A MOCK METAPLECTIC REPRESENTATION

FILIPPO DE MARI AND ERNESTO DE VITO

ABSTRACT. We study a unitary non irreducible representation U of a semidirect
product G whose normal factor A is abelian and whose homogeneous factor H is a
locally compact second countable group acting on a Riemannian manifold X . The
key ingredient is a C'! intertwining map between the actions of H on the dual group
A and X. The representation U generalizes the restriction of the metaplectic rep-
resentation to triangular subgroups of Sp(d,R). For simplicity, we restrict ourselves
to the case where A = R"” and X = R%. We decompose U as a direct integral and
obtain necessary and sufficient conditions for its admissible vectors. Many examples
are given.
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1. INTRODUCTION

Unitary representations of semidirect products have been thoroughly studied by
many authors and are useful in a wide variety of applications. In particular, they
play a central role in the harmonic analysis of the continuous wavelet transform, as
discussed in [14]. From the point of view of applications, a unitary representation U
of a locally compact group G (with Haar measure dg) is particularly useful if it yields
a reproducing formula, that is, a weak reconstruction of the form

(1) £ = [ {.Ugn) Uyn do.

valid for every f in the representation space H, for some admissible vector n € ‘H. In
this case (G, U, n) is called a reproducing system. Alternatively, we simply say that G is
a reproducing group. If U is irreducible, this is nothing else but the classical concept of
square integrable representation. Typically, H = L?(R%), and in this case an admissible
vector 7 is sometimes called a wavelet. Apart from direct use, formula (1) is important
also because it is the starting point for its discrete counterparts, an aspect that we shall
not develop in the present paper. It is actually rather interesting to observe that most
formulae of the above type that appear in applications, either in their continuous or
discrete versions, turn out to be expressible by taking the restriction of the metaplectic
representation to some triangular subgroup G of the symplectic group Sp(d,R). This
is the main theme in the papers [6], [7], and the present contribution is an outgrowth
thereof.

We will be concerned with groups G that are semidirect products, where the normal
factor is an abelian group A and the homogeneous factor is a locally compact second
countable group H. Our main object of study is a unitary representation U of G
whose construction is based on the following ingredients: a Riemannian manifold X
on which H acts by C* diffeomorphisms and a C* map ® : X — A (the dual group
of A) that intertwines the actions of H on X and on A. The representation g — U,
acts on L?(X) as pointwise multiplication by the character ®(z) if g € A and quasi
regularly if g € H, as clarified below in (9). For simplicity, we take A = R™ and
X = R? and we also suppose that the Jacobian of the action on R? is independent of
x. We call U the “mock” metaplectic representation because its definition is inspired



F. DE MARI AND E. DE VITO 3

by the case where R™ is a vector space of d X d symmetric matrices on which a closed
subgroup H of GL(d,R) acts by o — 'h~'oh™'. Under these circumstances, G' can
be identified with a triangular subgroup of Sp(d,R) and U is the restriction to G of
the metaplectic representation (see Example 1).

General admissibility criteria for type-I groups have been given in [14]. Fuhr’s ap-
proach, however, assumes information that is not so easily available in many circum-
stances. Indeed, given the representation U on H, his theory stems from knowledge
of a direct integral decomposition H = [5zm,H, dv(c) and a corresponding diagonal-
ization U = [5m,0dv(o). Knowing such decompositions is not a trivial task: the
measure v is known to exist, but one has to find it, together with the measurable
field {H,} and the multiplicity function o +— m,. With these data at hand, Fuhr
proves that if G is non-unimodular, then (1) holds true for some 7 if and only if v
has density with respect to pug, the Plancherel measure of G; if G is unimodular,
then one has to add the extra conditions that m, < dimH,, for v-almost every ¢ and
Jzmo dv(o) < +00. The explicit knowledge of 115 is also non trivial, in general.

Without using the remarkable machinery of [14], we explicitly decompose U and
thereby obtain, as a byproduct, computable admissibility criteria in terms of the in-
tertwining map .

Our finer results are Theorem 20 and Theorem 21, which deal with the cases where
G is unimodular or non-unimodular, respectively. They both hold under the standard
technical assumption that the H-orbits are locally closed in ®(X) and assuming also
that the H-stabilizers in ®(X) are compact. The latter assumption may be removed
and yields the weaker conclusion given in Theorem 14. Theorem 21 can actually be
formulated in a very simple way by saying that U is reproducing if and only if the set
of critical points of ® has Lebesgue measure zero. This is of course very easy to check
in the examples in which & is explicitely known.

Here is a brief ouline of the other results contained in the paper.

e Theorem 3, which establishes an important necessary condition for a reproduc-
ing formula (1) to hold true: ® must map sets of positive measure into sets
of positive measure, hence n < d. Thus we introduce an open H -invariant
subset X of R? with negligible Lebesgue complement whose image is denoted
by Y = ®(X) C R". The fibers ®!(y) are Riemannian submanifolds of X
and play a crucial role in what follows.

e Theorem 5, based on the classical coarea formula, shows how the Lebesgue
measure of X disintegrates into measures v, concentrated on the fibers ®'(y),
whose covariance with respect to the H-action is explicitely calculated (18).

e Theorem 7, where a first reduction criterium for admissible vectors is given. One
looks at the H-orbits in Y and takes their preimages under ® in X. Upon
selecting an origin y in each H-orbit in Y, one gets fibers ®~!(y) together with
their H-translates in X . The theorem states that it is necessary and sufficient
to test that, for almost every H-orbit in Y, the L?*-norm with respect to v,
of any u € L*(X,v,) can be reproduced by the (weighted) H-integral of the
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square modulus [(u,n}),, > of the components of u along the H-translates of
the restriction to ®~!(y) of the admissible vector 7. This is formula (21).

e Theorem 13, which exhibits a direct integral decomposition of U in terms of
induced representations of isotropy subgroups of H, and is independent of any
admissibility issue. This is achieved as follows.

— First of all, we make a topological assumption, namely that the H-orbits
are locally closed in Y. This is a standard assumption, without which
none of the results in the current literature on these themes holds true.

— Secondly, we derive a disintegration of the Lebesgue measure on Y a la
Mackey, that is, dy = [ 75 dA\(y), where A is a measure on the orbit space
Y = Y/H and 7y is concentrated on the orbit corresponding to y € Y.
This preliminary disintegration is carried out in Theorem 8, where the
covariance of {7;} with respect to the H-action is also calculated (23).

— In Proposition 10 we use the measures {7;} in order to “glue” together the
measures v, for all y in the same orbit, thereby producing new measures
py = Jy vy dry(y) on X which, in turn, allow to disintegrate the Lebesgue
measure on X as dr = [y pu; dA(y). As before, the covariance of {p;}
with respect to the H-action is calculated. The reason for introducing
these measures are formulae (25) and (26): the representation space of U,
namely L?(X), is formally the double direct integral

LX) = [ ([ L(X.0) dry()) dA@)

where the inner integral is L*(X, p15).

— Next we show in Lemma 12 that L*(X, p5) is unitarily equivalent to the
representation space Hy of the representation Wy which is unitarily in-
duced to G by the quasi regular representation of the stabilizer Hy (nat-
urally extended to the semidirect product R" x Hy).

The conclusion of Theorem 13 is that U is equivalent to [5W; dA(y), with an
explicit intertwining isometry.

2. NOTATION AND ASSUMPTIONS

In this section we fix the notation and describe the setup. We start by recalling
the notions of reproducing group and admuissible vector. For a thorough discussion on
admissible vectors, the reader is referred to [14].

Let G be a locally compact group with (left) Haar measure dg and U be a strongly
continuous unitary representation of G acting on the complex Hilbert space H. A
vector n € 'H is called admissible if

I£17 = [ 10Ul dg for all f € .

If such a vector exists, we say that G is a reproducing group and that U is a reproducing
representation. Clearly, if U is reproducing, then it is a cyclic representation, but in
general it is not irreducible. When U is irreducible, the representation is reproducing
if and only if it is square integrable.
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2.1. The semidirect product. Let H be a locally compact second countable group
acting on R™ by means of the continuous representation

(2) y—hlyl, heH
Let G be the semidirect product G = R" x H with group law
(a1, hi)(az, he) = (a1 + h“%], hihs) ar,az € R", hy,hy € H,

where hT[] is the action given by the contragradient representation of H on R" defined
via the usual inner product (-,-) in R™ by

(3) (h'la],y) = (a,h 7 [yl),  a,y € R™

Since h[-] is linear, the semidirect product is well defined and G is a locally compact
second countable group. Conversely, any locally compact second countable group G
that is the semidirect product of a closed subgroup H and a normal subgroup V', which
is a real vector space of dimension n, is of the above form.

The (left) Haar measures of G and H are written dg and dh, and, similarly, da is
the Lebesgue measure on R™. The modular functions of G and H are denoted by Ag
and Apg, respectively. The following relations are easily established

1
(4) dg = rpydadh
_ Ag(h)
(5) AG(av h‘) - Oé(h)
where a: H — (0,+00) is the character of H defined by
(6) a(h) = | det(a — h'fa])| = |det(y — h7'[y])].

The Fourier transform F : L?(R") — L*(R"™) is defined by
(FN@) = [ e f(a) da, [ € L*R") N LR,

n

In general, if G is any locally compact second countable group, L*(G) will denote the
Hilbert space of square integrable functions with respect to left Haar measure. Finally,
if X is a locally compact and second countable topological space, the Borel o-algebra
on X is denoted B(X) and C.(X) denotes the space of complex continuous functions
on X with compact support. By measure we mean a o-additive positive function u
on B(X) which is finite on compact sets. The hypothesis on X implies that any such
measure is automatically inner and outer regular [20]. A function f: X — X' between
two such spaces will be called Borel measurable if f~}(B) € B(X) for every B € B(X’)
and p-measurable if f~1(B) € B,(X), where B,(X) denotes the completion of B(X)
with respect to p.

2.2. The mock metaplectic representation. Suppose we are given:

(H1) a continuous action of H on R? by smooth maps denoted z — h.z, whose
Jacobian is constant; for h € H and E € B(R?) we write

(7) |h.E| = B(h)|E;
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(H2) a C'-map @ : R? — R" intertwining the two actions of H, i.e.

(8) ®(h.x) = h[®(z)] x€RY heH.
For g = (a,h) € G we define U, : L*(RY) — L*(R?) by
(9) (Up) () = B(h) 7€) £ (71 )

for almost every x € R?.

Remarks. (a) The representation (2) of H on R™ plays no direct role in the
definition of U; its purpose is to construct the semidirect product G.

(b) Occasionally, we shall write f(x) for f(h~l.x).

(c) At this stage there are no limitations on the relative sizes of n and d, but we
shall see later (Theorem 3) that in the situations that are of interest to us n < d.

The next Proposition records that (9) is a good definition.

PROPOSITION 1. The map g +— U, is a strongly continuous unitary representation of
G acting on L*(R?).

Proof. Clearly, U, is a unitary operator and U is a representation of R™ and H sep-

arately. In order to prove that it is a representation of G, it is enough to show that
UnUaUp—1 = Uptjq) for a € R" and h € H. For [ € L?(R%), and almost every x € R?

(UnUaU-1f) () = B(h)"2e 200000 (U1 f) (07 )
_ e—27ri<<l>(h*1.ac),a> f(ZL‘) _ 6—27Ti(h*1[<1>(ac)],a) f(ZL‘)

— o 2mi(®(),h[a)) f(x) = (Uptiqf)(2)

To show strong continuity, it is enough to prove that g — (U, f1, f2) is continuous at
the identity whenever f;, fo are continuous functions with compact support, and this
is an easy consequence of the dominated convergence theorem. 0

2.3. Examples. There are many interesting examples of the setup we are considering.
We will focus on some situations in which most relevant features occur.

EXAMPLE 1. Let H be a closed subgroup of GL(d,R) and assume n = d. Since the
group H acts naturally on R?, define

h.x = hlz] =hx r€RY heH.

Choosing ®(x) = z, the representation U is equivalent to the quasi regular represen-
tation of GG via the Fourier transform. Necessary and sufficient conditions for U to be
reproducing are given in [14]. It is worth observing that if G is the “ax 4+ b” group,
then U is

Utpa)f(2) = Vae > f(ax)

which, after conjugation with the Fourier transform, is the usual wavelet representation.
It may be generalized to higher dimension (see[21]).
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EXAMPLE 2. The Schrodinger representation of the Heisenberg group H! may be
included in this setup, by regarding H! as a closed subgroup of GL(3,R):
1 g t
le{O 1 p :q,p,tER}.
001

It is easy to see that H!' is the semidirect product H' = Ax H, where A = {[’t’] p,t e
R} and H = {H (1)] 1q € R}. The group H acts on R via translations: ¢.z = x + ¢

and has the natural representation on R?:

-1
10 1 —q
t _
=y =l
The smooth map ® : R — R? defined by ®(z) = [ 7] satisfies the intertwining
property (8). The mock metaplectic representation takes the form

—2mt x p — —2mi(t—px
Utgpay f(@) = e @@LD f(g1 ) = 72000 f(5 — g)

and it thus coincides with the Schrédinger representation, which is irreducible but
notoriously not square integrable (i.e. not reproducing). Observe that 2=n>d =1.

