, we have that

15:(D1) all2 = [|1S:(D1) all L2 (s,
< J la(y)| Ii(y) du(y),
B(p,R)

where
Ii(y) = ks, (o)) (y) — ks, p0) ()28 Yy € B(p, R).

To estimate I;(y), we observe that
Ii(y) < d(y.p) sup [d2ks, 01y (5 2) | 2,

and, by Lemma (ii) (with k = N — 1),
1 .
ks, 0 (+2) = 5= | 07(0) Pu(O)8(0) dahgem (2 .
Recall that ¢ is supported in E; = {t € R: 4771 R < |t| < 4"+ R}, that the support of S is
contained in [—1, 1] and that d(p,y) < R. Then, by [30, Proposition 2.2 (ii)] (with J in place
of F'), there exists a constant C, independent of 7 and R, such that

L) < Cdlyp) | o7 (OIPVO)SOI sup [dskgimn )]s,

<CP(O)Sw R | 7 2

< Cllmlls,s R&R) ™71
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Thus,
1S:(D1) allz < C |Imlls,0 47" (4"R)~"/? ||ally
< C |lmllsy 47 p(Bi) ™2

Furthermore the integral of S;(D;)a vanishes by Proposition (i), so that the function
4% S;(D1) a is a constant multiple of a H'-atom. Thus

o0
IS allm < C mllsy > 47"
=0
< C|mllsy;-

Step IV: analysis of T. For each j in {1,2,3,...}, define w; by the formula
wi(t) =w(t—j)+w(t+y) vt € R. (5.12)
Observe that Z?‘;l wj = 1 —w and that the support of w; is contained in the set of all ¢ in R
such that j —3/4 < |t| < j + 3/4.

Since m is in H> (Sg; J) and J > N+ 2, the function m and its derivatives up to
the order N are rapidly decreasing at infinity by Lemma so that Of (w;jm) is in
LY(R) N Cy(RT) for all £ in {0,...,N}, and so does Py(O)(w;m). In the rest of this proof,
we write Q; n instead of Pn(O)(w;m). Observe that the support of Q; y is contained in
{teR:j—3/4<|t|<j+3/4}.

Define the function 75 : R — C by

T;(N) :J QUnE) TN dt  VAeR. (5.13)
We may use the observation that (m — & *m)~ =72 j—1wj m and formula , and write

(m— @ * J (1 —w(t)) m(t) cos(tr)dt
T;(

Then, by the spectral theorem,
oo
Ta= Z T;(D)a
j=1

By the asymptotics of Jy_1/2 [28, formula (5.11.6), p. 122]

sup |(1 + )N T (s)| < 0.
>0

Since N —1/2 > (n+ 1)/2, we may apply [30, Proposition 2.2 (i)] and conclude that

17 (tD)all2 < llall |7 D).,
< sup k700 (5 9)

<Cp 2+ )" 0 vte R\ {0}
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Then J (tD)a is supported in B(p,t+ R), and has integral 0 by Proposition (i). Observe
that

|T;(D)all2 < CJ 12 v ()] | T (tD)all2 dt
j+3/4 nj2—3
<C J 1 8 )] L2 (1 +[t]) dt (5.14)
j—3/4

<Clmllsgs 5870 Vie{1,2,...}.

In the last inequality we have used Lemma and [30, Proposition 2.2 (i)]. Note that
jO+/=N=a/2T,(D)a is a constant multiple of a H-atom. Indeed, T};(D)a is a function in L?(M)
with support contained in B(p, 7+ 1), and has integral 0 by Proposition (i). Moreover

1727 =N Ty(D)ally < O lImllsyeg 5=/ ™7

. —1/2 .
<Clmlsys n(Bp,j+1) "7 Vie{1,2,..}

Hence we may write
o0
- !
Ta= E Aj aj,
j=1

where a} is a H'-atom supported in B(p,j + 1), and

A =C ||m||sﬁ;J jN+a/2_‘]_6.

By Lemmavve have |la}|| g1 < Cj, so that

oo
1Talm <Y IAsHllaf ]

j=1

oo
< C”m”Sﬁ;J Z j1+N+o¢/2—J—5’
j=1

which is finite (and independent of a) because J > 2+ N + «/2 — 4.

Step V: conclusion. By Step III and Step IV there exists a constant C' such that for every
H'-atom a with support contained in a ball of radius at most 1

[Sallgr + [ Tall g < Cllmllsy-
Then Step II implies that
[m(D)all g < Cllmllsy.s-

The required conclusion follows from Step I. |
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