FRAMES AND OVERSAMPLING FORMULAS
FOR BAND LIMITED FUNCTIONS

VINCENZA DEL PRETE

ABSTRACT. In this article we obtain families of frames for the space B, of
functions with band in [—w,w] by using the theory of shift-invariant spaces.
Our results are based on the Gramian analysis of A. Ron and Z. Shen and a
variant, due to Bownik, of their characterization of families of functions whose
shifts form frames or Riesz bases. We give necessary and sufficient conditions
for the translates of a finite number of functions (generators) to be a frame
or a Riesz basis for B,,. We also give explicit formulas for the dual generators
and we apply them to Hilbert transform sampling and derivative sampling.
Finally, we provide numerical experiments which support the theory.

1. INTRODUCTION

In many signal and image processing applications, images and signals are as-
sumed to be band limited. A band limited signal is a function which belongs
to the space B,, of functions in L?(R) whose Fourier transforms have support in
[~w,w]. Functions belonging to this space can be represented by the Whittaker-
Kotelnikov-Shannon series, which is the expansion in terms of the orthonormal
basis of translates of the sinc function. The coefficients of the expansion are the
samples of the function at a uniform grid on R, with “density” w/x. This sampling
density is usually called the Nyquist density.

The theory has been extended in many directions by several authors. In one of these
extensions the sinc orthonormal basis was replaced by Riesz bases (see for example
[Hi] by J. R. Higgins) or frames. Frames generally are overcomplete and their
expansion coefficients are not unique. Their redundancy is useful in applications
because the reconstruction is more stable with respect to errors in the calculation of
the coefficients and it allows the recovery of missing samples [F]. In signal analysis
frames can be viewed as an “oversampling” with respect to the Nyquist density.
The second extension consist in using more than one function to generate the space
B,,. In this case the Riesz basis or the frame are formed by the translates of a finite
family of functions and the expansion formula is called a multi-channel sampling
formula [P] [Hil].

Finally we mention that there is a huge literature on the problem of reconstruc-
tion of signals from non-uniform samples. Since this paper is only concerned with
uniform sampling, we refer the reader to the recent article of A. Aldroubi and
K. Grochenig [AG] and the references given there for an extensive review of the
problem of non-uniform sampling.

Key words and phrases. Frame, Riesz basis, shift-invariant space, sampling formula, band-
limited function.
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In this paper we construct multi-channel uniform sampling formulas for band-
limited functions using the theory of frames for shift-invariant spaces. A t,-shift-
invariant space is a subspace of L?(R) that is invariant under all translations
Tit,, k € Z, by integer multiples of a positive number ¢,. We recall that B, is
t,-shift-invariant for any t,. A set ® in a t,-shift-invariant space S is called a set
of generators if S is the closure of the space generated by the family Fg : =
{Tkt, @, ¢ € ®, k € Z}. The space S is said to be finitely generated if it has a finite
set of generators. Finitely generated shift-invariant spaces can have different sets
of generators; the smallest number of generators is called the length of the space.
The structure of finitely generated shift-invariant spaces was investigated by C. de
Boor, R. DeVore and A. Ron with the use of fiberization techniques based on the
range function [BDR]. These authors gave conditions under which a finitely gener-
ated shift-invariant space has a generating set satisfying properties like stability and
orthogonality. Successively, A. Ron and Z. Shen introduced the Gramian analysis
and extended the results of [BDR] to countable generated SI spaces [RS]. In their
paper they characterized sets of generators whose translates form Bessel sequences,
frames and Riesz bases. For finitely generated spaces these conditions are expressed
in terms of the eigenvalues of the Gramian matrix. In concrete cases it would be
useful to have more explicit conditions expressed in terms of the generators or their
Fourier transforms. In this paper, using a result of M. Bownik, we obtain these
more explicit conditions for the space B, [B]. We also give explicit formulas for
the Fourier transforms of the dual generators.

In the last part of the paper we use these results to obtain multichannel over-
sampling formulas for band limited signals and we apply them to the derivative
sampling. Finally, we support the theory with some numerical experiments.

The paper is organized as follows. In Section 2 we collect some results on frames
for shift-invariant spaces and find the range of B, as a t,-shift-invariant space.

In Section 3 we consider a family ® = {1, 2,...pn} of N generators, where N
is the length of B,, as a t,-shift-invariant space. We give a necessary and sufficient
condition for Eg ;, to be a frame or a Riesz basis for B,,. The condition is expressed
in terms of the pre-Gramian. To prove this condition we use a result of Bownik
which characterizes the system of translates g +, as being a frame or a Riesz family
in terms of “fibers” [B].

In Section 4 we find the family ®* of dual generators. Here we use the fact that, in
the fibered representation of B, the frame operator is unitarily equivalent to the
operator of multiplication by the dual Gramian matrix G 4, () = Joi, (2)Jg ;. (2)
acting on the fiber over x. The problem of finding the dual generators is reduced
to solving the matricial equation Jy , (z) = Jg ; (2)J5 ; (T) Jgpe ;, (z) in the un-
known Jg. , () in [0, h]. Where Jg , (z) is invertible, the solution is the inverse of
Jp 1, (), elsewhere it is given by the Moore-Penrose inverse of Jg , (z). We give
the expressions of the Fourier transforms of the dual generators as cross products
of translates of the vector ® = (51, %3, ... PN).

In Section 5 we apply the results of the previous sections to obtain two and three-
channel sampling formulas for functions of B,, and we apply them to derivative
sampling. We also provide some numerical experiments.
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2. PRELIMINARIES

In this section we collect some results on frames for shift-invariant spaces to be
used later. We begin by introducing some notation. The Fourier transform of a
function f in L*(R) is

FI(E) = (&) = % / F(Be-at.

The convolution of two functions f and g is
1
xg(x) = — T — dy,
frg(x) \/ﬂ/f( y)g(y) dy

so that F(f * g) = FfFg. Let h be a positive real number; L} is the space of
h-periodic functions on R such that

(21) o = (3 [ It pdr)” < e,

With the symbol ¢£2(Z; CY) we shall denote the space of C¥-valued sequences ¢ =

(¢(n))z such that »
lelles = (3 lemI?) " < .

neZ
Let H be a subspace of L?(R). Given a subset ® = {¢;,7 =1,...,N} of H and a
positive number ¢, denote by Eg ;, the set
Eo 1, = {Tnt,pj, n€Z, j=1,...,N}.

Here 7, f(x) = f(xz+a). The closure of the space generated by Eg ¢, will be denoted
by Se.1,. The family Eg , is a frame for H if the operator Ty, , : €*(Z;CN) — H

defined by
N
Ty ,c= Z Z ¢j(n)Tnt, ¢j

j=lnez
is continuous, surjective and ran(Tq)’to) is closed. The family Eg ;, is a frame for
H if and only if there exist two constants 0 < A < B such that

N
(2.2) AP <D 0D K maee)* < BIIFI Vf e H.

j=1n€ez
The constants A and B are called frame bounds. If A = B the frame is called tight
and if A= B =1 a Parseval frame. Denote by Tj , : H — (*(Z;C") the adjoint
of Ty, , defined by
(2.3) (Tg,tof)j(n):g,rnt()(pj) YneZ,j=1,...,N.
The operator Ty, , Tg ;, : H — H is called frame operator. The set Eg ¢, is a frame
for H if and only if the frame operator is continuously invertible and

N
To,,To,f = Z Z(f, TatyPj) Tnt, Pj VfeH.

j=1nez
Observe that (2.2) can be written AI < Ty, Ty, < BI, where [ is the identity
operator on H. Denote by ®* the family ®* = {¢7,j =1,..., N}, where

(2.4) 07 = (To1,Ta1,) " @5 j=1...,N.
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If Epy, is a frame for H then Eg- ¢, is also a frame (the dual frame), and
Ty, Ti- . =Ty, T, = 1. Explicitly

(25) f= ZZ fs Tnt,5) Tat, 05 = ZZ [y Tnt,95) Tnt, ¥ VfeH.

j=1n€ezZ j=1n€ez

The elements of ® are called generators and the elements of ®* dual generators. If
the family Fg ;, is a frame for H and the operator Ty, , is injective, then Fg ¢, is
called a Riesz basis.