EXAMPLE 3. Let G =X x H C Sp(d,R) be a triangular subgroup of the form

h 0
(10) G:{[ah th_l} cheH, 062},
where H is a closed subgroup of GL(d,R) and X is an n-dimensional subspace of
Sym(d, R), the space of symmetric d X d matrices.

Inner conjugation within G yields the H-action on X
(11) W] :='h"'oh™'  seX,heH,

under which ¥ must be invariant. As the notation suggests, (11) can be seen as a
contragredient action. Indeed, endowing Sym(d,R) with the natural inner product
(01,09) = tr(o109), and hence ¥ with its restriction denoted (-, )y, and denoting by
o +— h[o] the representation whose contragredient version is (11), then for 0,7 € ¥ we
have

(1, hlol)s = (hrh,0)s = tr(tha'h) = (7, Ps(ho'h))s,
where P is the orthogonal projection from Sym(d,R) onto ¥. Thus
(12) h[o] = Ps(ho'h) oc€X, heH,

and if *H = H there is no need of the projection.

The group H acts naturally on R, that is, h.z = hz. Given z € R?, let ®(z) € X
be defined by

tr(®(x)o) = —; (ox,x) z € R%
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Identifying R” ~ & ~ ¥, we can interpret ®(x) either as the linear functional on X
whose action on o is —% (ox,z) or as the symmetric matrix associated to it via the
usual inner product on symmetric matrices. Condition (8) is satisfied, since

tr(®(h.z)o) = —; ("hohz,z) = tr(®(x)'hoh) = tr(h®(x)'ho) = tr(h[®(x)]0).
The representation (9) is
(13) Uto (@) = |det A|V2 e7io2) (1)

and hence it coincides with the restriction of the metaplectic representation to the
group G. Various properties of U are analyzed in [6, 7].

An important explicit example in this class is connected to the theory of shearlets
[16]. Here the group G parametrizes the (two-dimensional) phase-space operations
of translation, isotropic dilation and shear and is thus sometimes denoted 7'DS(2).
Precisely, G = R? x (R, x R) in the following way. The abelian normal subgroup
¥ ~ R? consists of the 2 x 2 symmetric matrices [2 2]. The homogeneous group

H ~ R, x R contains all the 2 x 2 matrices of the form §71/25,,, where § > 0 and
Sy is the shearing matrix
1 7
SZ - [O 1‘| )

so that for any h = (4,¢) the linear action on the abelian normal factor R? is

I N
=55 1],
and the group law of G is
(a,8,0)(a’, 0", 0") = (a+[ 5 9,06 0+ 1).
It is easy to see that ®(xy,x5) = — (2129, 23/2). The mock metaplectic representation
U restricted to X is equivalent to translations and restricted to § it amounts to dila-

tions, as shown in [6], where necessary and sufficient conditions for admissible vectors
are given. Observe that d =n.

ExaMPLE 4. This is a case where n < d. Let H = R, x T. Here T is the one-
dimensional torus, parametrized by 6 € [0, 27), with Haar measure df/2m, and R is
the multiplicative group with Haar measure t~'dt where dt is the restriction to R,
of the Lebesgue measure on the real line. Hence H has Haar measure dt df/2nt and
modular function Ay (h) = 1. The representation of H on R is

hyl =ty yeR,
where h = (t,0). Hence in particular a(h) =¢2. The group law in G =R x H is
(CLl, t17 01)(@2, t?? 92) — (al + t1_2a27 ttha 91 + 02)
2

The resulting Haar measure is tdt df/2m and the modular function Ag(a,t,0) = t2.
The action of h = (¢,0) € H on R? is given by

h.(xy,z9) = t(cos@xy — sin 6 z9,sin 0 z1 + cos O x5) (z1,15) € R?
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so that B(h) = 2. Finally, ® : R? — R is given by ®(zy,29) = 2% + z%. The mock
metaplectic representation Uof G on L*(R?) is

U0 f(x1,22) = t_le_zm(x%”g)af (t_l(cos Ox1 +sinfxy), t ' (—sinhax + cos@:@)) )

EXAMPLE 5. Let H = R* x R where R* is the (non-connected) multiplicative group
of non-zero real numbers and R is the additive group with Haar measuress |t|~'dt
and db respectively. The Haar measure of H is |t|"'dtdb and Ay = 1. An element
h = (t,b) € H acts on R and R? by means of

hly] =ty y€R
h.(xl,xg) = (33'1 + b, tmg) (1}1, .1’2) € RQ

so that a(h) = |t|~! and B(h) = |t|. Finally ® : R? — R is defined by ®(z,xs) = s,
which clearly satisfies (8).

3. MAIN RESULTS

3.1. Dimensional constraints. Our first result, Theorem 3, states that if G is re-
producing, then n < d. The interpretation of this statement in the case of wavelets
is that the dimension of the space of translations cannot exceed that of the “ground”
space. In order to prove the theorem we need a technical lemma, in the proof of
which we use a standard result in harmonic analysis on locally compact abelian groups
(see Theorem (31.33) in [18]). This is the fact that if a bounded measure v on the lo-
cally compact abelian group G has Fourier transform that coincides almost everywhere
(on the character group G) with the Fourier transform of an L?(G)-function F, with
1 <p<2, then F € L'(G), v is absolutely continuous with respect to Haar measure
and its Radon-Nikodym derivative is F'. We apply this to a bounded measure on R".

LEMMA 2. For any f,n € L2(R?) the following facts are equivalent:

() Jo I(f, Ugn)I? dg < +o00;
(ii) for almost every h € H the bounded measure on R™

(14) O(E) = A o FET ) e, E € BRY),

has a density wy, € L*(R™).

Under the above circumstances
dh

(15) Ll vmPds = [ ([ kP ay) cozas

Proof. Observe that €2, is the image measure, induced by @, of the bounded measure
with density fnh € L'(R?) with respect to dz (see e.g. Sec. 39 in [17]). Since €, is
bounded, the basic integration formula for image measures, (see Theorem C, p.161 in
[17]) and (9) imply that

(- Utat) = B73(0) [ 7O flayia)do = 57H(R) [ ™0 dO(v).
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Assume that [ [(f, Uyn)|*dg < co. Since dg = %4

of ;L, Fubini’s theorem implies that,

for almost every h € H,
LR Ul da =)~ [ ][0 d0, () da < +oc.

This says that the Fourier transform of €, is in L?(R"), and the aforementioned
Theorem (31.33) in [18] ensures that the latter condition is equivalent to saying that
Q, has an L*(R"™)-density wy, with respect to dy. Furthermore, by Plancherel

L[ e aou)Pda = [ Jn(y) dy.

Rr - JRe R
Applying again Fubini’s theorem, (15) is proved. Therefore (i) implies (ii). The con-
verse statement is shown by applying the same argument backwards. 0

We are now in a position to state our first result.

THEOREM 3. If U is a reproducing representation, then the image under ® of any
Borel subset of R with positive measure has positive measure. In particular,

(i) n < d;

(ii) the set of critical points' of ® is an H -invariant subset of R? of measure zero.

Proof. By contradiction, suppose that there exists a Borel subset A of R? with positive
measure such that ®(A) is negligible. Since |A|; > 0 and the Lebesgue measure is
regular, there exists a compact subset K C A with |K|; > 0. Clearly, ®(K) is also
compact, but |®(K)|, = 0. Take an admissible vector n for U. The reproducing
formula for f = xx and (15) imply that

0<IKla= [ ([, bl dn) 5.

so that, on a subset of H of positive Haar measure we have wy, # 0. Take then h € H
such that €, = wpdy # 0. Now, if F is a Borel subset of R", the definition of €,
gives
W(E) = ENS(K) = [ wnly)dy =0
ENd(K)

because |®(K)|, = 0. Hence Q) = 0, a contradiction.

To show (i), assume that n > d and apply the above result to A = R%. Since ® is
of class C* we have |®(A)|, = 0, so that U cannot be reproducing.

To show (ii), denote by C the set of critical points of ®. Sard’s theorem implies
that ®(C) has measure zero. But then, by (i), also C has measure zero. Finally,
H -invariance of C will follow from

(16) Do (hyv) = B[, 0], z,v € RY,

where h, denotes the differential of the action x — h.z and is therefore linear. Indeed,
(16), together with the linearity of u +— hlu], shows that v € ker ®,, if and only
hev € ker @y, ., so that dimker ®,, = dimker ®,, .. Since x € C if and only if
dim ker ®,, > d — n, the claim follows. To prove (16), fix x € R?, a tangent vector

1A point z € R? is critical for ® : R — R™ if the rank of the differential map ®,, is less than n.
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v € T,(R?) ~ R% and a smooth curve v(t) passing through x at time zero with tangent
vector v. Evidently, h.v(t) is smooth and has tangent h,.v at time zero. By (8) and
again by the linearity of u — hfu]
d d d
Dupp(hev) = —P(ho(t = —h|P(v(t = h|—D(v(t = h|®.,v],
pallo0) = LR = SHREO)| =G| = b
as desired. O

3.2. Measures concentrated on the preimages under ®. Given any =z € R?, let

J(®)(x) = \/det(qD*x -td,,) be the Jacobian of ® at z and denote by R the set of
regular points of ®, namely

R={zeR": J(®)(x) > 0}.

LEMMA 4. The set R satisfies the following properties:

(i) it is open;
(i) it 1s H -invariant and has H -invariant image;
(iii) the restriction of ® to it is an open mapping;
(iv) for every y in its image, the fiber ®=1(y) is a Riemannian submanifold of RY.

Proof. (i) Since ® has continuous derivatives, R is an open set. (ii) The H -invariance
follows from the fact that R = R?\ C and (ii) of Theorem 3. The H-invariance of
the image follows from (8). Finally, (iii) and (iv) are standard consequences of the fact
that, by definition of J(®), the differential ®,, is surjective whenever z € R. O

AssuMPTION 1. Motivated by Theorem 3, in the following we assume that C (the
complement of R) has Lebesgue measure zero. In particular, we assume that n < d.
Furthermore, we fix an open H -invariant subset X of R whose complement also has
measure zero and we denote by Y its image under ®, namely Y = ®(X). Clearly, X
satisfies the properties (i)—(iv) described in Lemma 4 and has full measure.

The next results are based on several kinds of disintegration formulae and their
covariance properties with respect to the H-action. In Section 5.1 we review the
general theory of disintegration of measures and introduce the pertinent notation. As
for the induced H -action on measures, and the resulting covariance properties, we recall
that, if v is a measure on X and h € H, v" is the measure given by v"(E) = v(h.E)
whenever E € B(X). Equivalently,

(17) /X fla) dvt(z) = /X F(h~t.2) dv(z)

for every f € C.(X). The first disintegration we discuss arises from the Coarea Formula
for submersions.

THEOREM 5. There exists a unique family {v,} of measures on X, labeled by the
points of Y , with the following properties:

(i) vy is concentrated on @ '(y) for all y € Y;
(11) dr = fY Vydy ;
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(iii) for any ¢ € C.(X) the map y — [y p(x)dv,(z) € C is continuous.
Furthermore,
(18) fof[y] = a(h)B(h) v,
forallhe H and all y €Y.

Proof. The proof is based on the classical Coarea Formula. In Section 5.3 we give a
short proof adapted to the situation at hand and we introduce the notation used also
in this proof. The reader is thus referred to Theorem 27 below.

Define v, by (58). Property (i) is then obvious and (ii) is the content of Theorem 27.

To prove (iii), fix ¢ € C.(X) and yo € Y. If yo & P(suppy), there is an open
neighborhood V' of yy such that V' N ®(supp¢) = 0. Thus [y p(x)dy,(z) =0 for all
y e V. If yo € ®(supp ), taking a finite covering if necessary, we can always assume
that there exists a diffeomorphism ¥ : U x V +— W such that (60) holds, where U is
an open subset of R, V is an open neighborhood of 1, and W is an open subset
of X containing supp ¢. The definition of v, gives

J p@ dn @) = [ o0z u)(I9)(zy) d=

and the map y — [; ¢(¥(2,y))(J¥Y)(z,y)dz is continuous on V' by the dominated
convergence theorem.

In order to show (18), fix h € H. Given ¢ € C.(X
sides of the equality in (ii) to the function x +— (P (x

[ g@@)e@)dr = [ &) ([ o) dvy o
(e ha) = [ &) ([ otha) dvliw) dy
(v hlyl) = det L] [ €y ([ olha) dvfy (@) dy.
Since |det A[-]| = a(h)~", we get

[ c@@e@ de =a ™ [ eiy) ([ o) dvly (@) dy.

Y
Applying first the change of variable z — h.z and then again (ii), we also have

[ @@)p(a) du = B(h) [ €(@(ha))plha) d
= 8() [ €hly) ( [ ethw) dv, (@) dy.

Hence, since these equalities hold for every € € C.(Y) and ¢ € C.(X), it follows that
/Xgp(h:r) du,’f[y](:v) = a(h)B(h) /Xgo(h.:v) dv,(x), ae. yeyY.
Replacing ¢ with " yields
[ @) dvli(@) = am)Bh) [ p(@)du, (@) y ¢ Ve,
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where Yy C Y is a set of Lebesgue measure zero, possibly depending on ¢. We claim
that the above equality actually holds true for all y € Y, independently of ¢. Indeed,
take a sequence (y,)nen in Y \ Yy converging to y. By (iii)

[ @) avjiy(@) = im [ (@) vy, (@)

n—oo

= lim a(h)3(h) [ (@) dn, (@)

n—oo

= a(n)B(h) [ e(x) du ().
Since v, is a measure, (18) follows. 0

In view of the previous result, we may apply the theory developed in Section 5.2. In
particular we obtain (56) in the case in which w and p are the Lebesgue measures:

(19) LX) = [ P(Xw)dy, = [ fdy

Here the equalities must be interpreted in M (X) and the second integral is a scalar
integral relative to the duality of M(X) and C.(X). For a discussion of the details
see the Appendix, where it is also explained that in particular

(20) 11 = [ 15012, dy

One of the reasons for introducing the measures {1} is because, via the coarea
formula, they provide a very useful description of the density wj, discussed in Lemma 2.

COROLLARY 6. Given f,n € L*(X), the function y — (fy,, 1)y, coincides almost
everywhere with the density wy, of the measure Q, defined by (14).

Proof. Ttem (iii) of Theorem 25, together with Theorem 5, applied to f7 € L'(X) and
any £ € C.(Y) gives

[ €@@) @t a)de = [ &) [ f@nh ) dv, () dy.

The left hand side is nothing else but the integral fyf( )th( ) because €, is the
image measure, induced by ®, of fndx. The corollary follows. d

3.3. Reduction to fibers. Much of our analysis stems from decomposing the rep-
resentation space L?(R?) in terms of the measures {v,}, and from a rather detailed
understanding of the H-action on Y. We thus introduce the usual notation for group
actions: if y € Y, then H, is the stabilizer of y, H[y] = {hly] : h € H} is the corre-
sponding orbit and Y/H the orbit space. At this stage we therefore need a hypothesis
ensuring that the Y/H is not a pathological measurable space. It is worth mentioning
that this hypothesis is satisfied in all the significant examples that we are aware of.
Below we further comment on this.

AsSUMPTION 2. We assume that for every y € Y the H-orbit H][y| is locally closed
in Y, i.e., that it is open in its closure or, equivalently, that Hly] is the intersection of
an open and a closed set.
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The above assumption is not enough to ensure that the orbit space Y/H is a Haus-
dorff space, hence locally compact, with respect to the quotient topology. However, it
is possible to bypass this topological obstruction by choosing a different parametriza-
tion of the H-orbits of Y. Indeed, a result of Effros (Theorem 2.9 in [11]) shows that
Assumption 2 is equivalent to the fact that the orbit space Y/H is a standard Borel
space. Hence there is a locally compact second countable space Z and a Borel mea-
surable (hence Lebesgue measurable) map 7 : Y — Z such that n(y) = n(y’) if and
only if y and 3’ belong to the same orbit. In the following, we fix the space Z, whose
points will label the orbits of Y, and we choose on Z a pseudo-image measure? \ of
the Lebesgue measure under the map 7. We note that A is concentrated on 7(Y’) and
a subset E is A-negligible if and only if #7!(F) is a negligible subset of Y, which is
equivalent to the fact that (m o ®)~1(E) is negligible subset of RY.

THEOREM 7. Under Assumption 1, the following conditions are equivalent:
(i) the vector n € L*(R?) is admissible for U;
(ii) for A-almost every § € Z, there exists a point y € 7~ (y) such that
dh
21 2 — / 4 T LA € L*(X,v,).
1) Jull, = [, oo s vE Lw)

If (21) holds true for y, then it holds true for every point in Hly].

Proof. On the one hand, U is reproducing if and only if there exists a square integrable
n such that for every ¢ € C.(X)

Ll umPdg= [ le@Pde= [ [ lp@]dv,(x)dy,

the latter being a consequence of the coarea formula (20). On the other hand, by
Lemma 2, U is reproducing if and only if the measure ), defined by (14) has an
L?-density wy, for almost every h € H and formula (15) holds true, and Corollary 6
tells us that w, can be expressed in terms of the measures {1, }. Therefore

[ [ Ve dvy @) dy = [ 1o, U dg

)
dh

= /H/Y|<W7§‘>Vy|2dy(W
w2 dh
= [ ot s o

where in the last line we have applied Fubini’s theorem. Reasononing as in the proof
of Corollary 6, the equality of the first and last terms of the above string is equivalent
to saying that (21) holds for almost every y € Y. Next, we show that if (21) holds

°It is a measure on Z whose sets of measure zero are exactly the sets whose preimage with respect
to m have measure zero in Y . It always exists since Y is o-compact: it is enough to take first a finite
measure on Y equivalent to the Lebesgue measure (just choose a positive L' density ), and then to
consider the image measure on Z induced by 7 (see e.g. Chap. VI, Sect. 3.2 in [3]).
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for a given y € Y, then it holds for every point in its orbit H|y|]. Take any h € H.
Using (17) and (18), and assuming (21) for y, we obtain

[ 1el@) dvng(a) = [ L) dvfy (o)
= [ le(ha) a(i)5(h)dy, (@)

— a(WAh) /H ‘ /X o(h.2)ii(k~" ) dv, () 204(,;)”;(,{)
(ha=z) =amo) [ | [ o)) () 204(/;)”;3(@
(W =10) =) [ ] / w(z)n(e—l-z>dV51<Z>2cw5l%

:/ ‘/ 276 2)a(h)B(h) Ay g (2 )2(}(512(@

= [ D ann @] e

dl
_ ¢ 2
that is (21) for h[y|, as desired. Hence (21) holds on a union of orbits that fills out a
subset Z of Y whose complement Z’ has measure zero. Now, Z’ is also H -invariant
and it projects onto m(Z’), whose measure is zero because such is the measure of

7w (Z") = Z'. In principle, Z could depend on . We show next that this is not
the case.

As explained in the Appendix (see Footnote 4), there exists a sequence of functions
(@n)neny in C.(X) with the following property: given an arbitrary ¢ € C.(X), there
exists a compact set K C X and a subsequence (¢, )ren such that

(22)  supplp) C K, supp(pn,) C K, im sup [on, () = o(x)] = 0.

Let Z, denote the ( H-invariant and conull) subset of ¥ on which (21) holds for ¢,,.
By dominated convergence and (22), we find that (21) holds for any ¢ € C.(X) and
any y in the intersection Z, := N,Z,, which is obviously H-invariant and whose
complement Y \ Z, = U,(X \ Z,) has measure zero. O

Note. Since 7 induces a Borel isomorphism between the orbit space Y/H and ®(Y), in
the above statement and in the theorems of the following section, it would be possible
to avoid the space Z by considering on Y/H a o-finite measure defined on the quotient
o-algebra, which, by Assumption 2 (Theorem 2.9 in [11]) coincides with the Borel o-
algebra induced by the quotient topology. However, this measure could fail to be finite
on compact subsets.

3.4. Disintegration formulae. Our next result, Theorem 14, is based on some clas-
sical formulae that allow both a geometric interpretation of the integral (21) and a
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computational reduction that in the known examples is indeed significant. This is in-
spired by the irreducible case, where it is known that U is reproducing (i.e. square
integrable) if and only if the H-orbit, unique by irreducibility, has full measure and
the inducing representation of the stabilizer H, is square integrable as well [1].

We allude to formulae that express an integral over Y as a double integral, first along
the single H-orbits and then with respect to the measure A on the space Z. Although
these kinds of formulae can be traced back to Bourbaki [4] and Mackey [22], perhaps
one of the most famous occurences of such a disintegration procedure appears in the
celebrated paper of Kleppner and Lipsman [19]; for a recent review see [15]. Much in
the same spirit, we shall also need to decompose integrals over H by integrating along
a closed subgroup Hj first, and then over the homogeneous space H/Hy, which we
identify with a suitable orbit of Y. The topological hypothesis A2 is needed in order
that these decomposition formulae can be safely applied.

Recall that in the beginning of Section 3.3 we fixed a space Z labelling the orbits
of Y and a measure A on Z whose null sets are in one-to-one correspondence with the
H -invariant null sets of Y.

THEOREM 8. There exists a \-full subset Y of Z and a family {73} of measures on
Y, labeled by the points of Y , with the following properties:

(i) 75 is concentrated on 7= (y) for all y €Y ;
(il) dy = Jy 75 dA().

Furthermore, for all h € H and all j €Y

(23) T; = a(h) 7.

The family {75} is unique in the sense that if {7} is another family satisfying (i) and
(i), then 7, = 15 for almost every § €Y .

Proof. The content of the theorem can be found in many different papers, see Lem-
mas 11.1 and 11.5 of [22] and Theorem 2.1 of [19], in slightly different contexts. The
cited results are both based on Bourbaki’s treatment of disintegration of measures.
Here we simply adapt this theory to our setting.

Theorem 2 Ch.VI § 3.3 of [3] yields a family {7.} of measures on X labeled by the
points z € Z, and unique in the sense of the statement, such that

e 7, #0 if and only if z € m(Y)
e 7. is concentrated on 71(2)
o dy= [, 1.dz.

We now show that for almost every z € m(Y) the measure 7, is relatively invariant
with respect to the action of H (see also Lemmas 11.3 and 11.5 of [22]). Fix h € H.
By definition (dy)" = a(h™!)dy. For all ¢ € C.(Y),

/y Py)a(h™)dy = /Z (/Y @(y)a(h‘l)dn(y)> dz.
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The left hand side is also equal to

p(h'y]) dy = p(h ' y)dr.(y) ) dz = p(y)drl(y) ) dz,
s AV Ji== [, ([, )

so that [, a(h™Y)1.d2 = [,7Idz, and both 7" and a(h™!)7, are concentrated on
77(z). Hence, by iv) of Theorem 25, 7" = a(h™1)7, for almost every z € Z. The
set of z such that the above equality holds is actually independent of h. Indeed, since
H is second countable, there is a dense countable subset D C H and, by the above
equality, a negligible set N such that 7% = a(h™1)7, for all h € D, whenever z ¢ N.
Take h ¢ D. By density there is a sequence (h,) in D such that h, converges to h.

For every z ¢ N and every ¢ € C.(X)

/Y p(y) drl(y) = lim /Y p(y)dri(y)
=tim | p()a(h;)(@)dm () = [ e~ (),

so that 7/ = a(h™!)7,. Since 7, # 0 if 2 € 7(Y), the measure 7, is relatively invariant.
a

Assumption 2 is needed in order to apply the cited theorem from [3]. The same
theorem actually holds under the (weaker) conditions that are described in the lemma
below. Their equivalence does not seem to be a known fact. In [15], Theorem 12, it is
shown that (i) is a necessary condition for the disintegration formula (ii) of Theorem 8
to hold true. In the statement below 7 denotes the canonical projection from Y onto
Y/H.

LEMMA 9. The following two conditions are equivalent:

(i) there exists an increasing sequence of compact subset {K,} of Y such that the
complement of UK, is Lebesque negligible and 7(K,) is an Hausdorff space,
endowed with the relative topology®;

(i1) there exists an H -invariant null set N C'Y such that (Y \N)/H is a standard
Borel space.

Proof. First we show that (i) implies (ii). Denote by R the equivalence relation induced
by the action of H on Y, that is, y ~g ¥ if and only if 7(y) = @ (y’). Taking
into account that X is o-compact and footnote 3, (i) states that R is a Lebesgue
measurable equivalence relation according to the definition in Ch. VI § 3.4 of [3].
Hence Proposition 2 Ch. VI § 3.4 of [3] implies there exists a locally compact second
countable space Z and a Lebesgue measurable map p : Y — Z such that p(y) = p(v/) if
and only if 7(y) = 7(y’). Egoroff theorem implies there exists an increasing sequence
of compact subsets, denoted again by {K,} such that the complement of UK, is
Lebesgue negligible and the restriction of p to K, is continuous. Without loss of
generality we can suppose that p(Y) # Z and we fix zp € p(Y). For any n define
pn Y — Z as pu(y) = p(y) if y = hly'] for some h € H and ¢y € K,, and

3Due to Prop. 3 Ch.1 § 5.3 of [2], #(K,,) is a Hausdorff space if and only if the quotient space K,,/R,,
is Hausdorff with respect to the quotient topology where R, is the equivalence relation induced by
H on K,,.
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pn(y) = 2o, otherwise (observe that if y = h'[y”] for some h' € H and y" € K,,
then 7(y') = 7(y") so that p(y’) = p(p”)). We claim that p, is Borel measurable.
First we show that for any closed subset C' C Z with zy & C, p,'(C) is a Borel set.
By construction p,'(C) = H|pg. (C)] where py' (C) is a closed subset of K, since
Pk, is continuous, hence it is a compact subset of K, since K, is compact and, a
fortiori, a compact subset of Y. Since H is o-compact and the action of H on Y
is continuous, H [pl}i(C)] is a countable union of compact subsets, hence it is Borel
set. As a special case, H[K,] is also a Borel set as well as its complement p;!(z). It
follows that p,!(C) is a Borel set for any closed subset C' C Z, so that p, is Borel
measurable. The complement N of U, H[K,] is an H -invariant Borel subset of Y with
zero Lebesgue measure. By construction, for any n < m clearly p,,(y) = p,(y) for all
y € K,, C K, so that lim,, p,(y) = p(y) exists for all y ¢ N and the restriction of p
to the H-invariant Borel set Y \ N is Borel measurable. Hence there is an injective
Borel map j: (Y \N)/H — Z, that is, (Y \ N)/H is a standard Borel subset.