In what follows t, is a positive parameter. To simplify notation, throughout the

paper we shall set
2
h="
to
A subspace S of L?(R) is t,-shift-invariant if it is invariant under all translations
by a multiple of t,. The following bracket product plays an important role in Ron

and Shen’s analysis of shift-invariant spaces. For f and g € L?(R), define

(2:6) [f,9) =Y f(-+ih)g(- + jh).

JEZ
Note that [f, g] is in L}, and [|[f, iz = || £1|2. The Fourier coefficients of [f, g] are
given by

(27) [fA? g] (g) = <fv Tftog> VieZ.
Indeed

.d /Z (FR@e s = [ ) gla) e da

If S is a t,-shift-invariant space and there exists a finite family ® such that S =
Sot,, then we say that S is finitely generated. Riesz bases for finitely generated
shift-invariant spaces have been studied by various authors. In [BDR] the authors
gave a characterization of such bases. In [RS1] Ron and Shen gave a characterization
of frames and tight frames also for countable sets ®. The principal notions of their
theory are the pre-Gramian, the Gramian and the dual Gramian matrices.

The pre-Gramian Jg 4 is the h-periodic function mapping R to the space of cox N-
matrices defined on [0, k] by

(2.8) (Jao.t,) ;0(x) = VB Qila + jh) VieZ (=1,...,N.

The pre-Gramian Jg , should not be confused with the matrix-valued function

whose entries are \/E@(x +jh), for all z € R, which is not periodic. The spectrum
of the space Sg;, is defined as

(2.9) 0(Sp,,) ={zeR: Jo 1, () # 0}

or, equivalently, as the support of Z;\;l[@, ©;]. Of course, since the functions @;
are defined only up to a null-set, the support is intended in the sense of distributions,
i.e. as the complement of the largest open set on which the function Zjvzl[@, @;]
vanishes as distribution. It was proved in [BDR] that the spectrum of a finitely
generated space depends only on the space itself and not on the particular selection
of its generators.
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Denote by Jg , the adjoint of Jg , . The Gramian matrix Go¢, = Jg ; Jg 4, 18
the NV x N matrix whose elements are the h-periodic functions

(210) (Gi’,to)jg = [@7 @]

The dual Gramian Ge 1, = Jg ; Jg , 1s the infinite matrix whose elements are

N
(2.11) (Ga,t,) ;0= D> Tin®n TenPn, j. L€ L.

n=1
The importance of these two matrices lies in the fact that the Gramian matrix
represents the operator Tg , Ty , and the dual Gramian represents the operator
Ty ., T4 ., and many properties of these operators can be studied by looking at
them. Indeed, by the theory of Ron and Shen [RS], after conjugating with an
isometry, the operator Ty , T3 , can be decomposed into a measurable field of
operators, acting on ¢?(Z), which are represented by the dual Gramian matrix
écp’to in the canonical basis (see formulas (3.4) and (3.5) below). Similarly, after
conjugation with a Fourier transform, the operator T , Ty , is represented by the
Gramian Go ¢, .
Denote by L? (R;¢%(Z)) the Hilbert space of ¢2(Z)-valued h-periodic functions on
R such that

1

1 [ 3
(2.12) 11|22 mse2 (z)) = (E/O [ (@)]le2 dff) < o0.

For every f in L?(R) we denote by L, f the £2(Z)-valued function defined on [0, h]
by
(2.13) Lnf(z)=Vh>_ f(z+Lh)s, z € [0,h]

lEZ

and extended to R as a periodic function of period h. Here {d, : £ € Z} is the canon-
ical basis of £%(Z). The map f +— L, f is an isometry of L*(R) onto L% (R;¢*(Z)).

Observe that the vectors L,p;, j = 1,..., N are the columns of the pre-Gramian
Jgp 1, L
(2.14) Jo.1, = (Lrpis- - La@N)-

The map Lj, links t,-shift-invariant subspaces of L?(R) with h-doubly-invariant
subspaces of L?(R; ¢%(Z)). We recall that a subspace of L?(R;¢*(Z)) is h-doubly-
invariant if it is invariant under pointwise multiplication by e>™** %  k € Z. Obviously
a subspace S of L?(R) is t,-shift-invariant if and only if the space

(2.15) Ly(S) ={Lnf.f €S}

is h-doubly-invariant. T.P. Srinivanasan gave a characterization of doubly-invariant
spaces in terms of range functions (see [H],[S]). As remarked by de Boor, DeVore
and Ron [BDR] a similar characterization of shift-invariant spaces follows from it
(see Proposition 2.1 below). In our context a range function is a h-periodic map
R from R to the closed subspaces of ¢?(Z). The function R is measurable if the
map P which maps a point = € R to the orthogonal projection P(x) onto R(x) is
weakly measurable in the operator sense, i.e. the function

z = (P(x)p, ¥)e @)
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is measurable for all ¢ and ¥ € ¢%(Z). Range functions which are equal almost
everywhere are identified.

Proposition 2.1. A closed subspace S of L*(R) is t,-shift-invariant if and only if
(2.16) S={feL*R): Lyf(z) € R(z) for a.e.z € R}
for some measurable h-periodic range function R.

Obviously t,-shift-invariant subspaces with the same range function coincide.
This observation shall be used in the proof of Theorems 3.6 and 3.7.
In Theorem 2.2 below we compute the range function of the space of band-limited
functions

B, = {f € L*(R) : supp(f) C [~w,w]}.
In general it is not a simple matter to compute the range function of a space.
Fortunately, if the space S is finitely generated, the range function can be written

in terms of the generators; indeed in [BDR] it was shown that if S = S¢,, and
®={p;, j=1,...N} then

(2.17) Ri(Sa,t,)(x) = span{Lpp;(z) : j=1,...,N}

is the space generated by the columns of the pre-Gramian matrix Jg 4, This result
holds also for countable sets of generators. Of course a shift-invariant space S can
have more than one family of generators; the smallest number of generators is called
the length of the space

(2.18) len, (S) = min{f®, S = Sa ¢, }.
In [BDR] it has been proved that if S is finitely generated then
(2.19) len, (S) = esssup {dimR;(Se,,)(x): € [0,h]}.

To state the next theorem we need some notation. We denote by |a| the greatest
integer less than a. Recall that h = 27/t, and set £ = |w/h| + 1.

fw/l <h<w/(l—1/2)then 0 < —w+¢h <w— (£ —1)h < h. We denote by
I_,1,1, the intervals defined by
(2.20) I_ = (0, —w+£h), I = (—w+Lh,w—((—1)h), I, = (w—(¢{—1)h,h)

Similarly if w/({ —1/2) <h <w/({—1)then 0 < w — ({ — 1)h < —w +fh < h; in
this case we denote by K_, K, K| the intervals defined by

(2.21)

K_=(0,w—(£—1)h), K=(w-{—-1)h,—w+th), K, =(—w-+¢thh).

Recall that {d, : £ € Z} is the canonical basis of ¢?(Z).

Theorem 2.2. Let t, be a positive parameter, h = 27/t, and set £ = |w/h] + 1.
Then
(i) f w/l <h <w/(l—1/2) the range function of the space B, is
span{d; : —((—1)<j<l—1} if zel_
(2.22) Ru(Bu)(xz) = { span{d; : —0<j<{l—1} if xel
span{d; : —¢<j<{(—2} if zel.

Note that if h = w/¢ then the intervals I_ and I are empty.
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(ii) Ifw/(¢ —1/2) < h < w/(£—1) the range function of the space B,, is

span{d; : —({—1)<j<{l-1} if veK_
(2.23) Riu(Bu)(x) = ¢ span{d; : —({—1) <j<(-—2} if reK
span{d; : —£ < j<{—2} if xeK,.

Note that if h = w/(¢ — 1/2) then the interval K is empty.