To show the converse result, let N as in (ii). Since (Y \ N)/H is a standard Borel
space, there exists a Borel injective map i : (Y \ N)/H — R. Furthermore, fix any
section s : N/JH — N and define p: Y - Y xR

_ S Wwoi(7 () yEN
p@‘{(s(ﬁ(y)),m yen’

where yo € Y\ N. Clearly the map p is Lebesgue measurable and p(y') = p(y) if and
only if 7(y) = 7(y'). Egoroff theorem implies there exists an increasing sequence of
compact subsets {K,} such that the complement of UK, is Lebesgue negligible and
the restriction of p to K, is continuous. A standard result of topology ensures that
7(K,,) is homeomorphic to p(K,) which is a compact subset of an Hausdorff space, so
it is Hausdorff too. O

3.5. An integral decomposition of U. In this section Assumptions 1 and 2 are
taken for granted. The main result of this section is that Theorems 5 and 8, which hold
both true, provide an integral decomposition of the mock metaplectic representation
in terms of induced representations of isotropy subgroups of H. This result, which is
of some independent interest, is at the root of Theorem 14, which characterizes the
admissible vectors for U'.

PROPOSITION 10. Possibly redefining Y by subtracting a negligible set if necessary, for
every y € Y the family of measures {vy,} is scalarly integrable with respect to 7;, the
measure on X

Hy = /YVy dry(y)
is concentrated on the H -invariant closed subset ®~*(7=(y)) and for all h € H
pa = B(h)py.

Furthermore, the family of measures {pyz} is scalarly integrable with respect to A and

dx = /?My dA(D)-
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Proof. The coarea formula, that is (ii) of Theorem 5, says that if f is an integrable
function with respect to the Lebesgue measure, then also y — (v, f) = [y f(z)dv,(x),
is Lebesgue integrable, and

/Y<Vy>f> dy = /Xf(x) dz.

Theorem 8 allows us to apply (iii) of Theorem 25 to (v, f) and we thus have a negligible
set N C Y such that, (v, f) is integrable with respect to 7; for all § ¢ N, the
map y — [y (v, ) dr(y) is integrable with respect to A and, by what we have just
established
(24 L[ pram)) ixo) = [ . fydy = [ f)do.

v \Jy Y X
Fix an increasing sequence (Uy) of relatively compact subsets covering X with Uy C
Uky1. For each k, the above argument applied to the characteristic function of Uy
implies the existence of a negligible set N, C Y such that, for all i € N, the map
y — 1, (Uy) is integrable with respect to 7;. Fix a countable subset S of C.(X) such
that, for any ¢ € C.(X), there is a sequence (g;) in S converging to ¢ uniformly and
|pi| < | for all i. For each i, the above result applied to ¢ € S implies the existence
of a negligible set N, C Y such that, for all § & N,, the map y — [y ¢, dy,(z) is
integrable with respect to 7.
Put N = (UgenNi) U (UyesN,) C Y, a A-negligible set. We now claim that the family
v, is scalarly integrable with respect to 7; for all ¥ ¢ N. Indeed, given ¢ € C.(X),
there is a sequence (¢;) in S converging to ¢ uniformly and |p;| < |p| for all 7, and
an index k such that supp ¢ C Ux. The dominated convergence theorem implies that
the sequence (v, ¢;) converges pointwise to (v, ¢). Furthermore,

vy, pi)| < /X|<p(a:)| dvy < ||¢llooty (Uk) for all y € Y.

By construction, if y ¢ N, y — 1,(Uy) and all the function y — (1, ¢;) are integrable
with respect to 7, so that also y — (v, ) is 7-integrable by dominated convergence.
The claim is proved and, by definition of fy,

S #@) dig(@) = [ (v, 0)) dry()

Equality (24) applied to ¢ implies that the function y — [, (v, @) d7;(y), which
is almost everywhere defined, is A-integrable, so that the family {u;} is scalarly-
integrable, and dz = [y py dA(y), that is

[ e@ar = [([ o) ).

By the intertwining property of @, the closed set ®~'(7~!(y)) is H-invariant. Put
now A = Up \ @ (77 !(y)). If y &€ N, then since v, is concentrated on ®~*(y), and
d~1(y) N A =0, and since 75 is concentrated on 7 (), for 75-almost every y € Y’

paA) = [ v Ax) dryly) = 0.
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Hence, given h € H and ¢ € C.(X)

/)(go(h’l.x)dﬂg:/y (/X o(h ') duy(x)) dry(y)

= am) [ ([ e dng(@) dry)
=8 [ ([, e@ dny(@)) dryw) = 60) [ p(@)ans

where the second line is due to the change of variables z — h.x and (18), and the third
line is due to the change of variables y — h.y and (23). 0

From now on we regard the measure A\ as restricted to the set Y defined in the
above proposition. Furthermore, Theorem 26, or equation (56), yields the following
identifications as Hilbert spaces

(25) LX) = [ LA(X, 1) dA(D) f= | fa\w)
(20) LX) = [ LX) dryy) fo= [ fawdr(®)

where f € L*(X), f; € L*(X, uy) for all y € Y and, fixed g, f;, € L*(X,v,) for all
y € Y. The integrals of Hilbert spaces are direct integrals with respect to the mea-
surable field associated with C.(X), and the integral of functions are scalar integrals
of vector valued functions taking value in M (X) by regarding L*(X), L*(X, p3) and
L*(X,v,) as a subspace of M(X) in a natural way. In particular, if f € C.(X), f; is
the restriction of f to ®*(7(y)) and f;, is the restriction to ®~*(y). Furthermore,
for any f € L*(X)

(27) 112 = L[ W nal, draw) dr@).

LEMMA 11. Given y € Y and h € H, the operator T, : L*(X,v,) — L*(X, vpyy))

Tynf)(x) =/ a “Hf(h Vhjy)-almost every x € X

18 um'tary. Furthermore, for every h, h € H and every y € Y

(28> Th[y],h’Ty,h = Ty,h’h
(29) Tyi,fi — Th[th—l.

Proof. Given a Borel measurable function f which is square-integrable with respect to
vy, the map  +— (T}, ,f)(x) is also Borel measurable and it is square-integrable with
respect to vy, since

W) [0 ) dugy(a) = [ 7@ du, (@),

by the change of variables z — h.z and (18). The above equation implies that T},
is a well-defined isometry from L*(X,v,) to L*(X,vyy). Equality (28) is clear and,
as a consequence, Thyp—1Tyn = Ty is the identity on L*(X, vyp) so that T, is
surjective, thereby showing (29). O
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For any 3§ € Y, we fix an origin y, in the orbit 7=!(y) = H[yo] and we denote by
Hj the stabilizer at yo. We denote by K; = L?(X,v,,) and by A; the quasi-regular
representation of Hy acting on Kj whose value at s € Hy is Ay = Ty, . As usual,
we extend A; to a representation of R™ x Hy by setting Ay, = e 2™W02 id for all
a € R". Finally, we denote by Wj the representation of G unitarily induced by Ay
from R" x H; to G. We realize W as a representation acting on the space Hjy of
those functions F': G — Kj that satisfy

(K1) F is dg-measurable;
(K2) For all g € G and (a,s) € R" x Hy

F(gas) = \/a(s™1) Ay s, F(9);
(K3) [|[FII3, = /YHF(h(y))HZK@Oé(h(y))dTg(y) < +oo0.

Here h(y) € H is any element in H that satisfies h(y)[yo] = y. Since 73 is concentrated
on H{yp| it is enough to define h(y) for y € H[yo] and, due to the covariance property
in (K2), the integral does not depend on the choice of h(y) in the coset hHy. Two
functions F and F" are identified if || — F'[|3, = 0. The induced representation on
Hj is defined by the equality

(WygF)(g) = Flg~'d)
valid for dg-almost every ¢ € G.
LEMMA 12. Fiz §j € Y. The map Sy whose value at f; = [y f5.,dm5(y) is given by

(Syfo)(a, h) = /a(h=1) e Obe T8 (£5 1)

is a unitary operator from L*(X, uz) onto Hy.

Proof. For any (a,h) € G, fynyo € L*(X, Unyy,)). Hence T, Y (fynr0) € Ky In order
to prove that Syfy; is dg-measurable it is enough to show that

b (T o) 9, = [ Fnatl (0 )p(@) vy ()

is dh-measurable for every ¢ € C.(X) because C.(X) is a dense subspace of the
separable Hilbert space Kj. Without loss of generality we assume that f; is a positive
function and, as a consequence, also f;, > 0 for all y € Y. Hence wy, = f5, - vy is a
measure in X . By assumption, the map y — w, is scalarly integrable with respect to
7. Since X is second countable, Prop. 2 of Ch.5 § 3.1 in [3] and Lusin’s theorem ensure
that there exists an increasing sequence of compact subsets K, such that Y \ (UK,)
is 75-negligible and for all n and ¢ € C.(X) the map y — [y p(x)dw,(x) restricted
to K, is continuous. Put

C, =1{h € H | hly] € K,.}.

Then H \ (UC,) is dh-negligible since the measure 7; is concentrated on the orbit
7 Y(y) = H|yo] and 7; is a non-zero measure which is relatively invariant with respect
to the action of H. Clearly, for all n and ¢ € C.(X) the map h — [y p(x)dwppy, ()
restricted to C,, is continuous.
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Now, h +— ¢" is continuous from H into C,(X). We claim that for all n the map h
Ix o(h™t.z)dwppy, () restricted to C,, is continuous. Indeed, since H is metrizable, it
is enough to consider a sequence (hy) in C,, converging to h € C,,. Setting yx = h[yo],
y = hlw], pr = @™ and wy, = w,,, w = w,, we get

|/gok (@) = [ @M @)dw(@)] < | [ (ou(e) = ¢"(@))dun(a)
+\/ x)dwy (x —/Xgoh(x)dw(x)\

< Suplsok( ) — " ()] sup wn (K
ne

+\/ D)dusa(w) = [ & (@)dua),

where sup,,cy wn(K) is finite by the Banach-Steinhaus theorem, and the last two sum-
mands go to zero by construction. Hence, the map h — [y @(h™ .z)dwpp,(z) is
the limit almost everywhere of a sequence of measurable functions, and so it is dh-
measurable.

Next we prove the covariance property (K2). For g = (a, h) = ah and (b, s) = bs € Gy,

(Syfy)(ahbs) = (Syfz)(a+ hTb], hs) = \Ja(h)a(s1) mitbebeth 0D T8, (fy0,)
= Va(s™) eI T (S f5) (a,h)
= Ja(sh) 0 AL (Syf;)(a, h)
by definition of AT and A;. Further,
LISt B, alb@)dr®) = [ 1Tk Frrou) I, dm ()

= /YHfg,yH dryy) = [ 1f@)Pdpy(a

whence (K3). This also shows that S; is an isometry from L?(X, u;) into H;.
Finally we prove that Sj is surjective. Given F' € Hy, for all h € H define

fon = Ja(h) Ty w(F(h)) € L*(X, vpjy))-
Since F' satisfies (K2), it follows that f; s = fzn. For ¢ € C.(X) the map
h = \Ja(B)(Tyo w(F(R), ©)u,,, = V@ (B)(F(R), ¢")x,

is dh-measurable since h +— F'(h) is dh-measurable from H into K; and h — \/mgoh
is continuous from H into ;. Therefore

L s, drsty) = [ IFG@)IE, ath(y)dr(y) < +oo.
It follows that f; = [y fynw) dry(y) is in [y L*(X, ) dry(y) = L*(X, py) and, by
construction Sy f; = F'. d

Recall that L?(X) = [, L*(X, uy) dA(y), where the direct integral is defined by the
measurable structure associated with any fixed dense countable family {¢x} in C.(X).
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Clearly, y — {Sz¢x} is a measurable structure for the family {H;}, and we define the
direct integral H = fHy dA(y).

THEOREM 13. The map S : L*(X) — H

Sf= [ Sfsdxy)  f= [ fydAw)

18 a unitary map intertwining the mock metaplectic representation U with the unitary
representation W of G acting on H given by

W:/YngA(y).

Proof. The only fact we need to prove is the intertwining property, which we can verify
on the dense subset C.(X) C L*(X). We observe that

— [ oo d\(g -:/ dr.
© /7% @) ey Py 75(y)

where 5 = ¢ € L*(X, p1y) and ¢y, = ¢ € L*(X,1,). Forany g € G, U, leaves C,(X)
invariant so that it is enough to prove that for every y € Y

(S5(Uy)) (h) = (Sze) (g~ h).

for almost every h € G; but since two functions in ‘H; that are equal for almost all
h € H, they are equal almost everywhere in G due to the covariance property (K2),
the above equality needs only been proved for almost every h € H. If g =a € R”

(Sy(Uap)) (h) = Ja(h ) T, (e 2mit* 0l
— a(h—l) 6—2ﬂ'l<h[y0],a>Ty_O’1hgp
= (SQSO)(_aa h) — (Sggo)(a_lh)

where in the second line, ®(z) = h[yo] for vy, -almost all x € X. If g=Fk € H,

(S3(Une))(h) = a(hl)Tyglh( ﬁ(k1)¢k>

= a(h )y alk)T,, (T 1hjyo) )
- w«k— = >( T i Toon) ¢
-1

= (k7 h)™) (T i1 Tyon)
= Va((kh)™) (Tyo 1) 0 = (Syp) (k7' h).
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3.6. Admissible vectors. We are at last in a position to state our main result. We
need, however, a last disintegration formula, sometimes referred to as the Mackey-
Bruhat formula (see e.g. [13]), a rather straightforward consequence of the theory of
quasi-invariant measures on homogeneous spaces. The easiest way of formulating it is
perhaps that for any ¢ € C.(H) the following integral formula holds

30) [, ematnban = [ ([ cutmsas) anio.

where ds is a fixed Haar measure on the stabilizer H; and where as before h(y) € H
is any element that satisfies h(y)[yo] = y for 7;-almost every y € Y. We interpret (30)
along the same lines of thought that we have followed for the other formulae by writing

(31) at-dh = /Y(ds)h(y)ildTg(y)

as an equality of measures on H. This time ds is regarded as a measure on H con-
centrated on Hy, so that the translated measure (ds)"® " is concentrated on h(y)H;.
As usual, we shall extend (30) to L'-functions by means of Theorem 25.

Theorem 13 establishes that U and W are equivalent. Therefore, we formulate our
necessary and sufficient condition for the existence of admissible vectors of U for those
of W. Thus, any admissible vector F' € H for W is to be thought of as the image
under S : L*(X) — H of an analyzing wavelet 7.

THEOREM 14. Under Assumptions 1 and 2, F' = [ F;d\(y) is an admissible vector
for W if and only if for almost every y € Y and for every u € K

G2 Nl = [ ([, 1A (FG"?) (b)), P ds)alh(y) dry(y).

Proof. By the definition of T' given in Lemma 11, the equality
Tyon1 ("o (2) = /() B(R) (11" g 11401 () = \J () B(R)0g 1146 ()
holds for any 1 € L?(X) and hence

(") g0 = (W) BR) (Ty 1) ™" Ngn-11ye).

Suppose now that 7 is an admissible vector for U or, equivalently, that F' = Sn is such
for W. By Theorem 7, what we have just established and the definition of S given in



F. DE MARI AND E. DE VITO 25

Lemma 12, we obtain

(33) lull2, = / s (7)50) (hc)u;m
= [ 1w Jal)B0) (T o)
) Yo, 7, yo Oé(h)ﬁ(h)
= [l Sy ) P Céh)
)2 dh
_/ )
(o) = [ 1 ()P A a(h) dh.

Now, by Theorem 2 (and the comments below) in Ch. VII § 3.5 of [4], for all s € H;
the modular functions of H and Hj are related by the formula

AHg (S)
AH(S) '

(34) a”l(s) =
Hence, applying (30), the covariance property (K2), (34) and (5) we obtain

o, = f, ([, ot GO0 ds)

An(h(y)s
= [ (], ool g P 5 G s )
= /Y ( /Hg |<U,Ag,s1F(h(y))>|2zz((hh((yy))))AHy(s_l)ds> dry(y)

s = [ ( [ |<u,Ag,sF<h<y>>>|2AG(}L@)) ds) a(h(y))dry(y),

Y

which is (32). Conversely, if (32) holds for some F € H, then reading the above
strings of equalities backwards yields the first line in (33). Therefore, by Theorem 7,
71 is admissible for U, hence F' is such for W. 0

COROLLARY 15. Assume that U is a reproducing representation and suppose that y s
a point in an orbit §y for which (32) holds true.

(i) If @ '(y) is a finite set, then the stabilizer H, is compact;
(ii) If G is unimodular and the stabilizer H, is compact, then ®'(y) is a finite
set, hence n =d.
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Proof. Clearly, it is enough to prove (i) and (ii) for the origin yo. Take a (countable)
Hilbert basis {u;} of ;. Apply (32) to each element of the basis and sum

(35)  dim Ky = /Y( /Hy;wui?Ay,s (FA6"7) (h(y))),gy|2ds)a(h(y))dTy(y)
= ([, 180 (FAG") (DI, ds) o) dry ()

=/ ds-/Y||FgA51/2(h(y))||;2cga(h(y))dTg(y)-

Now, if ®~1(y) is a finite set, then the left hand side is finite and strictly positive,
hence so is the right hand side, so H; has finite volume. This proves (i). If Ag =1
and Hj has finite volume, then the right hand side is finite and strictly positive by
(K3). Hence ®!(y) is a finite set and since it is a regular submanifold of dimension
d —n, necessarily n = d. Thus (ii) holds. O

Let us look at the “true” metaplectic representation, where ® is a quadratic map,
and assume that n = d. By Assumption 1, X is asubset of regular points for &
and Y is its image. Then, by Bezout’s theorem, the number of points in ®~!(y)
is at most 2¢. Thus, if U is reproducing, then by (i) in Corollary 15 the stabilizers
are almost all compact. This is one of the reasons for studying the case of compact
stabilizers in some detail.

3.7. Compact stabilizers. As a preliminary step, we assume that for a given y € Y
the stabilizer Hj is compact. Clearly, the compactness of the stabilizer is independent
of the choice of the origin o € 771(3).

The compactness of the stabilizer makes available Schur’s orthogonality relations for
computing the inner integral over Hy in (32). Indeed, since Hj is compact, the repre-
sentation Ay is completely reducible. Hence, for each equivalence class 5 in the dual
group f—I\g, we can choose a closed subspace Kj; C Ky such that the restriction Aj;
of Aj to Ky belongs to §, and we denote by m; the multiplicity of § in Ay (with the
convention that K;; = 0 if ms = 0). The following direct decomposition in primary
inequivalent representations holds true

(36) Ky~ D Kys@C™ Ay~ P Ays @1id,

geﬁg §€I/‘}g

where we interpret C™ = (? whenever m; = oo. Mackey’s theorem on induced rep-
resentations of semi-direct products [22] guarantees that each induced representation
IndS., i, (€770 Ag o) is irreducible on Hy s and gives the following direct decompo-
sition in primary inequivalent representations for Wy:

(37) Hy~ @ Hys@C™ Wy~ @ Indga, (77970 Ays) @id.

seHy seHy
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Choose a basis {e;} of C™ and, according to (36) and (37) respectively, write

= ZFysz ®e,  FypeHy

§€ﬁ@ i=1
ms
u= Y us; Qe u € Ky
§€ﬁg i=1
Also, we write vol Hy for the mass of the compact group Hj relative to the unique

Haar measure ds that makes formula (30) work. Note that vol Hy is not necessarily
one.

PROPOSITION 16. Let j € Y be such that the stabilizer Hy is compact. Given F; € H;
the following facts are equivalent:
(1) equality (32/)\h0lds true for all u € Ky;
(i1) for all s € Hy such that mgs # 0, and for all i,j =1,...,m;
a(h(y)) dim /Cj 5
Fo.. Fo.. NI () = IS s
B9 Fasilhw), Frsaho)hy g de) = ST

Proof. Take u € ;. We compute the inner integral in (32) using Schur’s orthogonality
relations. For 7;-almost every y € YV

vol Hy
[ o Ao Fo(h(v) M%—ZZ%MMM%MW%MWWm@é-

s€Hy i,7=1

Choosing u = ug;, (32) is equivalent to

a(h(y)) dim /Cy 5
39 / sl ——dry(y) = ————.
( ) || Y, ||lesA (h( )) Ty(y) VOng
Choose next j # i and u = uz; @ uz ;. Taking (39) into account, (32) is equivalent to
a(h(y))
F::(h(y)), Fy5;(h ——dTry(y) = 0.
/Y< 5.5 (1(Y)), Fy .5 (M(Y)))x, Aa(h(y)) 3(y)
Hence (i) is equivalent to (ii). 0

Equation (38) has the following easy interpretation in terms of the abstract theory
developed by Fuhr [14]. Indeed, for each irreducible representation in the decomposi-
tion (37), we can define the (possibly unbounded) operator dy; on H;

dim ICQ7.§
vol Hj
which satisfies (K2) precisely because the stabilizer is compact. The operator dj; is a

positive self-adjoint injective operator semi-invariant with weight Ag' [10]. Now, (38)
1/2

dysFya(h) = Ag(h) Fys(h),

says that Fj;; is in the domain of d and

(40) <d 1/2ngs iy d_ 1/2Fg,§,j>'H@§ = 5ija Z,j = 1, .o, M.

Y,S

One should compare this with Theorem 4.20 and equations (4.15) and (4.16) of [14].
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As a consequence of the above discussion, we have the following easy characterization
of existence.

COROLLARY 17. Let § €Y be such that the stabilizer Hy is compact. There exists Fy
such that equality (32) holds true for all w € K if and only if ms < dim(Hys) for all

s € Hy. If G 1is non-unimodular, this last condition is always satisfied.

Proof. Fix s € T{\g such that m; # 0. If G is unimodular, dj; is the identity up to a
multiplicative constant, so that {Fjs,}iey satisfying (40) are precisely the orthogonal
families in H; s with square norm equal to dim K; s/ vol H;, whose existence is equiv-
alent to my; < dim(Hy).

If G is non-unimodular, since dj; is a semi-invariant operator with weight As, then
its spectrum is unbounded (see (2) of [10]), so that dimHj;; = +oo, provided that
ms # 0. Hence the families {F};;}ie satisfying (40) are the families in the domain
of d é/ ? that are orthonormal with respect to the inner product induced by d; V2

S

If G is unimodular, (ii) of Corollary 15 implies that /C; is finite-dimensional, so that
ms = 0 for all but finitely many s € f-l\g for which my; is finite. Furthermore, often the
orbit 77!(y) is not finite, so that dim Hys = +oo and the requirement m; < dim Hy s
is trivially satisfied for every s € ﬁg.

From now on we assume that almost every stabilizer Hj is compact. For each
y we can apply Proposition 16. The only non-trivial point is measurability. The
following theorem addresses this problem by providing an explicit decomposition of
the representation W, hence of U, as a direct integral of its irreducible components,
each of which is realized as induced representation of the restriction of Ay to a suitable
(irreducible) subspace. The result does not depend on the fact that U is reproducing.
To state the theorem, we fix a Borel section o : Y — Y whose existence is ensured
by Assumption 2 [11], thereby choosing o(7) as the origin of the orbit 7—!(j). For all
yeY, weset Ky = L*(X,v,y) and we regard § — Kj as a A-measurable field of
Hilbert spaces with respect to the measurable structure induced by C.(X) C Kj.

THEOREM 18. Assume that the stabilizers Hy are compact for A-almost every j € Y .
There exist a countable family {y — ’Cg}ne/\f of measurable fields of Hilbert subspaces,
Ky EKQ, and a family of cardinals {my, }nen C {1,...,Ro} such that, for almost every
yev,

(41) Ky~ @ KroCm,
neN

(42) Ay~ P A} ®id,
neN

where (42) is the decomposition of Ay into irreducibles.

Before the proof, we add some remarks.

Remark 1. For each n € N and for almost every 4 € Y we denote by Hy the Hilbert
space carrying the induced representation Indga,, Hg(e_%i(‘)@)") Ag) Theorem 10.1 of
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[22] ensures that, for each n € N, § — Hj is a measurable field of Hilbert subspaces,
H; C Hg}and

(43) H~ P /7 HI dA(y) @ C™
neN
(44) W~ g% /7 Indga, g, (e ™7 A7) dA(7) ® id

where, by Theorem 14.1 of [22] each component Indga, g, (727 A) is irreducible
and two of them are inequivalent.

Remark 2. In the statement of the above theorem, given n € N, it is possible that
for some y € Y the Hilbert space K} reduces to zero as well as Hy. If it is the case,

then clearly A} and Indga, Hy(e*27ri<"(g)*'> AZ) can be removed from the corresponding
integral decompositions of A; and W.

Remark 3. Fix § and compare (36) with (42). The set N is a parametrization of the

relevant elements in the dual group Hj defined by the direct decomposition of Ay into
its irreducible components Aj. In other words, for each n € N for which Ky # 0

there exists s, € ff\g such that A} = Ays, and m, = m; is its multiplicity, which is
independent of ¢ by its very construction.

Remark 4. As a consequence of the above theorem and general results about direct
integrals, for each n € N there exists a measurable field {7 +— ¢} ,}¢>1 of Hilbert bases
for each field § +— H7 . Denoting by {e;}}"; the canonical basis of C™, for any F' € 'H

(45) F=y 3 [ in@) @

nE/\/]:lV

F= Z Oy

>1

where § +— f7,() is a measurable complex function and

6)  IFIE= XY LIFBdaae) = X 33 [Ifn@)Pam).
neN j=17Y neN j=10>1"Y
Conversely, if {7+ f7%(¥)}n,je is a family of measurable complex functions such that
> LY S Parg) < +oo,
neN Y j=10>1

then (45) defines an element F' € H.

Proof of Theorem 18. The proof is divided in several steps.
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Step 1. We claim that there exists a sequence of Borel measurable functions &, : Y —
H such that, for any y € Y, the set {&(y)}ren is dense in the stability subgroup
H,. Define the map = :Y x H — Y xY, Z(y,h) = (hly],y), which is continuous
and, hence, Borel measurable. Furthermore, the diagonal D = {(y,y) | y € Y} is
a Borel subset and, for any y € Y, H, = {h € H | Z(y,h) € D}. The Aumann’s
measurable selection principle, see for example Theorem II1.23 of [5], ensures there
exists a sequence of measurable functions & : Y — H such that the set {£;(y)}ren is
dense in H, forall y € Y.