Proof. For the sake of simplicity we prove the theorem only for ¢ = 2, i.e. w/2 <
h < w. The proof in the other cases is similar. Denote by M the space of all
functions g in L3 (R; ¢?(Z)) such that g(z) € R(B,)(z) for a.e. = € [0,h]. Let Q
denote the orthogonal projection of L? (R; ¢*(Z)) onto M. By [H, Lemma p. 58] for
g € L?(R; (*(Z)) we have

(2.24) Qy(x) = Qa)g(z)  ae.a

where Q(x) is the orthogonal projection of ¢?(Z) onto R(B,)(x). Thus, to determine
R(B,)(z) we only need to describe the projection Q(z) for a.e. x. Denote by A,
the space of functions in L?(R) with support in [~w,w] and by P : L3(R) — A,,
the orthogonal projection onto A, that is Pf = x[_. .]f By Proposition 2.1
Ln(Ay,) = Eh(éz,) = M. Thus we have

(2.25) Q=_c,,PL;!
because £y, is an isometry. Let 1 = Y 9,0, € L}(R;(*(Z)), then £, '¢(z) =
Y (2) for x € [nh, (n+ 1)h], n € Z; i.e.

‘ijlw = Z X[nh,(n+1)h]"/}n-

Hence

(2.26) PL, = ZX[fw,w]X[nh,(nJrl)h]qﬁn-
Since § <h <w

X[0,A] if n=0
X[=h,0] if n=-1
X[—w,w] X[nh,(n+1)h] = § X[h,w] if n=1
X[—w,—h] if n=-2
0 otherwise.

It follows that
(2.27) PL M = X[cw,—h) Y2 + X[=h0) Y1 + X[o,0]%0 + X[hw] Y1-

Now we find £, PL; '(z).
First suppose that h > 2w/3; then 0 < w — h < 2h — w < h. Hence from (2.27) it
follows that for each ¢ € £2(Z)

d)_l(l') 5_1 +’l/)0(l’)50+1/}1(f£) 51 if xe (O,W7h)
LhPL () = S o1 (x) 61 + () o if z€ (w—-h2h-w)
Yoo(x)d_a+¥_1(x)d_1 +o(x)dy if x€ (2h—w,h).
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Suppose now h < 2w/3; in this case 2h — w < w — h < h. Hence from (2.27) we
have ¢ € (%(Z)

P_1(x) 6_1 + Yo (x) 8o + ¥1 () 61 if ze (0,2h—w)
1
LhPLy () =4 > i(2) 65 if € (2h—w,w—h)

j=—
Yoo(x)d_a+_1(x)0_1 +o(x)dy if x€ (w—h,h).
Note that if h = w/2 the intervals (0,2h — w) and (w — h, h) are empty. This
determines completely the projection Q(x) by (2.24) and (2.25). O
The following corollary is a straightforward consequence of Theorem 2.2.

Corollary 2.3. Let ¢ = |w/h]| + 1. Then the length of B,,, as t,-shift-invariant
space, s

20 if 7<h< %7,
(2.28) len, (B.,) :{ : =172
20 -1 1f€1/2§h<e1
Proof. The thesis follows immediately from (2.19) and Theorem 2.2. O

3. FRAMES FOR THE SPACE B,

Let ® be a finite family of generators for B,,. In this section we find conditions
under which Fg ¢, is a frame for B,,. First we prove a representation formula for
the frame operator analogous to the formula proved by Heil and Walnut for Gabor
frames [HW, Theorem 4.2.1]. From this formula we deduce a simple necessary
condition (see Proposition 3.2). The formula will also be useful in Section 4 to find
the dual generators.

Let ® = {p;,1 < j < N} be a family of functions in B,, t, a positive parameter
and h = 27 /t,. Denote by Qf , *the function

N

(3.1) O, =hY &, keZ.
j=1

Theorem 3.1. If ), ||Q’f§)7to||oo < oo then the operator Ty , = from 2(Z;CN) to
B, is bounded and

(3.2) fT@,tqut,tofil = Zgg,tomh
&

on L?(R), where the series converges in the operator norm.

Proof. First we show that if f € L2(R) then [, P;]isin L? for 1 < j < N. Indeed
h
~ 2 ~
[ rete=n [ (STt + i+ ) £, 5]
0

(Z+1)h? PPN
_ h; /K F() @) I 8)(2) d=

h

s / Z 55(2) Bz + kh) (= + kR) T (2) dz
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Note that we may exchange the sum and the integral because f@ has compact
support and the sum is finite. By summing over j and exchanging the sums we
obtain

N 1 B ~ _
Zg/o mdx—h/zz% )P(z + kh) f(z + kh) f (2) dz

k j=1

Therefore, by (3.1)

S R I
(33) S i [ IFE de= (2 0 mu . B
j=1 0 k

By Schwarz’s inequality the right hand side is less then || f]|2 pom[e:4 +, |lco- Hence

[f,cp]] € L7, for 1 < j < N. By (2.7) the Fourier coefficients of [f,@] are
(f, Tknyj), k € Z. Hence, by (3.3), Plancherel’s formula and (2.3)

OO0k k. F) =ZZ (finep)
k

j=1 k
= T3, FII?
= <T<I>,tDT<It,tofa f>

This proves (3.2). Hence T3, is bounded from B, to ¢*(Z;CY) and Ty, is
bounded from ¢2(Z;C") to B,,. O

Now by using formula (3.2) we show that the operator Ty 4,15, ¢, 1s unitarily

equivalent to the operator of multiplication by the matrix é¢,7to acting on the space
L3 (R; ¢3(Z)). Our proof, given for the sake of completeness, is a simple alternative
derivation of a result of Ron and Shen for general shift-invariant spaces [RS].

Let f be a function in L?(R). By (3.2) for each j € Z

FTy . To F f(x+ jh) = Z Qk  (x+ jh) f(z + jh + kh)
—ZQ (x4 jh)f(x + Lh).

Now we observe that for a.e.  in R

Qg ) (x+jh) = Q4 (z+(h) Vil €.
Therefore by (2.11) and (3.1) we get
Flou, T, F [+ i) =) (Gau,), (@) f(x+Lh) Vil € L.
4
By (2.13) this formula implies that
(3.4) LyFTy, T F ' f = Gau Lnf a.e. in [0, h).

This shows that the operator Ty, ;, T3 ; is unitarily equivalent to the operator §¢,7to
defined by

(3.5) Go.1,9(x) = G, ()g(x)
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for almost every x € [0,h]. An operator of this form is said to be decomposable
into the measurable field z +— g}m(z) of operators on [%(Z). We shall use this
representation in Section 3 to find the dual generators of frames.

In the following proposition we give a necessary condition for Fs ;, to be a frame.
The proof mimics closely an argument of Heil and Walnut for Gabor frames [HW].

Proposition 3.2. Let ® = {p;,1 < j < N} be a family of functions of B,,. If
Es i, 15 a frame for B, then there exist 0 < § <y < oo such that

N
(3.6) § < Z o512 <~ a.e. in [—w,w].
j=1

Proof. Observe that hZ;il [p;1? = Q4 ,,. We only prove that 0 < essinf Qg , be-
cause the proof of the other inequality is analogous. Suppose that essinf Q%,to =0
then for each e there exists a set E. C (w,w), of positive measure, such that
Q%’to () < € for a.e. x € E.. We may suppose that there exists an an interval

I of measure h such that E. C I. Let f € B, be defined by f = Xg.; by the
Parseval and the Plancherel formula

T omikZ 2 —~2 .
Z|<f,mos0j>l2=2‘/f P’ ’“hdw‘ =h/ng|<Pj| dx j=1,...,N.
k L I I

Therefore

N
> S ol = [ o, @0, (0) do < ehilxe, |* = ehl
=1 k I
This contradicts the fact that Eg ., is a frame. O

Next, we give a necessary and sufficient conditions for Eg ¢, to be a frame or a
Riesz basis for B, when @ is a subset of B, of cardinality len, (B,,) (see Theorems
3.6 and 3.7 below). Our characterization will be given in terms of the pre-Gramian.
Strictly speaking, the pre-Gramian Jg i, is an infinite matrix. However we shall
see that all but a finite number of the rows of Jg 1, vanish. Hence we may identify
it with a finite matrix. We shall need the following

Lemma 3.3. Let h be a positive number, { = |w/h|+1 and g € B,,. Let I_,I, I,
and K_,K,K, be the intervals defined in the previous section (see (2.20) and

(2.21)).
(i) Suppose that w/l < h <w/( —1/2). Then Tj, g(x) =0
ifeel. andj ¢{-(L-1)<j<{l-1}
(3.7 ifeel andj ¢{—L<j<l-1}
ifeely andj ¢ {—0<j<{-2}
Note that if h = w/{ then I_ and I are empty.
(i) Suppose that w/({ —1/2) < h <w/(¢ —1). Then Tjp g(x) =0
ifeeK_ andj ¢ {-({—1)<j<{—-1}
(3.8) ifereK andj ¢{—-(t—-1)<j<l-2}
ifee Ky andj ¢ {—€<j<{l-2}
Note that if h =w/(¢ — 1/2) then K is empty.
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We omit the proof which is straightforward.