Step 2. For all § € Y, set M equal to the von Neumann algebra on K; generated by
the representation A,y of Hyy). We show that § — Mj is a measurable field of von
Neumann algebras. For each € Y the result of Step 1 and the fact that s +— Ay is
continuous implies that the sequence {Ay¢, (o(7)) }ren generates My. Hence, it is enough
to prove that for any k € N the fields of operators § — Ay, (o(5)) 15 A-measurable by
observing that for all ¢, ¢’ € C.(X) the map

v = Mo, = [ Vale®DBEH)e(E)  a)P@dy, (@)

is Lebesgue measurable since & is Borel measurable, the map

h— [ Jalh )8 e(h™ a) e )d,(x)

is continuous, and the family {v,} is Lebesgue scalarly-integrable. Hence the corre-
sponding decomposable von Neumann algebra M = [ M dA(y) acts on the separable

Hilbert space K = [K;dA(y), see Prop. 1, Ch II § 3 of [8]. Since Y is second
countable, Theorem 4, Ch II § 3 of [8] ensures that

M= [ My dA(g)
Y

MmM:éMymgw@

Step 3. For almost every § € Y, Hj; is a group of type I, hence A is of type I
representation, that is, by definition, M is a type I von Neumann algebra. Since Y
is second countable, result (A50) of [9] implies that M is of type I, as well as, M’ by
Theorem 1 Ch. 1 § 8 of [8]. Result (A50) of [9] applied to M’ ensures the existence of
a countable family {P?};c; of non-zero projections in M N M’ with sum 1 such that
each reduced algebra My, is of type I,, where n; # n; if ¢ # j. Hence, by definition,
for each i € I, there exists a family {P% }?;1 of equivalent abelian pairwise orthogonal
projections in M’ with sum P*. Since M’ is decompasable

P:é%w@
_W:é%wmn
where, for almost every 3 € Y,

i) (Pgi)ief is a family of non-zero projections in My N M, with sum 1;
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i) for each i € I, (PY )ity is a family of equivalent abelian pairwise orthogonal
projections in MM, with sum Py.
By definition of equivalent projections, for any ¢ € I and 1 < j < n;, there exists
UY € M’ such that Py = (UY)*U" and PY = U"(U")*, hence,
Ui — /7 Ui dA(p)

where, for almost every 4 € Y, U;—j € M and Pgi1 = (Ugj)*Ugj and ng = Ugj(Ugj)*.
Define
K= Pk = [ KAy K= Pk,

where, for each 1 € i, §y — IC;.7 is a measurable field of Hilbert spaces by Proposition 9
Ch. II, § 1.7 of [8]. Hence, up to a unitary equivalence,

K=@Kac" K= [Kd@ K=@Kec:
iel Y iel
and, for almost every 4 € Y and each i € I

i) M leaves invariant K* and, denoted by M’ the reduced algebra, (M)’ is abelian;
ii) My leaves invariant IC;A7 and, denoted by Mj" the reduced algebra, (M;)’ is abelian
iii) g — M} is a measurable field of von Neumann algebras and

M= | )
see Proposition 6 Ch IT § 3.5 of [§].
iv) by Proposition 3 Ch II § 3.4 of [§]
M = e M' @ Cid,, My = Hieﬂ\/[g ® Cid,,
where Cid,,, denotes the trivial algebra acting on an n;-dimensional Hilbert space.

Step 4. We fix 7 € I. Result (A50) of [9] applied to M* ensures the existence of a
countable family {Q"},er, of non-zero projections in M*N (M?)" with sum 1 such that
each reduced algebra Mg is of type I,,,, where m; # m;y if t # t'. Hence, reasoning
as above with self-explained notation, up to a unitary equivalence,

i mit it it _ it = i _ mit it
K=@eCreT' T'= [ TG K=-@C s,
teT; teT;
where C™ is a (fixed) Hilbert space of dimension m; and y — ’th is a measurable
filed of Hilbert spaces. For almost every § € Y and each t € T*

i) M leaves invariant K and, denoted by M the reduced algebra,
(Mit)/ — Cidmit ® Ait (Ait)/ — Az’t

where A® acts on T4.
ii) M leaves invariant X' and, denoted by M' the reduced algebra,

(M) = Cid,y,, @ AY  (AY) = AT

where Ag acts on ’Z;t.
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iii) 7 — A is a measurable field of von Neumann algebras and
it _ it _
At = /? A dA(7)
Furthermore
M' = eq, L(C™) @ A" M; = Ler, L(C™) ® A;-t

Step 5. Fix ¢ € I and ¢ € T;, for almost every § € Y the definition of M; and the
fact that Hj is a compact group imply that the representation Ay leaves invariant each
copy C™it the corresponding restriction is irreducible, and two different restrictions
are inequivalent. This means that Ag is spatially isomorphic to the diagonal algebra
acting on fg(git) where §Z~t is the subset of T{\g defined by the irreducible components
of Ay, restricted to IC%, acting on C™i ., In particular, dim T;t = card Sj;.

Step 6. Fixed i € I and t € T; for any k € {1,...,N,}

?itk = {gj =% | dlIIl’Z;;nE = /{?}

is a Borel subset of Y by Proposition 1 Ch. I, § 1 of [8]. and, for almost every § € Yy,
M., is spatially isomorphic to L£(C™*) ® lo (1)), where

I _ {1,...,k} k<40
"TIN k= +oo’

Lemma 2 Ch. 2 § 3 of [8] implies that the isomorphism can be realized by a unitary
operator Wit : £y(I;) — TJ* such that j — W is a measurable field of operators. If
{fe}oer, denotes the canonical base of f5(I), define for each ¢ € N

Ko =Ky =Cm @ Wit f, §€Yuandl €l
IC; = K%’t’é =0 otherwise

where we label the triple of indexes (i,t,¢) simply by a unique label n, running over
a countable set /. By construction, the following properties hold true

a) foreach n e N, § — K is a measurable field of Hilbert subspaces, Kjj C Ky, and

neN
where m, = n; if n = {i,t,(}.

b) for almost every y € Y, the representation A; leaves invariant each K3, the corre-
sponding restriction Ay, is an irreducible representation of Hj, these representa-
tions are pairwise inequivalent and

neN
d

By means of the intertwining operator S given by Theorem 13, the direct decompo-
sition (44) gives rise to a corresponding direct decomposition of the mock-metaplectic
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representation U. Hence, the abstract theory of [14] applies to characterize the admis-
sible vectors for U. However, we can direct apply Corollary 16.

We need a last technical lemma about the measurable property of the map y —
vol(Hy), compare with Lemma 18 of [15].

LEMMA 19. Assume that for almost every yo € Y the stabilizer H,, is compact and
define

vol(H,,) = /H ds
Yo

where ds is the unique Haar measure of H,, such that

[, ematnan = [ ([ otunoyis) tmo) e cum)

The following facts holds true:

(i) For all yo and h € H, vol(Hpp,)) = Ag(h™") vol(H,,).
(11) The map yo — vol(H,,) is Lebesque measurable.

Furthermore, given a Borel measurable section o:Y — Y, the map

dim K

vol(Hy)

1s A-measurable. If G is unimodular, the map is independent of the choice of the
section o.

Y =

Proof. Fix a continuous function f € L}(Y') such that f(y) > 0 for all y € Y. The
definition of 7; (see Theorem 8) with (iii) of Theorem 25 gives that for A-almost every
y €Y, fis 75-integrable. Clearly, the function (yo, h) — f(h[yo])a(h™!) is continuous
on Y x H. Given yy € Y, let § = m(yo) so that we can choose y, as the origin of
7 !(y) and define ds as the unique Haar measure of H,, = H; for which (30) holds
true. By (ii) of Theorem 25 we have that, for almost all yy € Y,

o< [ sttt yan = [ ([ othystuds) ey

= vol(Hy,) [ F(0)drag(y) < +o0

since hyslyo] = y, first inequality is due to the fact f > 0 and the last inequality
follows from f € L'(Y). Clearly yo — [4 f(h[yo])a(h™1) dh is Lebesgue-measurable as
well as yo — [y f(y)dTr(y)(y)0 is Lebesgue measurable and strictly positive, so that
Yo = vol(H,,) is A-measurable, too. The fact that, for all n € N the map g + dim K
is A\-measurable is consequence of Proposition 1, Ch. 2 § 1.4 of [8].

If yy = {[yo] for some £ € H, so that 7(yo) = 7(y1), then as above
vol(Hy,) [ f)dran(v) = [ fhlpDath)dh

(hm=he™) = Bu(Ca(t) [ fblyo)alh™)dh
= Ag(é_l) vol(Hy,)
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The second half of the lemma is clear. O

We are ready to state our main result about the characterization of the admissible
vectors of GG, we give separately according to GG is unimodular or not.

We consider first the unimodular case, compare with Eq. (4.14) of Theorem 4.22 in
[14].

THEOREM 20. Assume that G is unimodular and for almost every y € Y the stabilizers
Hy are compact. The representation U is reproducing if and only if the following two
conditions hold true:

a) fix any origin yo € 7 1(y), then

card @1 (yo)
47 / ——————d\(y
(47) Y  volHy (7) < +oo,
b) for all n € N' and for almost every ij € Y such that Ky #0
(48) my, < dim K7

with the notation in (41) and (42);

Under the above equivalent conditions, n is an admaissible vector for U if and only if

dim /C;
Sy = ‘/, SR en dA() @ e;,

where {§ +— €7 }j>1 is any measumble field of Hilbert bases for y — Hy and (e;);™
1s the canonical basis of C™n .

Proof. With the notation as in Remark 4, Theorem 14 and Corollary 16 with Ag(h,) =
1 give that n € L?(X) is an admissible vector for U if and only if F = Wn € K
satisfies the following condition. Given n € A, for almost every 7 € Y such that Ky
(see Remark 2 and 3), for all 4,7 =1,...,m,

dim C;
Fl F™ Npn = 0; Ty
o Fighr 7 Vol Hy

that is, the family {F};};" is orthogonal in ‘H} and normalized with square norm
dim /Cy ,, /vol Hy.

As a consequence, if 7 is an admissible vector, clearly (48) holds true and, with (46),
we have that

2z dim K card @~ (yp)
Ia _/ Sy = [ ),
11 QM -MH) = om0
and (47) follows. Conversely, define F' € H such that, for all j =1,...,m, and £ > 1

dim KCj ,, —
5 o(y) = 04 — a.ey ey,
; Vol H,

which is possible due to (48). The functions f, ;¢ are A-measurable by Lemma 19.
Eq. (47) ensures that (46) is finite (see the above string of equalities). 0
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We now consider the non-unimodular case. For all n € A and for almost every 4 € Y
we define the positive self-adjoint injective operator dj, acts on Hy by multiplication

dim ’C@n

dy nFy ) (h) =
(g ) ) = S5

Ag(h) Fyn(h)  heH,

see Corollary 17 and its proof.

THEOREM 21. Assume that G is non-unimodular and that for almost every yj € Y
the stabilizer Hy is compact. Then U is reproducing and n € L*(X) is an admissible

vector for U if and only if Sn =Y ,en X5 | Fy; dNY) ® e; is such that
Y

(i) forallm e N and i =1,...,m,, the map y — Fj,; is measurable field of vectors
for {M2} B
(i) for any n € N and for almost all y € Y such that KCy # 0
(AP Fr o PF Ny =6 dj=1,...,m,

750 7,3

(iii) 3 Z/ |72 dA(5) < +oo.

neN j=1

Proof. The only non-trivial part is the existence of an admissible vector. This fact is
a consequence of Theorem 4.23 of [14], whose proof can be repeated to our setting to
provide a direct proof of the existence. We report only the idea.

Fix a strictly positive sequence such that >, cn i an; < +00. Since the stability
subgroups are compact

(0, 4+00) = Ag(H) = Aa(H/Hy) = Ac({h(y) |y € 7 (@)}).

and y — Ag(h(y)) is continuous on 7 1(y), for each § € Y, there exists an subset
Oy.ni of 7 1(y) with strictly positive 7;-measure such that for all y € Oy,

dim K5, Aq(h
sup m KgnBa (hy) < ap.
yEYg,n,i VOl Hg ’
Select a family of measurable fields {g — F}';}7™ of vectors in domd /2 that are

orthonormal with respect to the scalar product induced by dg’n with the property

that the support with respect to 7; of the map y — HFgfj(hy)H,%@)n is contained in
Oy n,i, then the third condition is satisfied since

dimlC—vnAG(h )

||F@7,] ’ .

2
; < sup
v yeogj,n,i VOl Hg

< Q-

4. EXAMPLES

We now discuss some of the examples we introduced in Section 2.
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4.1. Example 1. In this example, the map ® is the identity so that the set of critical
points reduces to the empty set and Assumption 1 is satisfied with the choice X =
Y = R? (recall that n = d) and a(h)B(h) =1 for all h € H. Clearly, for all y € R?,
d~!(y) is a singleton, the corresponding measure v, is the trivial, so that Theorem 7
states that n € L?(X) is an admissible vector for U, for A-almost § € R?/H

[ I o) dh = 1

where 3 is a fixed origin in 771(7) and ) is a pseudo-image measure of the Lebesgue
measure, we fix in the following. Since the above equation holds true for any other point
in € 7 1(y), it follows that n is a weak admissible vector in the sense of Definition 7
of [15]. Assumption 2 is nothing else that the fact that the semi-direct product R?x H is
regular. Theorem 6 of the cited paper proves that this regularity is essentially necessary
to have weak admissible vectors, see comment at the end of Section 3.4. Under this
assumption, Corollary 15 ensures that the stabilizers Hjy are compact for almost every
7 € Y. Hence the results of Section 3.7 holds true. Clearly, for almost every K(y) = C,
N is a singleton and m,, = dim(K}) = 1, so that U is always reproducing if G is non-

unimodular, otherwise it is equivalent to the fact that /7 d\(y)/ vol Hy is finite, which

is precisely the content of Theorem 19 of [15], see also Section 5 of [14]. The factor
vol Hy is due to a different normalization of the Haar measures on the stabilizers.

4.2. Example 2. In this example n = 2 and d = 1 so that U is not reproducing.
This fact is well known since G has a non-compact center and U is irreducible.

4.3. Example 3. The groups of the form (10) with n = d are reproducing if and only
if G is non-unimodular and the critical points of ® are negligible.

We need to a result, which is of some interest by itself. The idea goes back to [21].

PROPOSITION 22. Assume that ® is a homogeneous map of degree p > 0 and the action
on R is linear. If U is a reproducing representation, then G is non-unimodular.

The proof is based on the following lemma.

LEMMA 23. Assume that ® is a homogeneous map of degree p and the action on R? is
linear. If  is an admissible vector for U, for any § € Ry, V6™~n’ is an admissible
vector, too.

Proof. Denoted by ¢ = np—d, the assumption of ® implies that for all x € X, a € R"
and 0 € Ry,

(49) (P(0x),0 Pa) = (P(x),a).
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Now clearly V69’ € L?(X) and, for all f € L?(X), the linearity of  — h.z gives

Jlr UGy dg =6 [ [ fa)ah)temiee mwlmﬁﬁg

(xHénaHawm@m):MHFWﬂMﬁ*iymmg
( reproducing formula ) = §7724-"7 /X|f(5a:)\2dx
(w67 ) =67 || f|1* = || fI1%,
so that v/6° is an admissible vector for U. 0

Proof of Proposition 22. By contradiction assume that G is unimodular. Fix § € R, .
Choose an admissible vector n € L(X).

[ In@)dz =67 [ Inf(a)Pda

( reproducing formula for n ) = 6 ¢ / / (n’, ah77>

dadh
(CL’—)-(l,h’—)h —(5 / /l U(hT[a]h >| AH( )m

(o () e ) =67 [ [ W n) Pt s

(q=np—d)=5"" [ |(n,UyV/am)|dg
( reproducing formula for V3 ) = (5"”’/ In(z)|*dx = 67||n||?
X
Since ||n|| # 0 and np # 0, this is a contradiction. O

Come back to our example. If G is reproducing, then the set of critical points of
® is negligible by (ii) of Theorem 3. The above proposition with n = d and p = 2
implies that G is non-unimodular. Conversely, assume that G is non-unimodular and
the critical points of ® are negligible. Since ® is a family of d-polynomial functions
in d-variables and the Jacobian is different from zero almost everywhere, a standard
result of algebra implies that ®~!(y) is a finite set for almost every y, hence (i) of
Corollary 15 implies that the stabilizers are compact, and Theorem 21 shows that U is
reproducing, as well as a characterization of the admissible vectors. However, one can
also directly apply Theorem 7, taking into account that ®(y) is a finite set. Explicitly
the following corollary holds true.

COROLLARY 24. A function n € L*(X) is an admissible vector for U if and only if
for X-almost every y € ®(RY)/H, there exists y € 7 1(y) such that, for all points
T1,...TN, S (I)il(y)

/Hn(h’l.xi)n(hfl.xj) = (JO)(z;) 6y i,j=1,...N,.

a(h)B(h)
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If the above equation is satisfied for a pair x;,x; € ®~1(y), it holds true for any pair
$.x;,8.25; € DH(y) where s € Hy.

Proof. We apply Theorem 7. Given j € ®(X)/H and y € 7~ *(y) for which (21) holds

M
O

true, formula (58) gives that v, =y ——t—.

o9 "= 2 8w

Reasoning as in the proof of Proposition 16, (21) is equivalent to

o

The last claim is evident since Hy, is compact so that for all s € H; a(s) = ((s) =1
and the equality

= (JO)(z:)0;;  i,j=1,... N,

(J®)(h.x) = (J®)(z)a(R)'B(R)™"  heH.
0

As an example, we apply the above corollary to the metaplectic representation re-
stricted to the group T'DS(2), considered at the end of Example 3 Note that

(J®)(x1,75) = 23 a6, 0) = 6 B(6,0) =61

We set X = {(z1,22) € R? | x5 # 0}, which is an H-invariant open set with full
Lebesgue measure and Y = ®(X) = R x R_, which is a transitive free H-space. We
choose as origin the point yo = (0, —1/2) so that ®(yo) = {(0,£1)}. Since for any
h=(¢)¢e€H

h(0,+1) = VO(FL/2, +1),

a function n € L*(X) is an admissible vector if and only if

Vol dode
[ mES Ve S =1
(0,400) xR

2 02
Vol ~ ol dsdr
/(0,+oo)><]R 77(_77 \/5>77(77 _\/5) 52 =0.
_ Ve

and 2, = V8, whose Jacobian is 1 the above

With the change of variables z; = I

equations become

2

dl‘ldl'g 1
+x1, £15)]? ==
Jop, I )P T =
dxdx

/ ’I’](Il,ZEQ)ﬁ(—[Eh—LUQ) 14 2 = 07
RXR+ l‘z

which are precisely (5.17) and (5.18) of Theorem 5 in [7], see also [6]. Note that U is
equivalent to two copies of the irreducible representation associated with the shearlets,

which up to a Fourier conjugation is Indﬂgf) X‘Sj[((zl) 0)}()() where y is the character of R?

(ay,as) — €™ [16].
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4.4. Example 4. Assumption 1 is satisfied with the choice of X = R?\ {0} and
Y = ®(X) = (0,+00) since X is a H-invariant open set whose complement has zero
Lebesgue measure. The group H acts freely on Y so that the orbit space Y/H reduces
to a singleton and Assumption 2 holds true. We choose 3y = 1 as the origin of the
orbit so that the corresponding stabilizer is the compact group 7 = H;. Since G
is non-unimodular, U is reproducing by Theorem 21. To characterize its admissible
vectors, we note that the measure A is trivial, so that in Theorem 8 the relatively
invariant measure on Y is 7 = dy. Furthermore, the map

& — (cos&,sin)

is diffeomorphism of S* onto the Riemannian submanifold (1) = {z? + 23 = 1}.
The Riemannian measure on S! is d¢ so that, for all f € C.(X)

/)(90(57017-%2)657/1(3717332) Z/O%go(cosf,sing)d;.

By setting h(y) = (,/%,0) so that h(y)[1] =y, (30) gives the Haar measure ds on 7

do
do oo [ o
[ et — [ ( [ et )dy,
so that vol H; = =

is ¢& since
The representation A; of 7 on L?(X, 1) ~ L?(S',d¢/2) is the regular representation,
so that

L*(X, 1) ~ P C{e™}

ne”

Al,@ ~ @ ein@

nez

where each component is irreducible and two of them are inequivalent.

Since any g = (a,t,6) can be written as g = (0,¢,0)(t%a,0,60), due to (K2) any
function F' € 'H = H; can be identified with its restriction to R, . On the other hand
(K3) becomes

JTIFREydy = [TIF@ P2 e < 4o,
hence we have the following unitary identifications
H o~ LRy, 2t dt, L*(S*,d¢/2)) ~ L*(Ry x S', ¢t~ 1dtde).
The unitary map S : L?(X) — H is given explicitly by
(SHIE,E) =t Tz =1 (f1,2)(§) = tf (tcos, tsing).
For any n € Z the space H,, carrying the representation induced by e?™@e™? is

Ho = {F € L*(Ry x Tt~ dtd€) | F(t,&) = F,(t)e*™™* where F, € L*(R,t *dt)}.
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Hence given n € L*(X), since Sn = Y ,cz Fne™ with F, € L*(R,,t"!dt), then 7 is
an admissible vector if and only if, for any n € Z,

oo o de dim K
Fn ng |20 —2d — no_ 2
/0 ( Sl| (Vo)e™| 2 ) YW= NaT ’

since dim KC,, = 1. By the change of variable ¢ = ,/y, this is equivalent to
+oo 1
/ B ()23t =~

0

Since .
F.(t) = 2—/ tn(t cos &, tsin&)e M dE = ti(t, n),
7 Jo

we have that the set of admissible vectors is the Lebesgue measurable functions 7 :
R? — C such that

Z/ ’tdt < +oo <= n € L*(R?)

nez

1
/ (A, n) |2t dt = Vn € Z.
0 m

4.5. Example 5. As in the above example, Assumption 1 is satisfied with the choice
of X = R?\ {z; =0} and Y = ®(X) = R\ {0} since X is a H-invariant open set
whose complement has zero Lebesgue measure. The group H acts freely on Y so that
the orbit space Y/H reduces to a singleton and Assumption 2 holds true. We choose
1o = 1 as the origin of the orbit so that the corresponding stabilizer is the non-compact
group R* = H;. To prove that G a reproducing group, we use Theorem 14.

The measure A on Y/H is trivial, so that in Theorem 8 the relatively invariant measure
on Y is 11 = dy. Furthermore, the map

£ (6,1)

is diffeomorphism of R onto the Riemannian submanifold ®*(1) = {z; = 1}. The
Riemannian measure on R is d¢ and (J®)(x) = 1, so that (58) gives that, for all

feCuX)
[ el za)du(en, ) = [ (€ 1)de
By setting h(y) = (y,0) so that h(y)[1] =y, (30) gives the Haar measure ds on R is
2

db since p
/

£ b2 / db)d

Jetwliigar=[ ([ 7

The representation A; of R on L*(X, 1) ~ L*(R, d€) is the regular representation, so
that

LQ(X,yl)z/de
R

A1,b2/62mb dw
R
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where each component is irreducible, two of them are inequivalent and the intertwining
operator is given by the Fourier transform.

Since any g = (a,t,b) € G can be written as g = (0,¢,0)(ta,0,b), due to (K2) any
function F' € ‘H = H; can be identified with its restriction to R* and we have the
following unitary identifications

H o~ ARt 1dt, L@ (1), 1)) = L2(R2, y~'dyde).
The unitary map S : L?(X) — L?(R?, y~tdyd€). is given explicitly by

(SF)(y, ) = [t12f(y, ).
Theorem 14 ensures that € L?(X) is an admissible vector if and only if for all
u € LA(R,d¢)

S de = [ ( [ w5 81a(5m) 0 D db) ol
- /R </R|ﬁ(w)|2|ﬁ(y,w)|2dw) -1y

where we use that A(h(y)) = a(h(y))™' = |y| and " denotes the Fourier transform
with respect to &. It follows that the set of admissible vectors is the set of Lebesgue
measurable functions 7 : R? — C such that

/ (/\ﬁ(y,w)lew) dy < +o0 < e L*(R?)
R R

/|ﬁ(yaw)|2|y|_1dy =1 almost every w € R,
R

whose existence is clear, for example take any strictly positive continuous function

o € L'(R) and define

1 2\
iy, w) = [ ————|yle @7 | .
n(y,w) <7m(w)|y! )

5. APPENDIX: SOME MEASURE THEORY REVISITED

In this Appendix we review some known facts that are somehow hard to locate in
the literature in a way that is both easily accessible and stated under the assumptions
that we are making. The spaces X and Y are as in Section 3 and are regarded as
measure spaces with respect to the Lebesgue measure, denoted dz and dy respectively.

5.1. Disintegration of measures. We start by adapting to our setting some facts
from integration theory on general locally compact spaces. The main reference for
the issues at hand is [3]. Hereafter, C.(X) denotes the space of compactly supported
functions on X, endowed with the locally convex (metrizable and separable) topology
for which a sequence (¢n)neny in C.(X) converges to zero if there exists a compact
set K such that suppy, C K for all n and lim,_,. sup,cx|en(x)] = 0. We denote
by M(X) the topological dual of C.(X); when equipped with the o(M(X), C.(X))-
topology, the topological dual of M(X) is again C.(X) (23], Th. IV.20). Since X
is second countable, the Riesz-Markov representation theorem uniquely identifies the
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measures with the positive elements of M(X). By the word measure on a locally
compact second countable topological space, we mean a positive measure defined on
the Borel o-algebra, which is finite on compact subsets.

The following theorem, in some sense a version of Fubini’s theorem, summarizes the
main properties of the kind of disintegration of measures we are concerned with. The
main point here, though, is the possibility of extending the disintegration from C, to
L'. We state it for X and Y, but it also holds verbatim if we replace X and Y with
two arbitrary locally compact and second countable topological spaces.