We consider separately the two cases h < w/({—1/2) and w/({ —1/2) < h
Assume first that w/¢ < h < w/(¢ —1/2). Then len, (B,) = 2¢ by Corollary 2.3.
Let ® = {¢; : 1 < j < 20} be a subset of B, of cardinality 2¢. By Lemma 3.3
all the rows of the matrix J<1> ‘. vanish except possibly (Tjhgalﬂ']hcpg, .. TJthQg)
— < j<{¢—1. Thus we 1dent1fy the infinite matrices Jg ; , Jg3 ; and G<1> ¢, With
their 2¢ x 2¢ submatrices corresponding to these rows. The entries of the Gramlan
matrix are

(Ga.t,) ), = @k, %3] 1<j<20 1<k<2t
By Lemma 3.3 the i-th column of J<I>,to> 1<i<2is
(3.9)
0 T—thPi T_th @i
T—(t-1)hPi T—(t—-1)h¥i T—(—1)h¥i
Vh i in I_ vh b inl Vh i inI,.
T(e—2)hPi T(e—2)hPi T(e—2)hPi
| T(¢e-1)hPi | L Te—1)nPi | L 0
We note that
(3.10) rank Gg ¢, = rank Jg ; .

We shall use the following result of Bownik [B, Thm 2.3] which characterizes the
system of translates Eg ., as being a frame or a Riesz family (for the space it
generates) in terms of the “fibers” {Ly@(z) : ¢ € D}

Theorem 3.4. Suppose ® C L*(R") is countable and let H be the subspace of
L3(R) generated by Eg;,. Then
(i) Eo,., is a frame for H with constants A, B if and only if {Lrp(x) : ¢ € P}
is a frame for Rp(H)(x) with constants A, B for a.e. x € [0, h].
(ii) Eg,4, is a Riesz basis for H with constants A, B if and only if {Lrp : ¢ € D}
is a Riesz basis for Rp(H)(x) with constants A, B for a.e. x € [0, h].

To apply Bownik’s theorem in our context we need a simple lemma of linear
algebra. Let J be a n x m matrix with complex entries, n < m; we shall denote by
|I.7]| the norm of J as linear operator from C™ to C™ and by [J], the sum of the
squares of the absolute values of the minors of order n of J.

Lemma 3.5. Let vq,...,v, be m vectors in C™*, m > n, and denote by J the
matric (vi, ..., U,) whose j-th column is the vector v;.

(i) If [J]n > 0 then {v1,...,vm} is a frame of C™ with frame constants A >
[(T] [|7]|23=™), B = ||J||?. Conwersely, if {vi,...,vm} is a frame for C"
with constants A and B, then [J], > A™ and ||J| < B'/2.

(ii) If m =n and det J > 0 then {v1,...,vm} is a Riesz basis of C™ with con-
stants A = det(J)? ||J||?=™) and B = ||J||?. Conversely, if {vi,...,vm}
is a Riesz basis for C" with constants A and B then det(J) > A™? and
1] < BY/2.
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Proof. Let T : C™ — C™ be the synthesis operator associated to {vy,..., v}, i.e.
Tz =" zjv; for all z € C™. We observe that TT* and JJ* have the same
eigenvalues A\; < --- < \,, because the matrix J represents the operator T' with
respect to the canonical bases of C™ and C™. Since

MI<TT* <\, 1

{v1,...,0m} is a frame for C" if and only if Ay > 0. In such a case A; is the
biggest lower frame bound and A, is the smallest upper frame bound. Moreover
An =TT = |||

Now suppose that [J],, > 0. By the Cauchy-Binet theorem [J],, = det(JJ*) =
H_?:l Aj. Thus

det(JJ*) [J]n [J]n
A= > = >0
C G T e
and {vi,...,v,} is a frame for C" with constants \; > [J],[J[>**~™ and
An = [IT]12.
Conversely, suppose that {v1,...,v,,} is a frame for C* with constants A and
B. Then A < A\; <\, < B. Hence ||J|| < BY/2 and
[J]n =det(JJ*) > A} > A" > 0.
This concludes the proof of part (i) of the Lemma.
To prove the second part it suffices to observe that {vy,...,v,} is a Riesz basis
of C™ if and only if 7" is an isomorphism and that, in such a case, Riesz constants
are also frame bounds. Moreover [J],, = |det J|*> when m = n. O

Theorem 3.6. Suppose that w/l < h < w/({ —3). Let ® = {p;,1 < j < 20} be
a subset of B,,. Then Fg, is a frame for B, if and only if there exist positive
constants 0,7y,0 and n such that

20
(3.11) §<> 1B1P <y a.e.in (—w,w),
j=1
(3.12) [Jo,,]yp =0 ae.in I_UI,,
(3.13) |det Jg, | > a.e.in I.

If h = w/l the intervals I_ and I are empty. In this case Eg ,, is a Riesz basis
for By, if and only if conditions (3.11) and (3.13) hold.

Proof. First we shall prove the theorem for w/¢ < h < w/(€ —1/2).

Let Eg;, be a frame for B, with frame constants A and B. This implies in
particular that B, coincides with the space S¢ ¢, generated by Eg ;. Condition
(3.11) follows from Proposition 3.2. Thus we only need to prove (3.12) and (3.13).

We recall that the columns of the pre-Gramian Jy , are the vectors Lnip;,
Jj =1,...,2¢ by (2.14). Thus, by Theorem 3.4(i), the columns of Jg , (v) are
a frame with constants A, B for the space Rp(B(w))(z) for a.e. z. By Theorem
2.2 we may identify canonically Ry, (B(w))(x) with C*~! for a.e. x € I_ U I, and
with C% for a.e. z in I. Thus, by applying Lemma 3.5(i) with v; = L£,%;(z) and
J = Jg 4, (x), we obtain that [Jg , ()]2e-1 > A1 for ae. zin I_ U Iy and

det(Jg ; (7)) = [Jg 4, (x)]ééz > A’ for a.e. x in I. This proves that conditions
(3.11)-(3.13) are necessary.
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To prove sufficiency assume that conditions (3.11)-(3.13) are satisfied. First we
prove that the space S¢ ¢, spanned by Eg ¢, is B,,. Since both are ¢,-shift invariant
spaces it is enough to show that their range functions coincide almost everywhere.
We recall that the range Ry (Ss,1,) of Se 1, is the space spanned by the columns of
Jp ¢, Hxisin I_ then by (3.9) Ri(Se,1,)(w) C span{d; : |j| < £—1} and the latter
space coincides with Ry (B,,)(x) by (2.22). On the other hand, rank Jg , () = 20-1
by (3.9) and assumption (3.12). Thus R4 (Ss.,)(x) = Ru(Bw)(x) because both
have dimension 2¢ — 1. Similar arguments show that the range functions coincide
almost everywhere also in I and in I.

Next we observe that [|Jg , ()| < /20y for a.e. x in [0,h] by (3.11). Moreover
[Jp.4,(x)]2e-1 > 0 for a.e. xin I_UI, by (3.12) and [Jg , (2)]2¢ = | det(Jg , )[> >0
for a.e. zin I by (3.13). Thus, by Lemma 3.5(i), the family { £ 21 (2), ..., Lrpae(x)}
is a frame for Ry(B,)(z) for a.e. x in [0,h]. The upper frame constant B =
[/ ., (x)]|* is bounded from above by 2/ almost everywhere in [0, 2]. The lower
frame constant A is bounded from below by

a1, (@)]2e=1 g 0, (@)20 729 > 0 (269)0 729 ae in I UL,

and by
| det Ty ¢, (@)* [[g,e, (2)[70 720 = 07 (26)1 729 ace.in 1.