THEOREM 25. Suppose that w is a measure on X and p a measure on Y and let
U: X —Y beaw-measurable map. Assume further that {w,} is a family of measures
on X such that

(a) wy, is concentrated on V=1 (y) for all y €Y;
) [ ewdo@) = [ ([ ela)d, @) do(y) for all ¢ € CLX).

Then, for any w-measurable function f : X — C the following facts hold true:

(i) f is wy-measurable for almost every y € Y ;

(ii) f is w-integrable if and only zf/ (/ |f(:1:)|dwy(x)> dp(y) is finite;
v \Ux
(ili) if f is w-integrable, then f is w,-integrable for p-almost every y € Y, the
function (defined almost everywhere) y — [y f(x)dw,(x) is p-integrable, and

(50) [ d@ysta) = [ ([ @, @) doty);

(iv) if {wy} is another family of measures on X satisfying (a) and (b), then w, = w,
for p-almost all y € Y .

Proof. The theorem is essentially contained in [3], scattered in several statements. For
the proof of (i), (ii) and (iii) we quote from Chapter 5, and for the proof of (iv) from
Chapter 6.

Statement (i) is the content of item a) Prop. 4, § 3.2, taking into account that, since
it is second countable, X is o-compact and, a fortiori, w-moderated (a subset is w-
moderated if it is contained into the union of a countable sequence of compact subsets
and a w-negligible set).

As for (ii), since X is second countable, Prop. 2, § 3.1, ensures that the family

Jx p(x)dw,(z) is p-adequate in the sense of Def. 1, § 3.1. The equivalence of the two
conditions in (ii) is then the content of the Corollary at the end of § 3.2.

As for (iii), it is just Th. 1, § 3.3, observing that any function is w-moderated since
X is w-moderated (a function is w-moderated if it is null on the complement of a
w-moderated subset).

Finally, for (iv), by assumption [y w,dp(y) = [y w,dp(y), where the integral is a
scalar integral of vector valued functions taking value in M (X). Now Lemma 1, § 3.1
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ensures that C.(X) has a countable subset which is dense? in C.(X) with respect to
the o(C.(X), M (X)) topology, so that, by Remark 2 in §1.1, it is enough to show that
for any ¢ € C.(X) and for p-almost every y € Y

J @iy @) = [ p(a)de(a)

This is in turn equivalent to proving that

60 [ ([ e@de@) o) = [ ( [ el @) oty

holds for all ¢ € C.(X) and & € C.(Y). Fix then ¢ € C.(X) and £ € C.(Y), and
put f(xz) =&(¥(x))e(x). This function is w-measurable since ¥ is w-measurable and
¢ and ¢ are continuous, it is bounded since both £ and ¢ are bounded, and it has a
compact support since ¢ is compactly supported. Hence f is w- integrable. Applying
twice (50) we get

620 [ (/] eu@)e@dey@)) dotw) = [ ([ e¥@)e(@)de)(x)) dotw)

Given y € Y, (a) implies that {(¥(z)) = {(y) for wy-almost all z € X, so that

([ cw@netide, @) dotw) = [ (] ew)de,(@)) &@dow)

and similarly for the right hand side of (52). Hence (51) is true and the claim is proved.
a

The integral formula (b) will be written for short
(53) do = | w,dp(y)

5.2. Direct integrals. Next we recall the definition of direct integral, following [13].
Hereafter we assume that the hypotheses of Theorem 25 are satisfied. Fix a countable
family {px}ren dense in C.(X), and hence also in every L*(X,w,), with y € Y. The
map y — (@k,Pr)w, 1S p-measurable since it is p-integrable by the hypothesis (a).
Under these circumstances, {¢x }ren is called a measurable structure for the family of
Hilbert spaces {L*(X,w,)}. The direct integral [y L?(X,w,)dy is defined as the set
consisting of all the families {f,} satisfying:

(D1) f, € L*(X,w,) forall y € Y;
(02) [ I£,)12,dply) < +oo:
(D3) v (fy ¥r)w, is p-measurable for all k.

Two families F = {f,} and G = {g,} are identified if for almost every y € Y f, = g,
as elements in L*(X,w,). The space [, L*(X,w,)dp(y) is a Hilbert space under

(F.G) = [ (s ) dp(y).

4 It is proved there that there exists a countable subset S C C.(X) such that for every f € C.(X)
there is a sequence (f,)nen in S converging to f uniformly and |f,| < |f] for all n.
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Since C.(X) has a dense countable subset, (see footnote 4), (D3) is equivalent to
(D3) y+— (fy;¢)w, is p-measurable for all ¢ € C.(X),

so that, as long as we choose the functions of {¢g}reny in C.(X), the measurable
structure is independent of the choice of the particular family.

PROPOSITION 26. Given f € L*(X,w), there exists a unique family {f,} in the Hilbert
space direct integral [y, L*(X,wy,)dp(y) such that, for almost every y €Y, the equality
fy(x) = f(z) holds for w,-almost every x € X . Furthermore, the map f — {f,} is a
unitary operator from L*(X,w) onto [, L*(X,w,)dp(y).

Proof. By hypothesis (b) of Theorem 25, for every ¢ € C.(X) we have

[ ewdate) = [ ([ plards, ) doty).

Given a function® f : X — C which is square-integrable with respect to w, hence
in particular w-measurable, (i) of Theorem 25 implies that f is w,-measurable for
almost every y € Y. Further, since |f|? is integrable with respect to w, (iii) of
the same theorem ensures that |f|? is w,-integrable for almost all y € Y, the map
y— [x|f(z)]Pdw,(x) is integrable, and

(54) J U@ dotw) = [ ([ 15@)Pdoy@)) doty)

Hence there is a p-full set Y/ C Y such that, if y € Y/, f is square-integrable with
respect to w,. For y € Y’ define f, to be the equivalence class of f in L*(X,w,) and,
for y ¢ Y, put f, =0.

We claim that F = {f,} isin [y L*(X,w,)dp(y). By (54), conditions (D1) and (D2)
are clearly satisfied. To prove (D3’), take ¢ € C.(X). Clearly, [ is w-integrable and
hence, by (iii) of Theorem 25, it is wy—integrable for almost every y € Y and

v [ f@)e@)do,(@) = (0,

is integrable, hence measurable. Therefore f +— F is a well defined map from the space
of square-integrable functions on X to fY L*(X,w,)dp(y), it is linear and, by (54),

(53) 5@ Rdoa) = [ 15,2, dp(w).

Hence, it defines an isometry from L*(X,w) into [, L*(X,w,)dp(y) and, by construc-
tion, for almost every y € Y, the equality f,(x) = f(z) holds for w,-almost every
reX.

We claim that the isometry f — F is surjective. It is enough to prove that for
any family F whose members f, are positive, there exists a positive f € L*(X,w)
such that, for almost every y € Y, the equality f,(z) = f(x) holds for w,-almost
every x € X . Take then such an F. First of all, we show that the family of measures
{fy - wy} is scalarly integrable with respect to p. This is equivalent to saying that
for all ¢ € C.(X) the function y — F,(y) = [y ¢(x)f,(z)dw,(z), certainly well

“Here it is important that f is a function, and not an equivalence class modulo a.e. equality.
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defined because (D1) implies that ¢f, is w,-integrable for every y € Y, is p-integrable.
Indeed, (D3’) says that F,, is p-measurable, whereas Holder’s inequality and Cauchy-
Schwartz give

L1F@lan) < [ 1ol ldot) < (LIl o) ( L112,d000)

so that by (D2) and (55) applied to ¢ yield
L IFow)ldny) < Clll < +oc.

Hence the claim is proved and p = [, (f, - wy)dp(y) defines a measure. We show next
that u is a measure with base®w. This will produce the required f that maps to F.
The Lebesgue-Nikodym theorem (see Th. 2 ,§ 5.5, Ch. 5 of [3]) ensures that it is enough
to prove that any compact subset K C X for which w(K) = 0 satisfies u(K) = 0.
Take such a K. Item (iii) of Theorem 25 applied to the characteristic function g
gives that for almost every y € Y, K is wy-negligible and, a fortiori, f,-w,-negligible.
Thus, (50) with w = p1, w, = f - w, and f = xx yields

_ /Y ( /K fy(a:)dwy(x)> dp(y) = 0.

Hence there exists a locally integrable positive function f such that f-w = pu. Moreover,
if p € C.(X), pf is integrable, so that again (iii) of Theorem 25 tells us that, for almost
every y € Y, of is wy-integrable, the map y — [y ¢(z)f(z) dw,(z) is integrable and
by definition of

/Y ( /X (@) fy(@) dwy(x)> dp(y) = /X p(z) du(x) = /Y < /X o(x)f(x) dwy(:c)> dp(y).

By the above equality, (iv) of Theorem 25 may be applied to infer that for almost every
y € Y the equality f = f, holds w,-almost everywhere. Finally, (D2) gives

/Y(/X|f(fv)|2dwy( )) dp(y / (/ | £y () [dwy (= )) o(y) < +oo.

Hence (iii) of Theorem 25 implies that f is square integrable. The equivalence class of
f in L*(X,w) is then the element required to prove surjectivity. O

Both L?*(X,w) and each of the spaces L*(X,w,) can be identified with subspaces
of M(X), simply by viewing their elements as continuous linear functionals on C.(X)
via integration with respect to w and w,, respectively. Further, (iv) of Theorem 25
implies that saying that for almost every y € Y the equality f,(z) = f(z) holds for
wy-almost every z € X is equivalent to

f'wz/y(fy'wy) dp(y),

6A measure which is the product ¢ - £ of a measure £ by a locally £-integrable positive function
¥ is called a measure with base £ (see Def. 2, § 5.2, Ch. V in [3]).
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in the sense that the map ¥ — M(X), y — f, - w, is p-scalarly-integrable.” These
remarks together with Proposition 26 imply that

(56) LA(X,w) = [ LA(X.w,)dp(y)
by means of the equality in M (X)
(57) f= [ fidov)

where the integral is a scalar integral.

5.3. The coarea formula for submersions. Below we give a simple proof of the
Coarea Formula for submersions; the general case is due to Federer [12]. Suppose that
n <d and let X C R? be an open set. Recall that a C'-map ® : X — R” is called a
submersion if its differential ®,, is surjective for all z € X . For every y € Y = &(X),
let dv¥(z) denote the volume element of the Riemannian submanifold ®~!(y) and by
J® the Jacobian. We introduce the measure v, on X by

(58) n(B) = [ . (%)(2), EeB(X).

It is worth observing that v, is finite on compact sets and concentrated on ®~(y).

THEOREM 27 (Coarea formula for submersions). Suppose that ® : X — R" is a
submersion. Then

(59) dx:/yduy dy,

where dz and dy are the Lebesque measures on RY and R™, respectively.

Proof. We must show that

for@ae= [ ([ e )a

holds for every f € C.(X). Fix xy € X. Since ®,,, is surjective, the Inverse Mapping
Theorem implies (Corollary 5.8 in [20]) that there exists a diffeomorphism ¥ : U xV —
W such that

(60) O(V(z,y)) =y zelU,yeV,

where U is an open subset of R, V is an open subset of R® and W is an open
neighborhood of z.

Take f € C.(X). For any such f, since supp f is compact, by choosing a suitable
finite covering if necessary, we can always assume that supp f C W. The change of
variables formula and Fubini Theorem give

(61) [ t@de = [ ([ 1000y d: ) dy

"This means, by definition, that for any ¢ € C.(X) the function y Jx o(@) fy(x) dwy(x) is
integrable with respect to p.
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To obtain the coarea formula we simply compute the Jacobian JW¥. Observe that for
any given y € V., W¥ = ¥(. y) is a diffeomorphism from U onto WN®~*(y), regarded
as a submanifold. In particular, using this local chart, the volume element at the point
x = V(z,y) is given by

(62) dv¥(z) = /det [{(0Y)...(99),.] dz.
Taking the derivatives of (60) with respect to z and y separately, we obtain
(63> CD>k\I/(z,y) Dl\p(z,y) = 07 (I)*\I!(z,y) DZ\IJ(z,y) = Ixn.

Fix (z,9) € UxV andlet P, denote the orthogonal projection from R¢ onto ker Doy (2,) 5
and P, = I — P; the orthogonal projection onto [ker q)*q,(w)]% which is a subspace of
dimension n because ® is a submersion. From (63) it follows that

(64) PQ(Dl\II)(z’y) = 0, PQ(DQq/)(z?y) = (q)*q/(z7y) O L)il,

where ¢ : [ker ®,y(,,)]" — R? is the natural injection. Let R € O(d) be the rotation
that takes ker ®,y. ) onto the z-hyperplane (first d—n coordinates) and its orthogonal
complement onto the y-hyperplane (last n coordinates), so that RP;(z,y) = z and
RPy(z,y) =y. Then (64) imply

[0 7
where A = R(D1V)(.,), B = RPi(DyV)(.,) and C = RP,(DyV)(.,). Therefore
VJdet [(9Y)...(0),.]
\/det [(I)*\Il(z,y)tq)*‘ll(z,y)}

where we have used (64). Taking (62) into account, for x = ¥(z,y) we have

(J)(2,y) = | det RW.(. )| = |det Al |det O] =

)

dv¥(z)
(J0) () ds = L0
(J@)(x)
which inserted in (61) yields the result. 0
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