Thus Fg ;, is a frame for B, by Theorem 3.4(i). This concludes the proof of the
theorem when w/f < h <w/(¢ —1/2).

To prove that if h = w/¢ then Fg ;, is a Riesz basis for B,, if and only if conditions
(3.11) and (3.13) hold, one argues in a similar way using Theorem 3.4(ii) and Lemma
3.5(i1). We omit the details. O

Remark If £ = 1 condition (3.12) is superfluous. Indeed, if h = w the intervals
I_ and I; are empty. If w < h < 2w then (3.12) follows from (3.11) because

2~ .
2 Zj:l |‘Pj|2 in 1

2
o Joe1 =Y 185851 =Y w0 > 751 =
— — 2 —~ .

=t F =t Toh D1 25 in Iy,
and the conclusion follows because I_ C (—w,w) and I C 7h(—w,w).

Next we consider the case w/(¢ —1/2) < h < w/(£—1). Then len, (B,) =
20 — 1 by Corollary 2.3. Let & = {p; : 1 < j < 20— 1} be a subset of B, of
cardinality 2¢ — 1. By Lemma 3.3 all the rows of the matrix Jg , , except possibly
(Tjn@1, Tjn@2, - - - TjnPa2e), —¢ < j < € —1 vanish. Thus we identify the infinite
matrices Jg ; , Jg ; and Go ¢, with their 2/—1 x 2/ —1 submatrices corresponding
to these rows. The i-th column of J@%, 1<i<2/—1is

(3.14)
T_(t—1)nPi T_(0—1)nPi T_thPi
. . T—(t—-1)hPi
Pi @i :
Vh in K_ Vh in K Vh 5 in K.
¥ +
T(e—2)nPi T(e—2)nPi :
| Tee—1)nPi | L 0 i | T(e—2)nPi |
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Theorem 3.7. Let ® C B, such that ® = {p;,1 < j <20 —1}, and £ # 1 such
that w/({ —1/2) < h<w/({ —1). Then Eg ¢+, is a frame for By, if and only if there
exist positive constants d,7,o0 and n such that

201
(3.15) 0 < Z 1512 <~ a.e. in (—w,w),
j=1
(3.16) [Jot,]py o =0 a.e.in K,
(3.17) |det Jg . | > ae. in K_UK,.

If h=w/(l —1/2) then Eg,, is a Riesz basis if and only if conditions (3.15) and
(3.17) hold.

The proof is similar to that of Theorem 3.6. We omit the details.

4. THE DUAL GENERATORS

Let N = len, (B.) be the length of B, as t,-shift-invariant space and let ® =
{¢1,-..,on} be a subset of B,. In this section we shall find the dual generators
®* when Eg;, is a Riesz basis or a frame of B,,. With a slight abuse of notation
in this section we shall denote by ® the vector (¢1,...,¢n) and by ®* the vector
(01, oN)-

It is well known that if Eg ;, is a Riesz basis for S¢ ¢, then the Gramian matrix
is invertible and the Fourier transform of the dual generators are given by

~T —a
(4.1) o =Gl T,
where v denotes the transpose of the vector v. In Theorems 4.1 - 4.7 we give
explicit formulas for the Fourier transforms of the dual generators when Eg ;, is a
frame satisfying the hypothesis of Theorems 3.6 or 3.7. The proof is based on the

dual Gramian matrix Gg,:, representation of the operator Ty , Ty , . From (3.4)
we obtain

LaFTy To o F 0" =Joy, Jou, Lobr k=1,...,N.
By (2.4) the left hand side is equal to £,py. Hence
Lyh =Ty, Ja 1, Lnih k=1,....N
which, by (2.14), can be written
(42) J<I>,to = J@,to‘]&;,to J@*,to-

As in Section 2 we identify the infinite matrices Jg , , Jg, and Jg., with
N x N matrices by neglecting their vanishing rows and columns (see the discussion
after Lemma 3.3). Thus we shall interpret (4.2) as an identity between N x N
matrices.

Under the assumptions of Theorems 3.6 and 3.7 the interval [0, h] is the disjoint
union of three intervals where the pre-Gramian is either invertible or has rank N —1.
In the latter case either the first or the last row of the pre-Gramian vanishes. In
this case we shall denote by Jg 1, the (N — 1) x N submatrix of Jg , obtained by
deleting the vanishing row from Jy, , . It is straightforward to see that in this case
equation (4.2) reduces to

(4~3) J<I>,to = “]I‘:Dato“.ﬂz‘,tn J<I>*,to'



FRAMES FOR BAND LIMITED FUNCTIONS 15

We regard (4.2) and (4.3) as equations for the unknowns Jg. , and Je« ,, respec-
tively. In the intervals where the matrix Jg ; is invertible we can solve for Jg. ;
n (4.2), obtaining that

(4.4) o1, = (ch,to)_l-
In the intervals where the rank of J(D,to is N — 1 we can solve for the submatrix
Jg« ,, obtaining that

(4.5) Jor 1, = JouT50,) " Jans,-

We recall that if A isa N x (N — 1) matrix of rank N — 1 then its Moore—Penrose
inverse AT is

(4.6) Al = (A*A)7 A"
(see [BIG]). Therefore by (4.5)
(4~7) J@*,t(, = (Jj{:,to)T-

We refer the reader to [BIG] for the definition and the properties of the Moore—
Penrose inverse of a matrix.

By using (4.4) and (4.5) we shall obtain explicit formulas for the Fourier trans-
forms of the dual generators. For the sake of clarity first we state and prove the
result for N = 2,3,4. By Corollary 2.3 these cases correspond to w < h < 2w,
w/2 < h <2w/3 and 2w/3 < h < w respectively.

Theorem 4.1. Assume thatw < h < 2w and let ® denote the vector (v1, p2) where
1,92 € By,. If (8.11) and (3.13) hold with £ = 1, i.e. if Eg ., is a frame for B,,,
then

1

Drhg in [—w,w — hj
(4.8) *={¢ hYYD| 2D in(w—hh—w)
—1
—D71_ ® n [h—w,w

where D = (det Jg, )~" and &L = ($3,—P1). Note that if h = w the central
interval is empty.

Proof. Assume first that w < h < 2w. We recall that I_ = (0,h—w), [ = (h—w,w)
and I} = (w,h). The pre-Gramian Jg, , is

vh 0 0 in [ Vh T-hPL T-nP2 in I
P11 P - 0 0 +

Vi TP Tl
¥1 P2

The same formulas hold for Jg. , with ¢; replaced by g/oa j = 1,2. Therefore

Vh® in I_ I B Vh o in I_

\/ET,h(/I; in I+ ento \/ET,h(i): in I+ .

By assumptions (3.11) and (3.13) Jg , hasrank 1in /_UJI; and rank 2 in /. Hence
Jgoq, = Up,) in I_UT, and

(4.9) Jot, = {

(4.10) Jgep, = o0 in I.
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First we find Jg. , in I_ UI;. By using (4.5) we get

D .
vmerE -
J{)*,to = (Jjb,to)T = R
T_h,¢> .
VT
By (4.9) we obtain that ®* = ﬁ in I_ and 7_,®* = W:%}:EHZ in Iy. Since
T_pI+ = (w — h,0) we finally get
— )
q)*:ﬁ in(w—h,h—w).
hl[@]]

Next we find the dual generators in the remaining intervals. By (4.10)
Jpe i =Vh (detJy , ) v2__ YL a.e.in (h—w,w).
e e —T-h®P2 T-h@1

By translating and reminding that the pre-Gramian matrix is h-periodic
— =41
B+ — Dr(p2,—¢1) =D, ® in (—w,w—h)
= s .
DT_;L(—cpg,cpl):—DT_h‘I) in (h—w,w).

This completes the proof of the theorem when w < h < 2w.
If h = w one argues as before; the only difference is that now the interval
(h — w,w — h) is empty. O

To find an explicit expression of the dual generators when N > 2 we need
formulas for the rows of the Moore—Penrose inverse of a N x (N — 1) matrix of full

rank. Given a (N — 1)-ple of vectors (Uy,...,Un_1) in CV their cross product is
e €2 . ey

N-1 1 2 N
U. U. Lo U
>1<Uj:U1 X Us... X Uy_1 =det 1, 1, 1,

1 2 N
Uk oy Uk ... UN,

where the {e; : j = 1,..., N} is the canonical basis of CV. Notice that if N = 2

then X U = U*. Given a vector W in CV and an integer k € {1,2,...,N — 1},
N-1

we shall denote by X U; (Uy < W) the cross product of the (N — 1)-ple

Jj=1

Ui, U1, W, U4, ..., Un—1), iee.

N—-1
X U(Uy = W)Y=U; x Uy... X Up—g X W X Upyr... X Un_1.
j=1
Lemma 4.2. Le M be an n x n invertible matriz. Denote by R;, j =1,...,n, its

rows and by C; its columns. Then the columns of M~ are
(—D)**(detM) ™" X R; 1<k<n

(SRR
Bl

#
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and the rows are
n
(=11 (detM)~ X ¢ 1<k<n.
j=1
i7k

Proof. Let My; be the kj-cofactor of M. Then the k-th row of the matrix cof (M)
of cofactors of M is

Ly = (*l)kH(Mklel — Myoes + -+ -+ (—1)”*1M;men)

= (-1 X R,

j=1
Gtk

The first identity follows from the fact that M ! = (det M)~ cof (M 7). The proof

of the second identity is similar. a

Lemma 4.3. Le A be a n x (n— 1) complex matriz of maximum rank. Denote by
Aj,7=1,...,n—1, the columns of A and by Py, k=1,...,n—1 the rows of Af.
Then

n—1
(4.11) Py = (—1)"[det(A*A)] ><1 Aj (A = W) 1<k<n-1
-
n—1
where W = X Zj.
j=1

Proof. Since rank A = n — 1 the null space of A* is the space spanned by W. Let
Ap the matrix obtained by bordering A with the column W, i.e.

Ay=[A W]

n—1

Then A, is invertible because detA, = X A;-W = |W|*. By [BIG, Thm. §]
j=1

Thus, for every k =1,...,n — 1, the k-th row of A' is the k-th row of A;l. Hence,
by Lemma 4.2 and the anticommutativity of the cross product, we obtain that

Py :(—1)k+1(detAb)_1A1 X Ag X oo X Ap_1 X Apyr.. X Ay X W

n—1

=(—=1)" W |2 >:<1 A ( Ay = W),

To conclude the proof we observe that |[IW|? is the sum of the squares of the absolute
values of the minors of order n—1 of A, i.e. the determinant of A* A, by the Cauchy-
Binet formula. O

Theorem 4.4. Assume that %w < h < w and let ® denote the vector (p1, 2, ©3)
where ¢; € B, j = 1,2,3. If assumptions (3.15)-(3.17) hold with { = 2, i.e.
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if Eo .15 a frame for B, then the Fourier transform of the dual generators
* = (1,93, ¢5) is

D Thg X Tghg in (—w,w—2h)
E (Th(/ﬁ X &)) X Thg in (w—2hh—w)

(4.12) =D 7 x T_p,d in (h—w,w—h)
—-E T,hg X (T,h;I; X ff) in (w—h,2h—w)
D T_th X T_hg in (2h —w,w)

where E = h (det Jo 4,35, )" and D =/h(det J;, )~'. Note that if h = 2w/3
the intervals (w — h,2h — w) (w — 2h, h — w) are empty.

Proof. Assume first that 2w/3 < h < w. We recall that K_, K and K denote the
intervals (0,w — h), (w — h,2h —w) and (2h — w, h) respectively, defined in (2.21).
By (3.14) the matrix Jg , is

T_,t‘% T_;L(/I; T_ghé\)
(413) Vh| & |inK_ Vh| & | n K Vh | 7_,® | in Ky.
T}L‘/IS 0 &\)

The same formulas hold for Jg. ; with o replaced by &*. Therefore

414 Jou = VA |22 and Jg.. = vi|™22| i K.
o 3 1, o

By assumptions (3.16) and (3.17) the matrix Jg , has rank 3 in K_ UK and rank
2 in K. Hence Jg. ;, = J$’t0_1 in K_UK, and Jg., = (T3, )" in K.

First we find Jg. , in K_. By Lemma 4.2
T,h@ = Dg X Thg, o* = DThg X T,hg, Th@ = DT,hg X g a.e. in K_

where D = /I (det J3.,)"'. By translating the first and the last identities and
reminding that the pre-Gramian is h-periodic, we obtain

D Thg X Tghg in (—h,w — 2h)
(4.15) *={D 7,6 x 7, in(0,w—h)
D T,ghg X T,hg in (h,w).
The same calculation in K gives
T_Q}L@ = DT_hg X g T_h(f’\* = Dg X T_th d* =D T_ghg X T_;Lg.
By translating the first two identities we obtain
D Thg X Tghg in (—w,—h)
(4.16) *={D 7,8 x7,® in(h—w0)
D T,th X T,hg in (2h —w, h).
Next we find Jg. , in K. By (4.14) and Lemma 4.3 the rows of Moore-Penrose

inverse of J; , are
;

—VhE (r_3® x ®) x ® ~VhE 7@ X (7_3® x ®)
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where E = h (det Jo 4,05, )" Hence, by (4.14),

T_h(f): =—-F (T_h‘/l\) X (/I;) X g @ =-F T_hg X (T_h&\) X ‘/15)

By translating the first identity and using the anticommutativity of the cross pro-
duct, we obtain

(4.17) & EThgf (@AX ThCTJ) _ in (w—2h,h —w)
E (T_hq) X <I>) X 7, ® in (w—h,2h —w).

The conclusion follows from formulas (4.15), (4.16) and (4.17). This completes the

proof of the theorem when 2w/3 < h < w.

If h = 2w/3 one argues as before; the only difference is that now the interval
(w— h,2h — w) is empty. O

Theorem 4.5. Assume that w/2 < h < 2w/3 and let ® denote the vector
(p1, 92,93, ¢4) where ¢; € By, j = 1,...,4. If (3.11)-(3.13) hold with { = 2,
i.e. if Fa 4, 5 a frame for B, then the Fourier transform of the dual generators
O = (¢1, 5, 93, 1) is

E T_hgix (T_h§ X f/I;f Th‘i\)) X Thg in (0,2h — w)
(4 18) (/I\)*_ D T,th/ﬁ X T,h(/I\) X Th(/I; m (2h—w,w—h)
. E T,2h§ X T,h(lﬁix (T,Q;LCT) X T_p® X </IS) in (w—h,3h —w)
D To3u® X Toop® X 7_p,® in (3h — w,w)

where E = h? (det Jo1,J5, )" and D = h(detJy , )~"'. The expression of ®* in
(—w,0) is obtained by reflecting each interval in (4.18) around zero and replacing
Tin With T_;p, in the expression of d* in the reflected interval. Note that if h = w/2
then the first and third intervals are empty.

Proof. Assume first that w/2 < h < 2w/3. We recall that by I_, I and I we denote
the intervals (0,2h — w), (2h —w,w — h) and (w — h, h) defined in (2.20). By (3.9)
the columns of Jg, , are

OA 712h§ 7'72h§>

Vh T_Ahq) in I_ Vh T_ﬁq) in [ Vh TfAh(I) in I,.
3 ) ) *
Th(I) Th&\) 0

The same formulas hold for Jg. , with ) replaced by &*. Therefore

o~

P T_h(i)\*

T—h
(4.19) Joo,=Vh| @ and  Jg., =vVh| & in I_
e T P*
7'—2}@ 7'72h§)\*
(4.20) Joo, =Vh | 7_,® and  Jg., =Vh |7, | inl,.
o o+

By assumptions (3.12) and (3.13) the matrix Jg , has rank 3 in /- U/} and rank
4in I. Hence Jg., =I5, ) in I_UIy and Jg. , =J3, 'in L
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First we find Jg. ;, in I; by Lemma 4.2

T,gh&):: D T,h$><$><7'h$
T_h‘i::—D T_ghEXEXThg
= D T,QhEXT,hEXThg
Thé\*:—D T_2h$XT_h$X$

in (2h —w,w—h); here D =h (detJQto)*l. By translating and reminding that the
matrix Jg , is h-periodic we obtain

D Thg X Tghg X Tghg in (—w,w—3h)
(421) @7 - D T,h(/I;XTh&;XTQhEI\) in (h—w,w—2h)
. D T_Qh(/I;XT_h(/f’XTh(/I\) in (2h—w,w—h)

=

—D T_3h(/f’ X T_2h<f> X 7_p® in (3h—w,w).

Notice that if [a,b] is any of the intervals in the r.h.s. of (4.21) the expression of
d* in [a,b] can be obtained from that in [—b, —a], by replacing h by —h in the
translations 73, || < 3.

Next we find the dual generators in the remaining intervals. First let us consider
the interval I_. Here by Lemma 4.3 the rows of the Moore-Penrose inverse of Jg ;
are

=

VEEW X & X 1,®,  VAET ,® X W x 1,0, VHET ,&X®XW
where W = 7_,® X & X 7,® and E = h? (det Jq,ytoq]]},to)*l . By using (4.19) and
translating we obtain
E W x Th(/I; X 7'2h$ in (=h,h—w)
(4.22) *={E 7, 0xW x1,® in (0,20 — w)
E T,ghg X T,hg X —p,W in  (h,3h —w).
Finally we consider the interval I,. Here the rows of the Moore—Penrose inverse of
I3, are
VEEW, X 75 ® X &, VhET 0y ® X Wy x &, VHEET 9p® X 75 ® x W,
where W, = T,zh(f) X T,hEIS X . By using (4.20) and translating we obtain
E mpW, X Thg X Tghg in (w—3h,—h)
P ={F 1,0 x W, xm,® in (w—2h0)
E T,ghg X T,hg X W, in (w-—h,h).
Since 7, W, = W we obtain

E W x Thg X Ty 3 in (w—3h,—h)

(4.23) P =LSE 7, dx W x o in (w— 2h,0)
E 7 0p® X7 4® X 7_,W in (w—h,h).
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By comparing formulas (4.22) and (4.23) we see that the expressions of ®* in inter-
vals symmetric with respect to zero can be obtained from each other by replacing
Tjn With 7_j;, (note that replacing 7, by 7—;5 changes also the sign of W).
Formulas (4.21), (4.22) and (4.23) give the dual generators. This completes the
proof of the theorem when w/2 < h < 2/3 w.
If h = w/2 one argues as before; the only difference is that now the intervals
(w—2h,2h — w), (—h,h —w) and (w — h, h) are empty. O

Theorems 4.6 and 4.7 below generalize Theorems 4.4 and 4.5 respectively. We
omit the proofs, which are analogous to the proofs of Theorems 4.4 and 4.5. We re-
call that K_, K, and K denote the intervals (0,w—(£—1)h), (w—(£—1)h, —w+Lh),
and (—w + £h, h) respectively.

Theorem 4.6. Let w/({ —1/2) < h < w/({—1) and denote by ® the vector
(P1,92, -, p20-1), where pj € B, j =1,...,20 — 1. If assumptions (3.15)-(3.17)
hold, i.e. if Ep 1, is a frame for B, then the Fourier transform of the dual genera-
tors ®* = (@5, 05, ... p5_1) is

k-1
(-1)+1=kD X @ in T K_ for —((—1)<k<(—1
j=—t—k41
Jj#0
R —k—2 o
" =<{_F X Tjh<f><§><—7’,khw> in TR K for —({—1)<k<{-2
j=—t—kt1
-2k
(-1)**D X in TenKy for —0<k<{—2
j=—t-
J#0
02
where W = >§+1Tjh§); E = h*73(det Jo,¢, 05, )" and D = h*=%/2 (det J3 , )7".
e

We recall that I_, I, I denote the intervals (0, —w+¢h), (—w+£¢h,w — (£ —1)h),
and (w— (¢ — 1)h, h) (see (2.20)).

Theorem 4.7. Letw/{ < h < w/({ —1/2) and denote by ® the vector (p1,p2, ..., pap)
where ¢; € B, j = 1,...,20. If assumptions (3.11)-(8.18) hold, i.e. if Eg 4, is a
frame for B, then the Fourier transform of the dual generators ®* = (%, @3, ... ©5,)
18

(—k—1
E X Tjh</§<&\)<—7'_khw> in Tgpl— for —(—1)<k<(l-1
j=—l—k+1
L—k—1 B
P = (‘UHkD X Tjha\) in el for —0<k<{-—1
j=—t—k
J#0
(—k—2 o
E .>§k7jh(’1\)<§)‘_7—khWO> in g ly for —L<k<{—2
j=—t—
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-1 -2
where W = X 1,8, W, = X 7,8, E = h22 (det Jo,J5, )" and
j=—t+1 j=—t e

D ="' (det J5, )"

5. SAMPLING FORMULAS FOR THE SPACE B,

In this section we shall apply the previous results to oversampling formulas for

the Hilbert transform sampling and the derivative sampling in B,,. In the derivative
sampling formula the coefficients are the values of the function and of its derivatives
fW@ 1< j < K, at the points of a uniform grid on R. It was first obtained by D.
Jagerman and L. Fogel for K = 1 and by Linden and N. M. Abramson for any K
[JF] [L] [LA]. Successively J. R. Higgins derived the same expansion formulas by
using the Riesz basis method [Hil.
In [SF] D.M.S. Santos and P.J.S.G. Ferreira have obtained a two-channel derivative
oversampling formula for B, with w, < w by projecting both the Riesz basis
generators of the space B,, and their duals into the space B,,,. With this technique
the projected family is a frame; however notice that projecting the dual of a Riesz
basis does not yield the dual frame. Thus the coefficients of the expansions of a
function computed with respect to the projected duals are not minimal in least
square norm.

Let t, be such that w < h < 2w and let ® = (¢1, p2) be a vector such that Eg
is a frame for B,,. Then by (2.5)

(5.1) =2 ot 0i) Tht, Vf € B..

i=1,2keZ

By using the Plancherel and the inversion formulas we see that the coeflicients

(52) <f? Tkto<pi> = (Mjf) (kto) .7 = 172

are the samples of the functions M, f = F~13; F f at the points kt,, k € Z. For this
reason (5.1) is called a sampling formula. These formulas are useful in applications
when one wants to reconstruct a signal from samples taken from two transformed
version of the signal. For instance one may want to reconstruct f from samples
of f and f’ (derivative sampling) or from samples of f and its Hilbert transform
Hf = —i F~lsign Ff (Hilbert transform sampling). Both are particular cases of
the family of frames generated by the translates of two functions 1, ws such that
P1 = X[-ww]s P2 = MX[-ww], Where m is a function in L>(R).

Proposition 5.1. Let m be a function in L (R) and let ® = (p1, p2) where
(53) Q/OT = X[-w,w] @(1’) = MX[-w,w]"

Suppose that w < h < 2w. Then Eg , is a frame for B, if and only if there exists
a positive number n such that

(5.4) |m —1_pm| >n a.e.in (h —w,w).
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The Fourier transforms of the dual generators are

L, m) (mym —m) in [~w,w— A
o1 =3 L1+ |m[?)? in (w—hh—w)
—+(rnm)(m—T_ym)~t i [h—w,w]
—(mm—m)! in [—w,w — h]
o5t = %m(1+|m|2)_1 in (w—"hh—w)
Fm—r1_pm)? in [h—w,wl

If h =w then Eg ¢, is a Riesz basis for B,,.

Proof. Since det Jg , = h(m —7_;m) the assumptions of Theorem 3.6 are satis-
fied. The expression of the Fourier transforms of the dual generators can be easily
obtained from Theorem 4.1. O

By choosing m(x) = —isign(x) in (5.3) we obtain the Hilbert transform frames
for B,,. For h = w the associated sampling formula is known as the Hilbert transform
sampling formula (see [Hi, Ex.12.9]). The coefficients of the expansion are the values
of the function f and its Hilbert transform Hf at the sample points kt,, k € Z.
Denote by sinc(z) the function sin(z)/z.

Corollary 5.2. Let 1,2 be defined by

(5.5) 1= X[—w,w] P2 = _iX[—w,w] sign.

If w < h < 2w then Eg ¢, is a tight frame for B,,. The dual generators are @} =
(2h)Yp; fori = 1,2. If h = w then Eg ., is a Riesz basis for B,. Moreover for
any f € B, the following Hilbert transform sampling formula holds

T

f(z) = 7 % (f(kto)r_kto cos (7) sinc(7) — (Hf)(kto)T—ks, sin (7) sinc(7)).

Proof. The assumptions of Proposition 5.1 are satisfied. Thus Eg ;, is a frame

and the expression of the duals follows immediately. The frame is tight because

TT* = (2n)~'1, since ®* = (2h)~ 1.

Standard calculations show that if p; and @9 are the functions given by (5.5) then
2 2

(5.6) @i(x) = :/[Ew cos (w—;) sinc(u;—x) pa(z) = \\/f%w sin (%r) sinc(%x).

Moreover the coefficients of the expansion formula (5.1) are 27 f(kt,) and

—V2r(Hf)(kt,), k € Z. This proves also the expansion formula. O

By choosing m(x) = iz in (5.5) we obtain the derivative frame for B,. Given a
function g we shall denote by gs the function g(dz). Note that d sincg = 4/ 7T/2)?[_M] .
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Corollary 5.3. Let 1, p2 be defined by

(57) (I/DI = X[~w,w] @ = Z."L‘X[fw,w]-
If w < h < 2w then Eg 4, is a frame for B,; if h = w then it is a Riesz basis for
B,,. The Fourier transforms of the dual generators are

L — ey if h—w<l|z]<w
p1(x) =

F(1 42! if x| <h—-w

7> sign(z) if h—w<lz|<w
P2 (z) =

i2(1422)7! if 2] <h—w.
Moreover for any f € B, the following derivative sampling formula holds
(5.8) f=V2r Y (F(kto)rra, 01 = ' (kto) 711,03 )
keZ

where
« —1 1. 1, . . .9
o1 (x) =e "% (h — w)ﬁsmch_w (x) + = (wsinc, — (b — w) sinc,_y,) * sincy, /5 (2)

Lv2
/m xh?

o5 (x) =71 % (h — w)%sinc/h_w (2) (cos, — cosp—y ) (2).

Proof. By Proposition 5.1 Eg ¢, is a frame for all w < h < 2w and it is a Riesz
basis if h = w. From (5.2) we see that the coefficients of the expansion (5.1) are
V27 f(kt,) and —v/27 f'(kt,). The expression of the dual generators can be obtained
from @1 and @3 by computing the inverse Fourier transform. a

A simple calculation shows that if h = w then

N 1
(pl(‘r) = m
Figure 1 and Figure 2 below show the Fourier transforms of the dual generators
in the Riesz basis case h = w = 1, and in the case w = 1 and h = 3w/2 = 3/2
respectively.

sinc?(

1
) ei) =~ asind ().

1 08 @6 04 02 0 02 04 05 08 1 1 05 [ 05 1

08 05 04 02 0 02 04 05 08 1 1 05 0 05

Figure 1: ;\{, %;g forh=w=1 Figure 2: ;\{, %;g forh=3w=3
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Remark In [JF] Jagerman and Fogel proved the following two-channel derivative
sampling formula in the case h = w i.e. t, = 27 /w

flz) = ; f(kt,) (sian% (z —kto) + %f’(kto) Sin%(m — kt,) sinc% (z — kto) )

(see also [Hi, p.135]). Thus formula (5.8) is an extension of the case t, = 27 /w to
all values of t, € [r/w, 27 /w) (i.e. for all h such that w < h < 2w).
Our last example is a three channel derivative oversampling formula. To obtain

a frame with three generators we must choose %w <h<wie t, € [37r/w, 27T/w).

Corollary 5.4. Let o1, 92, p3 be defined by
@ = X[~w,w]s @ = izX[—w,w]a @ = 7I2X[—w,w]'

If %w < h<w then Eg ¢, is a frame for B,; if h = %w then it is a Riesz basis for
B,,. The Fourier transform of the dual generators are

(5.9)
5h=3(2® + 3hx + 2h%, —i(2x + 3h), 1) if —w<zx<w-—2h
(An(x), Bp(z), Ch(z)) if w—2h<z<h-w
() = ¢ h3(h? — 22, 2iz, 1) if h—-w<z<w-h
(A_p(2), B_p (), C_p(2)) if w—h<z<2h—-w
3h73(2® = 3hx + 2h%, —i(2z — 3h), 1) if 2h—w<z<w
where
1 (z+h)+ 2z 4+ h)(z+h)? —i 1 —x(z+h)?
ey L @D Qe (2 +)

VTR T @+ h)? + 2% (z + h)? TR 1+ 2z + h)2+22(z + h)?

1 h+ 2z + z(z + h)?

G = Tt + 2@

Note that if h = 2w the intervals (w — h,2h — w) and (2h —w, h — w) are empty.

Proof. The family Eg ;, is a frame for B, by Theorem 4.4. To compute the dual
generators we used formula (4.12). O

Thus for each value of the parameter h in [2w,w) the family Eg , is a frame and

every signal in B,, can be reconstructed from the values f(kt,), fM (kt,), f® (kt,),
k € Z, by the following three-channel derivative sampling formula

3
(5.10) J= \/% ST k) (o - It

i=1 k€Z

where the dual generators are given by (5.9).

In the rest of this section we present two numerical experiments of reconstruc-
tion of a band limited signal by using formula (5.10). We have chosen the signal
f(z) = (2m)~1/2 (sinc(z/2))? (see Figure 3); note that the function f is the Fourier
transform of the function (1 — |z|)4, therefore w = 1. In the first experiment we
take h = 2w/3 so that Eg 4, is a Riesz basis; in the second experiment we take
h = 11w/15 so that Eg ;, is a frame. We observe that in the first case it is possible
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Figure 3: Signal f(z) = \/%(sinc(x/%)z

to find the analytic expression of the functions ¢ in (5.9), while in the second case
they must be computed numerically. Indeed for h = 2w/3 one obtains

" 1 222\ . gqw
Pl = 727r (1 + 13 )smc (gm)
L xsinc3(8x)
S02 - /27_(_ 3

* 1 2 ;0.3 (w )
= X~ sinc —X ).
LERPWo 3

Figures 4 and 5 below show the duals ¢, 3, ¢3 and g/af, }g/a%, g/0§ for h = %w, w=1.
Since for h = %w the duals are known, one can write explicitly the sampling formula

04r 1 1F 1
. , / \
02 . . . J
20 100 0 10 20 08 06 2 0w 0§ 08

-200 -100 0 100 200 08 04 02 0 02 04 08

I
-200 -100 0 100 200 08 04 02 0 02 04 08

Figure 4: ®*; h = %w,w =1 Figure 5: a, %&\;7@, h = %w.
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1 . 5wz n Inm 1
0= () DD
dnmy W9 mdnmy 1 eey3nmy 1
+f 3nm f 3 2+f 3nr\2 |’
(W)(x—T) (‘*’)(l‘—%) (“’)2(I—w)]

This formula was first given by Linden in [L] and Linden and Abramson in [LA],
see also [HS].

In the case h = 12w w = 1, the dual generators have been obtained by comput-
ing numerically the inverse Fourler transforms of the functlons in (5. 9) Figure 6

and Figure 7 below show the functions ¢7, ¢3, ¢35 and <p1, ; <p2, cps, h = 15w w=1.

14 /~\
04r q 1F / \
o —_“/\JLA_ 1 g/ \
02 L L L 04 L L L I I
200 -100 0 100 200 08 04 0 04 08
06 1
or —"\j\[\/_ 1 or
061 1
L L L L e L L L
200 -100 0 100 200 08 04 0 04 08
08F 1 32r
of 1 of _ ~
2t ‘ ‘ ‘ 1 s ‘ ‘ ‘ ‘
200 -100 0 100 200 08 04 0 04 08
. * 11 : 3 1% % 11
Figure 6: ®*, h = zw, w =1 Figure 7: o7, 75, 03; h = gw

Figure 8 and Figure 9 show the error in the cases h = 2w/3 and h = 11w/15,
respectively, w = 1. Notice that in the first case the order of magnitude of the error
is 10~* while in the second case is 1072. In second case, since the functions @ were
computed numerically, to compute their values at the points x — kt, we used spline
interpolation. This accounts for the different order of magnitude of the error.
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Figure 8: The error with h = % Figure 9: The error with h = %
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